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About the book

Education is a key for a countries development, but it becomes a hindrance when it is
unequally distributed. This big problem of disparity in Education system can be solved
through technology. Hence it's high time we embrace technology in Education sooner
than later.

Teachers will therefore use the book in their laptops to teach and even give students
notes to read online after revision.

The book is divided into three parts:
Part one — paper one

Part two — paper two
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MATHEMATICS (121)

PAPER ONE
ALTERNATIVE A
INTRODUCTION
v Questions in this paper will mainly test topics from Form 1 and 2.
v" The time allocated for this paper is 2 % hours
v' The paper consist of a total of 100 marks

v The paper shall consist of two section: : Section 1 and Il

Section |
This section will have 50 marks and sixteen (16) compulsory short- answer questions

Section
This section will have 50 marks and a choice of eight (8) open ended question, for candidates to
answer any five (5).The students should note that any attempted questions in this section will
be marked if they are not cancelled
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CHAPTER ONE

C mnomms

-

Specific Objectives
By the end of the topic the learner should be able to:

a.) ldentify, read and write natural numbers in symbols and words;

b.) Round off numbers to the nearest tens, hundreds, thousands, millions and billions;

c.) Classify natural numbers as even, odd or prime;

d.) Solve word problems involving natural numbers.

Content
Place values of numbers

a.)
b.)
c.)
d.)

e.)

f)

Rounding off numbers to the nearest tens, hundreds, thousands, millions and billions

Odd numbers

Even numbers

Prime numbers

Word problems involving natural numbers

Introduction

Place value
A digit have a different value in a number because of its position in a number. The position of a
digit in a number is called its place value.

Total value
This is the product of the digit and its place value.

Example
Number Hundred | Ten Millions | Hundred Ten Thousands | Hundred | Tens | ones
Millions | Millions Thousands | Thousands
345678901 | 3 4 5 6 7 8 9 0 1
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769,301,854 | 7 6 9

902,350,409 9 0 2 3 5 0 4 0 9

A place value chart can be used to identify both place value and total value of a digit in a
number. The place value chart is also used in writing numbers in words.

Example
v" Three hundred and forty five million, six hundred and seventy eight thousand, nine
hundred and one.

v Seven hundred and sixty nine million, Three hundred and one thousand, eight hundred
and fifty four.

Billions
A billion is one thousands million, written as 1, 000, 000,000.There are ten places in a billion.

Example
What is the place value and total value of the digits below?
a.) 47,397,263,402 (place value 7 and 8).
b.) 389,410,000,245 ( place 3 and 9)
Solution
a.) The place value for 6 is ten thousands. Its total value is 60,000.
b.) The place value of 3 is hundred billions. Its total value is 300,000,000,000.
Rounding off
When rounding off to the nearest ten, the ones digit determines the ten i.e. if the ones digit is 1,

2, 3, or 4 the nearest ten is the ten number being considered. If the ones digit is 5 or more the
nearest ten is the next ten or rounded up.

Thus 641 to the nearest ten is 640, 3189 to the nearest is 3190.

When rounding off to the nearest 100, then the last two digits or numbers end with 1 to 49
round off downwards. Number ending with 50 to 99 are rounded up.

Thus 641 to the nearest hundred is 600, 3189 is 3200.

Example
Rounding off each of the following numbers to the nearest number indicated in the bracket:

a.) 473,678 (100)
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b.) 524,239 (1000)
c.) 2,499 (10)

Solution
a.) 473,678 is 473,700 to the nearest 100.
b.) 524,239 is 524,000 to the nearest 1000
c.) 2,499 is 2500 to the nearest 10.

Operations on whole Numbers
Addition

Example
Find out:
a.) 98+ 6734 + 348

b.) 6349 + 259 +7954

Solution
Arrange the numbers in vertical forms
98
6734
+ 348
_7180
6349
259
+79542
86150

Subtracting

Example
Find: 73469 — 8971

Solution
73469

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes

0714497530

9



isabokemicah@gmail.com

- 8971

64498

Multiplication
The product is the result of two or more numbers.

Example
Work out: 469 x 63

Solution

469
_X63

1407 469 x 3 = 1407
+28140-469 x 60 = 28140

29547

Division
When a number is divided by the result is called the quotient. The number being divided is the
divided and the number dividing is the divisor.

Example
Find: 6493 + 14

Solution
We get 463 and 11 is the remainder

Note:
6493 = (463 x 14) + 11

In general, dividend = quotient x division + remainder.

Operation Words
sum
plus
Addition added
more than

increased by

difference
minus
subtracted from

Subtraction
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less than
decreased by
reduced by
deducted from

product of
multiply
Multiplication times
twice
thrice

quotient of

Division divided by

equal to
Equal result is
is

Word problem
In working the word problems, the information given must be read and understood well before
attempting the question.

The problem should be broken down into steps and identify each other operations required.
Example
Otego had 3469 bags of maize, each weighing 90 kg. He sold 2654 of them.
a.) How many kilogram of maize was he left with?
b.) If he added 468 more bags of maize, how many bags did he end up with?
Solution
a.) One bag weighs 90 kg.
3469 bags weigh 3469 x 90 = 312,210 kg
2654 bags weigh 2654 x 90 = 238,860 kg

Amount of maize left =312,210 — 238,860
= 73,350 kg.
b.) Number of bags = 815 + 468
=1283

Even Number
A number which can be divided by 2 without a remainder E.g. 0,2,4,6 0 or 8

3600, 7800, 806, 78346
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Odd Number
Any number that when divided by 2 gives a remainder. E.g. 471,123, 1197,7129.The numbers
ends with the following digits 1, 3, 5,7 or 9.

Prime Number
A prime number is a number that has only two factors one and the number itself.

For example, 2,3, 5,7,11,13,17 and 19.

Note:
i) 1 is not a prime number.
ii.) 2 is the only even number which is a prime number.

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic
1.) Write 27707807 in words

2.) All prime numbers less than ten are arranged in descending order to form a number
a.) Write down the number formed

b.) What is the total value of the second digit?

c.) Write the number formed in words.
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CHAPTER TWO

S s

-

Specific Objectives
By the end of the topic the learner should be able to:

a.) Express composite numbers in factor form;
b.) Express composite numbers as product of prime factors;
c.) Express factors in power form.

Content
a.) Factors of composite numbers.

b.) Prime factors.

c.) Factors in power form

Introduction

Definition

A factor is a number that divides another number without a remainder.
Number Factors
12 1,2,3,4,6,12
16 1,2,4,8,16
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39 1,3,13,39

A natural number with only two factors, one and itself is a prime number. Or any number that
only can be divided by 1 and itself. Prime numbers have exactly 2 different factors.

Prime Numbers up to 100.

2 3 5 7 11
13 17 19 23 29
31 37 41 43 47
53 59 61 67 71
73 79 83 89 97

Composite numbers

Any number that has more factors than just itself and 1.They can be said to be natural number
other than 1 which are not prime numbers.They can be expressed as a product of two or more
prime factors.

9=3x3
12=2x2x3
105=3x5x7
The same number can be repeated several times in some situations.

32=2x2x2x2x2=2°
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72=2x2x2x3x3=2%3"

To express a number in terms of prime factors ,it is best to take the numbers from the smallest
and divide by each of them as many times as possible before going to the next.

Example
Express the following numbers in terms of their prime factors
a.) 300
b.) 196
Solution
a.)
2 300
2 150
3 75
) 25
5 5
1
300=2x2x3x5x5
=2°%x3x 5’
b.)
2 196
2 98
7 49
7 7
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196 =2x2x7x7
=2°x7°

Exceptions

The numbers 1 and 0 are neither prime nor composite. 1 cannot be prime or composite
because it only has one factor, itself. 0 is neither a prime nor a composite number because it
has infinite factors. All other numbers, whether prime or composite, have a set number of

factors. 0 does not follow the rules.

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic
1.) Express the numbers 1470 and 7056, each as a product of its prime factors.
Hence evaluate: 1470°

\/ 7056
Leaving the answer in prime factor form

2.) All prime numbers less than ten are arranged in descending order to form a number
(a) Write down the number formed

(b) What is the total value of the second digit?

CHAPTER THREE )
L |

Specific Objectives
By the end of the topic the learner should be able to:

The learner should be able to test the divisibility of numbers by 2, 3,4, 5,6, 8,9, 10 and 11.
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48

Content
Divisibility test of numbers by 2, 3,4, 5,6,8,9,10 and 11

Introduction
Divisibility test makes computation on numbers easier. The following is a table for divisibility
test.

Divisibility Tests Example
A number is divisible by 2 if the last digit is 0, 2, 4,/168 is divisible by 2 since the last
6 or 8. digit is 8.

A number is divisible by 3 if the sum of the digits|168 is divisible by 3 since the sum of
is divisible by 3. the digits is 15 (1+6+8=15), and 15 is
divisible by 3.
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A number is divisible by 4 if the number formed by
the last two digits is divisible by 4.

316 is divisible by 4 since 16 is
divisible by 4.

A number is divisible by 5 if the last digit is either
0 or .

195 is divisible by 5 since the last
digit is 5.

A number is divisible by 6 if it is divisible by 2 AND
it is divisible by 3.

168 is divisible by 6 since it is
divisible by 2 AND it is divisible by 3.

A number is divisible by 8 if the number formed by
the last three digits is divisible by 8.

7,120 is divisible by 8 since 120 is
divisible by 8.

A number is divisible by 9 if the sum of the digits
is divisible by 9.

549 is divisible by 9 since the sum of
the digits is 18 (5+4+9=18), and 18 is
divisible by 9.

A number is divisible by 10 if the last digit is 0.

1,470 is divisible by 10 since the last
digitis 0.

A number is divisible by 11 if the sum of its digits
in the odd positons like 1**,3 5", 7"

Positions, and the sum of its digits in the even
position like 2™ , 4™ ,6™ 8" positions are equal or
differ by 11,or by a multiple of 11

8,260,439 sum of 8 +6 +4 +9 =27:
2+0+3=5;
27 — 5 =22 which is a multiple of 11

End of topic

Did you understand everything?

before going to sleep!

If not ask a teacher, friends or anybody and make sure you understand
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Past KCSE Questions on the topic

CHAPTER FOUR

-

Specific Objectives
By the end of the topic the learner should be able to:

a.) Find the GCD/HCF of a set of numbers.
b.) Apply GCD to real life situations.

Content
a.) GCD of a set of numbers

b.) Application of GCD/HCEF to real life situations

Introduction

A Greatest Common Divisor is the largest number that is a factor of two or more numbers.

When looking for the Greatest Common Factor, you are only looking for the COMMON factors
contained in both numbers. To find the G.C.D of two or more numbers, you first list the factors
of the given numbers, identify common factors and state the greatest among them.

The G.C.D can also be obtained by first expressing each number as a product of its prime
factors. The factors which are common are determined and their product obtained.

Example
Find the Greatest Common Factor/GCD for 36 and 54 is 18.

Solution

The prime factorization for 36 is 2x 2 x 3 x 3.

The prime factorization for 54 is 2 x 3 x 3 x 3.

They both have in common the factors 2, 3, 3 and their product is 18.
That is why the greatest common factor for 36 and 54 is 18.

Example
Find the G.C.D of 72, 96, and 300
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Solution
72 96 300
2 36 48 150
2 18 24 75
3 6 8 25
End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1.) Find the greatest common divisor of the term. 144x°y* and 81xy*

b) Hence factorize completely this expression 144x°y*-81xy* (2
marks)

2.) The GCD of two numbers is 7and their LCM is 140. if one of the numbers is 20, find the
other number

3.) The LCM of three numbers is 7920 and their GCD is 12. Two of the numbers are 48 and
264. Using factor notation find the third number if one of its factors is 9

CHAPTER FIVE
Specific Objectives
By the end of the topic the learner should be able to:

a.) List multiples of numbers.

b.) Find the L CM of a set of numbers.
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c.) Apply knowledge of L CM in real life situations.

Content
a.) Multiples of a number

b.) L CM of a set of numbers

c.) Application of L CM in real life situations.

Introduction

Definition

LCM or LCF is the smallest multiple that two or more numbers divide into evenly i.e. without a
remainder. A multiple of a number is the product of the original number with another
number.

Some multiples of 4 are 4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44, 48, 52, 56 ...
Some multiples of 7 are 7, 14, 21, 28, 35, 42, 49, 56 ...

A Common Multiple is a number that is divisible by two or more numbers. Some common
multiples of 4 and 7 are 28, 56, 84, and 112.

When looking for the Least Common Multiple, you are looking for the smallest multiple that they
both divide into evenly. The least common multiple of 4 and 7 is 28.

Example
Find the L.C.M of 8, 12, 18 and 20.(using tables)

Solution

8 18 20
2 4 6 10
2 2 3 S
2 1 3 5
3 1 1 5
3 1 1 5
5 1 1 1
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The L.C.M is the product of all the divisions used.
Therefore, L.C.M. 0of 8,12,18and20=2x2x2x3 x3 x5
=2°x3% 5
=360

Note;

Unlike the G.C.D tables, if the divisor /factor does not divide a number exactly, then the number
is retained, e.g., 2 does not divide 9 exactly, therefore 9 is retained .The last row must have all
values 1.

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic
4) Findthe L.C.M of x* +x, x> — 1 and x* - x .

5.) Find the least number of sweets that can be packed into polythene bags which contain
either 9 or 15 or 20 or 24 sweets with none left over.

6.) A number n is such that when it is divided by 27, 30, or 45, the remainder is always 3.
Find the smallest value of n.

7.) A piece of land is to be divided into 20 acres or 24 acres or 28 acres for farming and
Leave 7 acres for grazing. Determine the smallest size of such land.

8.) When a certain number x is divided by 30, 45 or 54, there is always a remainder of 21.
Find the least value of the number x.

A number m is such that when it is divided by 30, 36, and 45, the remainder is always 7. Find the
smallest possible value of m.
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CHAPTER SIX |
Specific Objectives L J
By the end of the topic the learner should be able to:

a.) Define integers

b.) Identify integers on a number line

c.) Perform the four basic operations on integers using the number line.
d.) Work out combined operations on integers in the correct order

e.) Apply knowledge of integers to real life situations.

Content
a.) Integers

b.) The number line
c.) Operation on integers
d.) Order of operations

e.) Application to real life situations
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Introduction

The Number Line

Integers are whole numbers, negative whole numbers and zero. Integers are always represented
on the number line at equal intervals which are equal to one unit.

Operations on Integers
Addition of Integers
Addition of integers can be represented on a number line .For example, to add

+3 to 0, we begin at 0 and move 3 units to the right as shown below in red to get +3, Also to
add + 4 to +3 we move 4 units to the right as shown in blue to get +7.

0-9-8-7-6-5-4-3-2-10123 456788910
To add -3 to zero we move 3 units to the left as shown in red below to get -3 while to add -2 to -3
we move 2 steps to the left as shown in blue to get -5.

-2
-3

0898765432101 2345678310

Note;

v" When adding positive numbers we
move to the right.

v" When dealing with negative we move
to the left.

Subtraction of integers.

-5

A

“0-9-8-F6-0-4-3-2101 2345678910
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Example
(+7) = (0) = (+7)

To subtract +7 from 0 ,we find a number n which when added to get 0 we get +7 and in this case
n = +7 as shown above in red.

Example
(+2) = (+7) = (-5)
Start at +7 and move to +2. 5 steps will be made towards the left. The answer is therefore -5.

Example
-3 - (+6) =-9

4-3-2 -1 01 2 345 6 78 910
We start at +6 and moves to -3. 9 steps to the left, the answer is -9.
Note:
v"In general positives signs can be ignored when writing positive numbers i.e. +2 can be

written as 2 but negative signs cannot be ignored when writing negative numbers -4 can
only be written s -4.

4-(+3)=4-3
=1

3-(+6) =3 - 6
=-3

v Positive integers are also referred to as natural numbers. The result of subtracting the
negative of a number is the same as adding that number.

2-(-4)=2+4
=6
(-5)-(-1)=-5+2
=-3

v"In mathematics it is assumed that that the number with no sign before it has appositive
sign.
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Multiplication

In general
i) (a negative number ) x ( appositive number ) = ( a negative number)
ii.) (a positive number ) x ( a negative number ) = (:a negative number)

iii.) (a negative number ) x (a negative number ) = ( a positive number)

Examples

-6x5=-30

7x-4=-28

-3x-3=9

-2x-9=18

Division

Division is the inverse of multiplication. In general
i.) (a positive number ) + (a positive number ) = ( a positive number)
ii.) (a positive number ) + ('a negative number ) = ( a negative number)

iii.) (a negative number ) + ( a negative number ) = ( a positive number)
iv.) (a negative number ) + (appositive number ) = (:a negative number)
Note;
For multiplication and division of integer:
v Two like signs gives positive sign.
v" Two unlike signs gives negative sign

v/ Multiplication by zero is always zero and division by zero is always zero.

Order of operations
BODMAS is always used to show as the order of operations.

B — Bracket first.

O - Of is second.

D - Division is third.

M — Multiplication is fourth.
A — Addition is fifth.
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S — Subtraction is considered last.

Example
6X3_4+2+5+(2-1):

Solution

Use BODMAS

(2 - 1) =1 we solve brackets first

(4+ 2) = 2 we then solve division

(6 x 3) = 18 next is multiplication

Bring them together

18 — 2 +5 +1 = 22 we solve addition first and lastly subtraction
18+6-2=22

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic
1.) The sum of two numbers exceeds their product by one. Their difference is equal to their

product less five. Find the two numbers. (3mks)

2)) 3x-1>-4
2x+1<7

3) Evaluate -12 = (-3) x4 - (-15)
-5x6+2+(-5)

4.) Without using a calculator/mathematical tables, evaluate leaving your answer as a simple
fraction

-2+ (-12) + (#3) + -20+ (+4) +-6)
-9 - (15) 46- (8+2)-3
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5) Evaluate-8 +2+12x9-4x6

56 +7x2

6.) Evaluate without using mathematical tables or the calculator
1.9 x0.032

20 x 0.0038
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CHAPTER SEVEN

Specific Objectives L J

By the end of the topic the learner should be able to:
a.) ldentify proper and improper fractions and mixed number.
b.) Convert mixed numbers to improper fractions and vice versa.
c.) Compare fractions;
d.) Perform the four basic operations on fractions.
e.) Carry out combined operations on fractions in the correct order.
f.) Apply the knowledge of fractions to real life situations.

Content
a.) Fractions

b.) Proper, improper fractions and mixed numbers.

c.) Conversion of improper fractions to mixed numbers and vice versa.
d.) Comparing fractions.

e.) Operations on fractions.

f.) Order of operations on fractions

g.) Word problems involving fractions in real life situations.
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Introduction

A fraction is written in the form % where a and b are numbers and b is not equal to 0.The upper

number is called the numerator and the lower number is the denominator.

a—numerator
b—denominator

Proper fraction
In proper fraction the numerator is smaller than the denominator. E.g.

w N
NI

Improper fraction
The numerator is bigger than or equal to denominator. E.qg.

7 15 9

3’6 2

Mixed fraction
An improper fraction written as the sum of an integer and a proper fraction. For example

Changing a Mixed Number to an Improper Fraction
2
Mixed number - 4 3 (contains a whole number and a fraction)

) 14 : :
Improper fraction - 5 (numerator is larger than denominator)

Step 1 — Multiply the denominator and the whole number
Step 2 — Add this answer to the numerator; this becomes the new numerator

Step 3 — Carry the original denominator over
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3;— = 3x8+1=25
_25
8
Example
4
4 — = 4x9+4-=
9
40
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40

Changing an Improper Fraction to a Mixed Number

Step 1- Divide the numerator by the denominator

Step 2—- The answer from step 1 becomes the whole number

Step 3- The remainder becomes the new numerator

Step 4— The original denominator carries over

Example

47

— = 47+5 or
5

g9
5)47 = 5)a7 = 9
45

2

2
5
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Example

e eR

4
2)o  =4%
8 -

1

Comparing Fractions
When comparing fractions, they are first converted into their equivalent forms using the same
denominator.

Equivalent Fractions

To get the equivalent fractions, we multiply or divide the numerator and denominator of a given
fraction by the same number. When the fraction has no factor in common other than 1, the
fraction is said to be in its simplest form.

Example
Arrange the following fractions in ascending order (from the smallest to the biggest):

1/2 1/4 5/62/3
Step 1: Change all the fractions to the same denominator.

Step 2: In this case we will use 12 because 2, 4, 6, and3 all go into i.e. We get 12 by finding
the L.C.M of the denominators. To get the equivalent fractions divide the denominator by the
L.C.M and then multiply both the numerator and denominator by the answer,

For 2 we divide 12 + 2 = 6, then multiply both the numerator and denominator by 6 as shown
below.

-IX6 -IX3 5X2 2X4

2x6 4x3 6x2 3x4

Step3: The fractions will now be:
6/12 3/12 10/12  8/12

Step 4: Now put your fractions in order (smallest to biggest.)

3/12  6/12  8/12 10/12

Step 5: Change back, keeping them in order.
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1/4 1/2 2/3 5/6
You can also use percentages to compare fractions as shown below.
Example
Arrange the following in descending order (from the biggest)

5/12 7/3 11/5 9/4

Solution

2 %100 = 41.67%

12
7 _ 0
3 X100 = 233.3%

1—51x1oo=220%

%xmo:zzs%

7/3,9/4,11/5,5/12

Operation on Fractions
Addition and Subtraction

The numerators of fractions whose denominators are equal can be added or subtracted directly.
Example

2/7+3/7=5/7

6/8 -5/8=1/8

When adding or subtracting numbers with different denominators like:

5/4 +3/6=?

2/5-2/7=?

Step 1- Find a common denominator (a number that both denominators will go into or L.C.M)

Step 2- Divide the denominator of each fraction by the common denominator or L.C.M and then
multiply the answers by the numerator of each fraction

Step 3— Add or subtract the numerators as indicated by the operation sign
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Step 4 — Change the answer to lowest terms

Example

1 7

5 + " = Common denominator is 8 because both 2 and 8 will go into 8
1 7 447

— + =

2 8 8

3
Which simplifies to 1 .

Example
3 1
4; - = Common denominator is 20 because both 4 and 5 will go into 20
3 12
4— = 4—
5 20
1 5
4 20
7
4_
20
Or

3 1 12‘5 - 7
4 =4
5 4 20 20

Mixed numbers can be added or subtracted easily by first expressing them as improper
fractions.
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Examples
2 4
5§ + 1§
Solution
= (5+1) + % + %
_ 6+ 10+12
15
22
= 6 + —
15
7 7
=6+1—=7—
15 15
Example
Evaluate -2 + -1
3 5
Solution
2, -1_-163_-19
3 5 24 24

Multiplying Simple Fractions
Step 1- Multiply the numerators

Step 2- Multiply the denominators

Step 3- Reduce the answer to lowest terms by dividing by common divisors

Example

1 4 4 2
— x — = — whichreducesto —
7 B 47 21
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Multiplying Mixed Numbers

Step 1- Convert the mixed numbers to improper fractions first
Step 2— Multiply the numerators
Step 3— Multiply the denominators

Step 4- Reduce the answer to lowest terms

Example
1 1 7 3
2—x1— = —x —= —
3 2 3 2

Which then reduces to 3 1;

Note:

When opposing numerators and denominators are divisible by a common number, you may
reduce the numerator and denominator before multiplying. In the above example, after
converting the mixed numbers to improper fractions, you will see that the 3 in the numerator
and the opposing 3 in the denominator could have been reduced by dividing both numbers by 3,
resulting in the following reduced fraction:

Dividing Simple Fractions
Step 1- Change division sign to multiplication

Step 2- Change the fraction following the multiplication sign to its reciprocal (rotate the
fraction around so the old denominator is the new numerator and the old numerator is the new
denominator)

Step 3- Multiply the numerators
Step 4- Multiply the denominators

Step 5- simplify the answer to lowest terms
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Example

1 2 1 3 i
— + — = becomes - x — whichwhen solvedis —
8 3 8 2 16

Dividing Mixed Numbers

Step 1 — Convert the mixed number or numbers to improper fraction.
Step 2 - Change the division sign to multiplication.

Step 3—- Change the fraction following the multiplication sign to its reciprocal (flip the fraction
around so the old denominator is the new numerator and the old numerator is the new
denominator)

Step 4- Multiply the numerators.
Step 5- Multiply the denominators.

Step 6— Simplify the answer to lowest form.

Example
3 5 15 17 15 B
3— +2— = becomes — + — becomes — x — =
4 B 4 B 4 17
67" 45

15 11
Which when solvedis — x — which simplifiesto 1 —
24/ 17 34 34

Order of operations on Fractions
The same rules that apply on integers are the same for fractions

BODMAS

Example
15+ i of12=15 =+ E X 12)(we start with of then division)

=15+3
=5
Example

1.1 (3. (11)_
— + = xXi=+|=-=|} =
6 2 {8 (34)}
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Solution
13-1/4=41_1 —(we start with bracket)
12 12
s 12} = —(We then work out the outer bracket)
1 1 11 _ 1

=+ Zx= (Wethenworkoutthemultlpllcatlon)
6 2 48 6 48

1,10 —(Addltlon comes last here)
6 48 48
Example
1 1
273
Evaluate + 1/2
121
7 56
Solution
1 1
J— +_
2 3
We first work out this first
1oe2 1y
7 56
1 1 342 5
=== ==
2 3 6 6
1 (2 1)_ 1.7 1
Zof|Z-=|==2x—=—
7 \56/ 7 30 30
5,30 = 25
6

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes

0714497530

38



isabokemicah@gmail.com

1.1
Therefore 1 2 23 1 1/2 25 + 1/2
=~ of (=-=
7 (5 6)
=25"%
Note:

Operations on fractions are performed in the following order.
v Perform the operation enclosed within the bracket first.

v' If (of) appears, perform that operation before any other.

Example

Evaluate: 1 §+1 73 f11 +5i=
2|5 4|3 7 2

Solution

il
5 4|21

_1f3,1,80,3 s
215 4 21 2

5 21 2
_1(3 5
= —|—4+—
2\5 35
1 21+5) _1 26 _13
35 2 35 35
Example

Two pipes A and B can fill an empty tank in 3hrs and 5hrs respectively. Pipe C can
empty the tank in 4hrs. If the three pipes A, B and C are opened at the same time find
how long it will take for the tank to be full.

Solution
1/3+1/5-1/4 =20+12-15
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60
=17/60
17/60=1hr

1=1x60/17
60/17 = 3.5294118
= 3.529 hrs.
End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1. Evaluate without using a calculator.

3 5| 2
1=——=|x=

7 8] 3
3,5 4 1

i+ —of2—
4 7 7 3

2. A two digit number is such that the sum of the ones and the tens digit is ten. If the digits
are reversed, the new number formed exceeds the original number by 54.

Find the number.

3001 1 1 2
3. Evaluate%mr ?———[1—+3—]><2—
5 3 4 3 g

4, Convert the recurring decimal | z 1 & into fraction
5. Simplify (0.00243 "% % (0.0009 1% without using tables or calculator
6. Evaluate without using tables or calculators

f 14 20

—f =— 80 H——

7 3 3

—2x54+014 =73
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Mr. Saidi keeps turkeys and chickens. The number of turkeys exceeds the number of
chickens by 6. During an outbreak of a disease, % of the chicken and '/3 of the turkeys
died. If he lost total of 30 birds, how many birds did he have altogether?

B+2+12 %9 — 4 x5
Work out

86 =7 =2

Evaluate -4 of (-4+-5+15)+-3 -4 +2)

84 +-7+3--5

Write the recurring decimal 0.3 Can as Fraction

Evaluate without using a calculator.

Without using tables or calculators evaluate.

35 - 5+2%x—3
—9+14 =7 +4

Without using tables or calculator, evaluate the following.

8+(13)x3 - (5)

1+(6)+2x2

15.

16.

17.

18.

Express 1.93+0.25 asa single fraction

Simplify Bof 3%+1% (2%-%/3)

%of 2%+ Ve

Evaluate:
25 v of Yo — 1"/10

/s — /6 of 3/s

Without using a calculator or table, work out the following leaving the answer as a mixed

number in its simplest form:-

%+1%/7+3/70f2'/3
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(9/7-%/8) x /3

19. Work out the following, giving the answer as a mixed number in its simplest form.
*/s+ Vo of 4/9 — 1" /10

/8 = /16 X 3/8

20. Evaluate;

o of [ 735 = /sl + 3% 2°)s

23. Without using a calculator, evaluate:

1%/50f 25/18+1%/3 x 24

2'/3-%of 12+°/3  leaving the answer as a fraction in its simplest form

24. There was a fund-raising in Matisse high school. One seventh of the money that was
raised was used to construct a teacher’s house and two thirds of the remaining money was
used to construct classrooms. If shs.300, 000 remained, how much money was raised
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CHAPTER EIGHT

o ooEmams

-

Specific Objectives
By the end of the topic the learner should be able to:

a.) Convert fractions into decimals and vice versa

b.) Identify recurring decimals

c.) Convert recurring decimals into fractions

d.) Round off a decimal number to the required number of decimal places
e.) Write numbers in standard form

f.) Perform the four basic operations on decimals

g.) Carry our operations in the correct order

h.) Apply the knowledge of decimals to real life situations.
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Content
a.) Fractions and decimals

b.) Recurring decimals

c.) Recurring decimals and fractions
d.) Decimal places

e.) Standard form

f.) Operations on decimals

g.) Order of operations

h.) Real life problems involving decimals.

Introduction

A fraction whose denominator can be written as the power of 10 is called a decimal fraction or a
decimal. E.g. 1/10, 1/100, 50/1000.

A decimal is always written as follows 1/10 is written as 0.1 while 5/100 is written as 0.05.The
dot is called the decimal point.

Numbers after the decimal points are read as single digits e.g. 5.875 is read as five point eight
seven five. A decimal fraction such 8.3 means 8 + 3/10.A decimal fraction which represents the
sum of a whole number and a proper fraction is called a mixed fraction.

Place value chart
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Decimal to Fractions
To convert a number from fraction form to decimal form, simply divide the numerator (the top

number) by the denominator (the bottom number) of the fraction.

Example:
5/8

625
8 jS.L‘lDL‘I <« Add as many zeros as needed.

48
20

40

0

Converting a decimal to a fraction
To change a decimal to a fraction, determine the place value of the last number in the decimal.
This becomes the denominator. The decimal number becomes the numerator. Then reduce

your answer.

Example:

.625-the 5is in the thousandths column, therefore,

625 5
.625= —— =reducesto —
1000 B
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Note:

Your denominator will have the same number of zeros as there are decimal digits in the decimal
number you started with - .625 has three decimal digits so the denominator will have three zero.

Recurring Decimals
These are decimal fractions in which a digit or a group of digits repeat continuously without

ending.

=0.333333

W |

D 0454545454
11

We cannot write all the numbers, we therefore place a dot above a digit that is recurring. If more
than one digit recurs in a pattern, we place a dot above the first and the last digit in the pattern.

E.g.

0.3333....ccccoevvereneneis written as 0. 3
0.4545..........cccvoeeeiS Written as 0. 4 5
0.324324......................is written as 0.32 4

Any division whose divisor has prime factors other than 2 or 5 forms a recurring decimal or non-
terminating decimal.

Example
Express each as a fraction

a) 0.6
b.) 0.73
c)0.15

Solution
a.) Letr=0.66666 - (1)

10r = 6.6666 - ()
Subtracting | from Il

9r=6

6
r=—
9
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_2
3
b.) Letr=0.73333-—- 0]
10 r=7.3333333-—--- (I
100r = 73.33333--------- (1
Subtracting (II) from (l11)
90r = 66
_ 66
90
_u
15
c.) Letr=0.151515 - (1)
100r = 15.1515 ——mrmmmmv (1)
99r=15
15
r=—
99
-5
33

Decimal places

When the process of carrying out division goes over and over again without ending we may
round off the digits to any number of required digits to the right of decimal points which are
called decimal places.

Example
Round 2.832 to the nearest hundredth.

Solution

Step 1 — Determine the place to which the number is to be rounded is.

2.832
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Step 2 - If the digit to the right of the number to be rounded is less than 5, replace it and all the
digits to the right of it by zeros. If the digit to the right of the underlined number is 5 or higher,
increase the underlined number by 1 and replace all numbers to the right by zeros. If the zeros
are decimal digits, you may eliminate them.

2.832 = 2.830 = 2.83

Example
Round 43.5648 to the nearest thousandth.
Solution

43.5648 = 43.5650 = 43.565
Example

Round 5,897,000 to the nearest hundred thousand.

Solution
5,897,000 = 5,900,000

Standard Form
A number is said to be in standard form if it is expressed in form A X 10", Where 1 < A<10 and n
is an integer.

Example
Write the following numbers in standard form.
a.) 36 b.)576c.)0.052
Solution
a) 36/10x10=3.6x 10"
b.) 576/100 x 100 = 5.76 x 10°
c.) 0.052=0.052x100/100

5.2%

100
1 2
5.2x(——
(100
5.2x 107
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Operation on Decimals

Addition and Subtraction
The key point with addition and subtraction is to line up the decimal points!

Example

264+11.2= 264
+11.20— in this case, it helps to write 11.2 as 11.20
13.84

Example
14.73 - 12.155= 14.730 — again adding this 0 helps

Example
127.5+0.127 = 327.500

+ 0.127
327.627

Multiplication

When multiplying decimals, do the sum as if the decimal points were not there, and then
calculate how many numbers were to the right of the decimal point in both the original numbers
- next, place the decimal point in your answer so that there are this number of digits to the right
of your decimal point?

Example
2.1x1.2.

Calculate 21 x 12 = 252. There is one number to the right of the decimal in each of the original
numbers, making a total of two. We therefore place our decimal so that there are two digits to
the right of the decimal point in our answer.

Hence 2.1 x 1.2 =2.52.

Always look at your answer to see if it is sensible. 2 x 1 = 2, so our answer should be close to 2
rather than 20 or 0.2 which could be the answers obtained by putting the decimal in the wrong
place.
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Example
1.4x6

Calculate 14 x 6 = 84. There is one digit to the right of the decimal in our original numbers so
our answer is 8.4

Check 1 x 6 = 6 so our answer should be closer to 6 than 60 or 0.6
Division
When dividing decimals, the first step is to write your numbers as a fraction. Note that the
symbol / is used to denote division in these notes.
Hence 2.14/1.2=2.14
1.2

Next, move the decimal point to the right until both numbers are no longer decimals. Do this the
same number of places on the top and bottom, putting in zeros as required.

becomes ——

120

Hence

This can then be calculated as a normal division.

Always check your answer from the original to make sure that things haven’t gone wrong along
the way. You would expect 2.14/1.2 to be somewhere between 1 and 2. In fact, the answer is
1.78.

If this method seems strange, try using a calculator to calculate 2.14/1.2, 21.4/12, 214/120
and 2140/ 1200. The answer should always be the same.

Example
436/0.14=4.36=436=31.14
114 14
Example
27.93 /1.2 =27.93 = 2793 = 23.28
1.2 120
Rounding Up
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Some decimal numbers go on forever! To simplify their use, we decide on a cutoff point and
“round” them up or down.

If we want to round 2.734216 to two decimal places, we look at the number in the third place
after the decimal, in this case, 4. If the number is 0, 1, 2, 3 or 4, we leave the last figure before
the cut off as it is. If the number is 5, 6, 7, 8 or 9 we “round up” the last figure before the cut off
by one. 2.734216 therefore becomes 2.73 when rounded to 2 decimal places.

If we are rounding to 2 decimal places, we leave 2 numbers to the right of the decimal.

If we are rounding to 2 significant figures, we leave two numbers, whether they are decimals or
not.

Example

243.7684 = 243.77 (2 decimal places)
= 240 (2 significant figures)

1973.285 = 1973.29 (2 decimal places)
= 2000 (2 significant figures)

2.4689 =2.47 (2 decimal places)
= 2.5 (2 significant figures)

0.99879 = 1.00 (2 decimal places)
= 1.0 (2 significant figures)

Order of operation
The same rules on operations is always the same even for decimals.

Examples

Evaluate

0.02+3.5x2.6-0.1(6.2-3.4)

Solution
0.02+3.5x2.6-0.1x2.8=0.02+0.91-0.28

=8.84
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End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1.) Without using logarithm tables or a calculator evaluate.

384.16 x 0.0625
96.04

2.) Evaluate without using mathematical table

1000 , [ 0.0128
200

3.) Express the numbers 1470 and 7056, each as a product of its prime factors.
Hence evaluate: 1470°

7056
Leaving the answer in prime factor form

4.) Without using mathematical tables or calculators, evaluate

—

/675 x 135
J2025

5.) Evaluate without using mathematical tables or the calculator

0.0625x 2.56
0.25x0.08
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CHAPTER NINE

Specific ObjectiVes

By the end of the topic the learner should be able to:
a.) Find squares of numbers by multiplication

b.) Find squares from tables
c.) Find square root by factor method
d.) Find square root from tables.

Content
a.) Squares by multiplication

b.) Squares from tables
c.) Square roots by factorization

d.) Square roots from tables.

Introduction
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Squares
The square of a number is simply the umber multiplied by itself once. For example the square of
15is 225.Thatis 15x 15 = 225.

Square from tables

The squares of numbers can be read directly from table of squares. This tables give only
approximate values of the squares to 4 figures. The squares of numbers from 1.000 to 9.999
can be read directly from the tables.

The use of tables is illustrated below

Example
Find the square of:

a) 4.25
b.) 42.5
c.) 0.425

Tables

a.) To read the square of 4.25, look for 4.2 down the column headed x. Move to the right
along this row, up to where it intersects with the column headed 5.The number in this
position is the square of 4.25

So 4.25% = 18.06 to 4 figures
b.) The square of 4.25 lies between 40? and 50 between 1600 and 2500.
42.5%= (4.25x 10"’
= 4.25"x 10
=18.06 x 100
= 1806

1.2

c.) 0.425%= (4.25x —

) ( xlo)
1 2
=425 x(—
x( 10)

=18.06 x 1/100
=0.1806
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The square tables have extra columns labeled 1 to 9 to the right of the thick line. The numbers
under these columns are called mean differences. To find 3.162, read 3.16 to get 9.986.Then
read the number in the position where the row containing 9.986 intersects with the differences
column headed 2.The difference is 13 and this should be added to the last digits of 9.986

9.986
+ 13
9.999

56.129 has 5 significant figures and in order to use 4 figures tables, we must first round it off to
four figures.

56.129 = 56.13 to 4 figures
56.13° = (5.613 x 10")*
=31.50 x 10°
= 3150

Square Roots
Square roots are the opposite of squares. For example 5 x 5 = 25, we say that 5 is a square root
of 25.

Any positive number has two square roots, one positive and the other negative .The symbol for
the square root of a number isv.

A number whose square root is an integer is called a perfect square. For example 1, 4,9,25 and
36 are perfect squares.

Square roots by Factorization.
The square root of a number can also be obtained using factorization method.

Example
Find the square root of 81 by factorization method.

Solution

V81 =/3x33x3 (Find the prime factor of 81)
= (3x3) (3 x 3) (Group the prime factors into two identical numbers)
=3x3 (Out of the two identical prime factors, choose one and find their product)
=9

Note:

Pair the prime factors into two identical numbers. For every pair, pick only one number then
obtain the product.
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Example
Find V1764 by factorization.

Solution

J1764 = 2x2x 3x3x7x7
=2x3x7
=42

Example
Find V441 by factorization

Solution

V441 = [3x3x7x7
=3x7
=21

Square Root from tables
Square roots of numbers from 1.0 to 99.99 are given in the tables and can be read directly.

Examples
Use tables to find the square root of:

a) 1.86 b.) 42.57 c)359 d.)0.8236

Solution
a.) To read the square root of 1.86, look for 1.8 in the column headed x, move to the right
along this row to where it intersects with the column headed 6.The number in this
position is the square root of 1.86.Thus./1.86 =1.364 to 4 figures.

b.) J42.57Look for 42 in the column headed x and move along the row containing 42 to
where it intersects with the column headed 5.Read the number in this position, which is
6.519. The difference for 7 from the difference column along this row is 6.The difference
is added to 6.519 as shown below:

6.519

+

0.006
.52

Thus./42.57 = 6.525 to 4 figures.

o
a

For any number outside this range, it is necessary to first express it as the product of a number
in this range and an even power of 10.
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c.) 359 =3.59x 10°

4359 = (359 x 1000)
=1.895x10

= 18.95 (four figures)

2
d.) 0.8236 = 82.36 x (i)
10
J0.8236 = [(82.36 xl—éo)
= (9.072 + 0.004) x =
10
=0.9076 (4 figures)

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic
1.) Evaluate without using tables or calculators

| 0.125 x+f6a

- 0.064 629

2.) Evaluate using reciprocals, square and square root tables only.

J{MS %107 +1
0.07245

Jm.asz x0.387 )
0.8462

3.) Using a calculator, evaluate

(Show your working at each stage)

4.) Use tables of reciprocals and square roots to evaluate
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J 2 1.08
0.5803  B46 .3
5.) Use tables to find;

a)l) 4.978°

i) The reciprocal of 31.65
b) Hence evaluate to 4.S.F the value of

4.978% - /3165

6.) Use tables of squares, square roots and reciprocals to evaluate correct to 4 S.

3 2
J0.0136 (3.72)?

7. Without using mathematical tables or calculator, evaluate:[153 x 1.8 giving your
answer in standard form 0.68x0.3

CHAPTER TEN N
| |

Specific Objectives

By the end of the topic the learner should be able to:
a.) Use letters to represent numbers

b.) Write statements in algebraic form

c.) Simplify algebraic expressions

d.) Factorize an algebraic expressions by grouping

e.) Remove brackets from algebraic expressions

f.) Evaluate algebraic expressions by substituting numerical values
g.) Apply algebra in real life situations.

Content
a.) Letters for numbers

b.) Algebraic fractions
c.) Simplification of algebraic expressions
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d.) Factorization by grouping

e.) Removal of brackets

f.) Substitution and evaluation

g.) Problem solving in real life situations.

Introduction

An algebraic expression is a mathematical expression that consists of variables, numbers and
operations. The value of this expression can change Clarify the definitions and have students
take notes on their graphic organizer.

Note:

(0]

(o)

Examples

Algebraic Expression—contains at least one variable, one number and one
operation. An example of an algebraic expressionis n+ 9.

Variable—a letter that is used in place of a number. Sometimes, the variable will
be given a value. This value will replace the variable in order to solve the
equation. Other times, the variable is not assigned a value and the student is to
solve the equation to determine the value of the variable.

Constant—a number that stands by itself. The 9 in our previous vocabulary is an
example of a constant.

Coefficient—a number in front of and attached to a variable. For example, in the
expression 5x + 3, the 5 is the coefficient.

Term—each part of an expression that is separated by an operation. For instance,
in our earlier example n + 9, the terms are n and 7.

Write each phrase as an algebraic expression.

Nine increased by a numberr - 9 +r

Fourteen decreased by a numberx — 14-x
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Six less than anumbert —» t-6
The product of 5and anumbern—-»5Xn or 5n

Thirty-two divided by a numbery 31 +x or 31
X

Example
An electrician charges sh 450 per hour and spends sh 200 a day on gasoline. Write an algebraic
expression to represent his earnings for one day.

Solution: Let x represent the number of hours the electrician works in one day. The
electrician's earnings can be represented by the following algebraic expression:

Solution
450x - 200

Simplification of Algebraic Expressions

Note:
Basic steps to follow when simplify an algebraic expression:

Remove parentheses by multiplying factors.

\

Use exponent rules to remove parentheses in terms with exponents.
v" Combine like terms by adding coefficients.

v" Combine the constants.

Like and unlike terms

Like terms have the same variable /letters raised to the same poweri.e. 3 b+ 2b =5b ora + 5a
= 6a and they can be simplified further into 5b and 6a respectively(a® and 3a’ are also like
terms).While unlike terms have different variables i.e. 3b + 2 ¢ or 4b + 2x and they cannot be
simplified further.

Example

3a+12b+4a -2b = 7a+10b (collect the lick terms )

2x -5y +3x-7y+3w = 5x-12y + 3w

Example
Simplify: 2x — 6y —4x + 5z - y

Solution
2X— 6y —4x+ 52 -y =2x—4x — 6y -y + 5z

= (2x — 4x) — (by +y) + 5z
=-2x -7y + 52z
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Note:
-6y —y=-(6y+y)
Example
lify: —a-=b + =
Simplify >3 3b+ 22
Solution
The L.C.Mof 2,3 and 4 is 12.
Therefore La- 1p + 15 = 624 b+3a
2.3 4 12
_ ba+3a-4b
12
_ 9a-4b
12
Example
imnli b 2a-b
Simplify; 32 . 230
implify: == - =3
Solution
atb _ 2a-b _ 3(a+b)-2(2a-b)
2 3 6
3a+3b-4a+2b
6
3a-4a+3b+2b
6
_ -a+5b
6
Example

5x2-2x2 = 3x2
4a2bc - 2a2bc = 2a2bc
a2b - 2b’c + 3a2b +b’c = 4a2b - b’c

Note:
Capital letter and small letters are not like terms.
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Brackets
Brackets serve the same purpose as they do in arithmetic.

Example
Remove the brackets and simplify:

a) 3(a+b)-2(a-b)
b.) 1/3a+3(5a+b-c)
c)2b+3(3-2(@-5)

Solution
a) 3(a+b)-2(a-b)=3a+3b -2a+2b

=3a-2a+3b+2b
=a+5b
b.) 1/3a+3(5a+b-c)=1/3a+15a+3b-3c

= 15%;1 + 3b-3c

c)2b+a{3-2(@-5)}=2b+a{3-2a+10}
=2b+3a - 2a’+ 10a
=2b+3a+10a-2a’
=2b+13a-2a°

The process of remaining the brackets is called expansion while the reverse process of
inserting the brackets is called factorization.

Example
Factorize the following:

a) 3m+3n=3(m+n) (thecommon termis 3 so we put it outside the bracket)
b.) ar’ +ar* + ar’
c.) 4x’y + 20x'y* - 36x’y

Solution

b.) ar’ + ar* + ar’(ar’ is common)
ar3(1+r+r2)
c.) 4x’y + 20x'y*-36x’y

4x*y(ls common)
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= 4x°y( 1 + 5x’y - 9x

Factorization by grouping

When the terms of an expression which do not have a common factor are taken pairwise, a
common factor can be found. This method is known as factorization by grouping.

Example
Factorize:

a.) 3ab+2b+3ca+2c
b.) ab+bx-a-x

Solution
a) 3ab+2b+3ca+2c=b(3a+2)+c(3a+2)

=(3a+2)(b+c)

b) ab+bx-a-x=b(a+x)-1(a+x)
=(@a+x)(b-1)

Algebraic fractions
In algebra, fractions can be added and subtracted by finding the L.C.M of the denominators.

Examples
Express each of the following as a single fraction:
a) X1, X2 X
2 4 5
atb b-a
b) b a
) 1 .3 .5
3(a+b) 8(at+b) 12a
Solution
- + -1 )+ +2 )+
a.) x1 £ 222 2 g =10 (x-1)+5 (x+2 )+4x (10x -10 + 5x + 10 + 4x)
2 4 5 12a
19x
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atb b-a _b(a+b)-a(b-a)
b a ab
_ a’+b’
ab

b.)

1 3 5

¢) 3tasb) * 8(a+b) * 12a
(find the L.C.M. of aand (a+b)is a(a+b))

——(find the L.C.M. of 3,8 and 12 whichis 24,)

(The L.C.M. of 3 (a+b), 8 (a+b )and 12 is 24a (a+b))

1.3 +i_8a+9a+10a+10b
3(a+b) 8(a+b) 12a 24a (a+b)
_ 27a+10b
~ 24a( a+b)

Simplification by factorization
Factorization is used to simplify expressions

Examples
Simplify p”- 2pq+q°

2p*-3pq +q°

Solution
Numerator is solved first.

p’-Pq-pq+q°
p(p-9)-a(p +q)
(p-a)°
Then solve the denominator
2p*2pq-pq-q°
(2p-9) (p-a)
(p-9)*  _ p-q
(2p-q)(p-a) 2p-q
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(p-q)* = (p-q)(p-q) hence it cancel with the denominator

Example
Simplify

16m° —a9n’

4m* —mn—3n"

Solution
Num. (4m - 3n) (4m + 3n)

Den. 4m? - 4mn + 3mn - 3n°

(4m+3n) (m - n)
(4m-3n) (4m+3n) /
(4m + 30) (m = )

4m - 3n
m-n
Example
Simplify the expression.
18 xy —18 xr

Qxr — 9xy

Solution
Numerator
18x (y —r)
Denominator

9 (r-vy)

18x(y-1)
9x (r-y)

Therefore

_y-1
(r-y)
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Example
12x*+ax-6a°
Simplif
mey 9x” -4a°
Solution

(3x—Z2a)d4x+3a)
(3x+2a)(3x—2a)

_4x+3&
3x+2a

Example

Simplify the expression completely.
ay-ax
bx-by

Solution
a(y-x) _alyx) _
b(x-y) -b(x-y)

& |
o |

Note:
x-y =-(y-x)

Substitution
This is the process of giving variables specific values in an expression

Example

2 2
Evaluate the expression Xy% if x=2andy="1

Solution
x4y’ _ 2417 _4+1

y+2  1+2 3

End of topic

Did you understand everything?
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If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1. Giventhaty= 2x-z
x+3z expressxintermsofyandz

2. Simplify the expression
x=1 - 2x+1

X 3x
Hence solve the equation

x=1 - 2x+1 =2

X 3X 3

3. Factorize a* - b?
Hence find the exact value of 25577 - 2547

4. Simplify p°-2pgq+q°
P*-pq”+p”q-q’
5. Giventhaty = 2x — z, express x in terms of y and z.
Four farmers took their goats to a market. Mohammed had two more goats as Koech
had 3 times as many goats as Mohammed, whereas Odupoy had 10 goats less than both
Mohammed and Koech.

() Write a simplified algebraic expression with one variable, representing the total
number of goats.

(i) Three butchers bought all the goats and shared them equally. If each butcher got
17 goats, how many did odupoy sell to the butchers?

6. Solve the equation

1=5-7

4x  6x

7. Simplify

La o+ _b
2(a+b) 2(a-b)

8. Three years ago, Juma was three times as old. As Ali in two years time, the sum of
their ages will be 62. Determine their ages
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CHAPTER ELEVEN

| RATSS,RATIO, PROPORTION AND PERCENTAGE

SpecifisODJECTIVES
By the end of the topic the learner should be able to:

a.)
b.)
c.)
d.)
e.)
f.)
g.)
h.)
i.)
i)
k.)
l.)

Define rates

Solve problems involving rates

Define ratio

Compare two or more quantities using ratios

Change quantities in a given ratio

Compare two or more ratios

Represent and interpret proportional parts

Recognize direct and inverse proportions

Solve problems involving direct and inverse proportions
Convert fractions and decimals to percentages and vice-versa
Calculate percentage change in a given quantity

Apply rates, ratios, percentages to real life situations and proportion.

Content

a.)
b.)
c)
d.)
e.)
f)
g.)
h.)
i.)
)
k.)

Rates

Solving problems involving rates

Ratio

Comparing quantities using ratio

Increase and decrease in a given ratio
Comparing ratios

Proportion: direct and inverse

Solve problems on direct and inverse proportions
Fractions and decimals as percentages
Percentage increase and decrease

Application of rates, ratios, percentages and proportion to real life situations.
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Introduction

Rates
A rate is a measure of quantity, and comparing one quantity with another of different kind.

Example

If a car takes two hours to travel a distance of 160 km. then we will say that it is travelling at an
average rate of 80 km per hour. If two kilograms of maize meal is sold for sh. 38.00, then we
say that maize meal is selling at the rate of sh.19.00 per kilogram.

Example
What is the rate of consumption per day if twelve bags of beans are consumed in 120 days?
Solution.
Rate of consumption = number of bags/number of days
_ 12
120
=1/10 bags per day
Example
A laborer’s wage is sh.240 per eight hours working day. What is the rate of payment per hour?
Solution
Rate = amount of money paid/number of hours
1240
8

=sh.30 per hour
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Ratio

A ratio is a way of comparing two similar quantities. For example, if alias is 10 years old and his
brother basher is 14 years old. Then alias age is 10/14 of Bashir's age, and their ages are said to
be in the ratio of 10 to 14. Written, 10:14.

Alias age: Bashir's age =10:14
Bashir's age: alias age =14:10

In stating a ratio, the units must be the same. If on a map 2cm rep 5km on the actual ground,
then the ratio of map distance to map distance is 2cm: 5x1 00 000cm, which is 2:500 000.

A ratio is expressed in its simplest form in the same way as a fraction,
E.g. 10/14 = 5/7, hence 10:14= 5.7.
Similarly, 2:500 000 = 1: 250 000,

A proportion is a comparison of two or more ratios. If, example, a, b and ¢ are three humbers
such that a: b: ¢=2:3:5, then a, b, ¢ are said to be proportional to 2, 3, 5 and the relationship
should be interpreted to mean a/2 = b/3=c/5.

Similarly, we can say that a: b =2:3, b: ¢=3:5 a: ¢=2:5
Example 3

Ifa:b=3:4andb:c=5:7finda:c

Solution
a:b=3:4..i)
b:c=5:7 e (i)

Consider the right hand side;
Multiply (i) by 5 and (i) by 4 to get, a: b=15: 20 and b: c=20: 28
Thus, a: b: ¢ =15:20: 28 and a: ¢c=15: 28

Increase and decrease in a given ratio
To increase or decrease a quantity in a given ratio, we express the ratio as a fraction and
multiply it by the quantity.

Example
Increase 20 in the ratio 4: 5

Solution
New value =5/4x20

=5x5
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=25

Example
Decrease 45 in the ratio 7:9

Solution
New value =7/9 x45

=7x5
=35

Example
The price of a pen is adjusted in the ratio 6:5. If the original price was sh.50. What is the new
price?

Solution
New price: old price = 6:5

New price /old price = 6/5
New price =6/5x50
=sh. 60

Note:

When a ratio expresses a change in a quantity an increase or decrease , it is usually put in the
form of new value: old value

Comparing ratios
In order to compare ratios, they have to be expressed as fractions first, ie., a:b = a/b . the
resultant fraction can then be compared.

Example
Which ratio is greater, 2: 3 or 4: 5?

Solution 2:3=2/3,4:5=4/5
2/3=10/15,4/5=12/15=4/5>2/3
Thus, 4:5>2:3

Distributing a quantity in a given ratio
If a quantity is to be divided in the ratio a: b: ¢, the fraction of the quantity represented by:

a
(i) A will be————
a+b+c
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(i) B will be
a+b+c
(i)  C will be
a+b+c
Example

A 72-hactare farm is to be shared among three sons in the ratio 2:3:4. What will be the sizes in
hectares of the three shares?

Solution
Total number of parts is 2+3+4=9

The she shares are: 2/9 x72ha =16ha
3/9 x 72ha= 24ha
4/9 x72ha = 36ha

Direct and inverse proportion

Direct proportion
The table below shows the cost of various numbers of cups at sh. 20 per cup.

No. of cups |1 2 3 4 5

Cost (sh) | 20 40 60 80 100

The ratio of the numbers of cups in the fourth column to the number of cups in the second
column is 4:2=2:1. The ratio of the corresponding costs is 80:40=2:1. By considering the ratio of
costs in any two columns and the corresponding ratio and the number of cups, you should
notice that they are always the same.

If two quantities are such that when the one increases (decreases) in particular ratio, the other
one also increases (decreases) in the ratio,

Example
A car travels 40km on 5 litres of petrol. How far does it travel on 12 litres of petrol?

Solution
Petrol is increased in the ratio 12: 5

Distance= 40x 12/5 km
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Example
A train takes 3 hours to travel between two stations at an average speed of 40km per hour. A t
what average speed would it need to travel to cover the same distance in 2hours?

Solution

Time is decreased in the ratio 2:3 Speed must be increased in the ratio 3:2 average speed is 40
x 3/2 km = 60 km/h

Example
Ten men working six hours a day take 12 days to complete a job. How long will it take eight men
working 12 hours a day to complete the same job?

Solution
Number of men decreases in the ratio 8:10

Therefore, the number of days taken increases in the ratio 10:8.
Number of hours increased in the ratio 12:6.

Therefore, number of days decreases in the ratio 6:12.

6

Number of days taken =12 x—— x ——

12
=7 %> days

Percentages
A percentage (%) is a fraction whose denominator is 100. For example, 27% means 27/100.

Converting fractions and decimals into percentages
To write a decimal or fraction as a %: multiply by 100 .For example

0.125 =0.125x 100 =12.5%

2 2
— = —x100 (ie. g0f100%)=40%

5 5

Or =2+5x100=40%
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Example
Change 2/5 into percentage.

Solution
2 X

5 100
2
x=—x100
5

= 40%
Example

Convert 0.67 into a percentage: solution

67
0.67=——
100

As a percentage, 0.67= x 100

=67%

Percentage increase and decrease
A quantity can be expressed as a percentage of another by first writing it as a fraction of the
given quantity.

Example
A farmer harvested 250 bags of maize in a season. If he sold 200 bags, what percentage of his
crops does this represent?

Let x be the percentage sold.

200
Then, x/100 = ——
250
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Example
A man earning sh. 4 800 per month was given a 25% pay rise. What was his new salary?

Solution
New salary = 25/100 x 4800 + 4 800

=1200 + 4800
=sh. 6 000

Example
A dress which was costing sh. 1 200 now goes for sh. 960. What is the percentage decrease?

Solution
Decrease in cost is 1 200- 960= sh. 240

Percentage decrease = 240/1 200 x 100
=20%

Example

The ratio of john's earnings to muse’s earnings is 5:3. If john’s earnings increase by 12%, his
new figure becomes sh. 5 600. Find the corresponding percentage change in muse’s earnings if
the sum of their new earnings is sh.9 600

Solution
John’s earnings before the increase is 100/112 x 5600 = sh. 5 000

John’s earnings/muse’s earnings = 5/3

Musa's earnings before the increase = 3/5 x5000

=sh. 3000
Musa’s new earnings =9 600 - 5600
=sh. 4 000
Musa's change in earnings =4 000-1 000
=sh. 3000

Percentage change in muse’s earnings = 1000/3000 x100

=331
3

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 75



isabokemicah@gmail.com

End of topic

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Did you understand everything?

Past KCSE Questions on the topic

1.

Akinyi bought and beans from a wholesaler. She then mixed the maize and beans in the
ratio 4:3 she bought the maize at Kshs 21 per kg and the beans 42 per kg. If she was to
make a profit of 30%. What should be the selling price of 1 kg of the mixture?

Water flows from a tap at the rate of 27 cm® per second into a rectangular container of
length 60 cm, breadth 30 cm and height 40 cm. If at 6.00 PM the container was half full,
what will be the height of water at 6.04 pm?

Two businessmen jointly bought a minibus which could ferry 25 paying passengers
when full. The fare between two towns A and B was Kshs 80 per passenger for one way.
The minibus made three round trips between the two towns daily. The cost of fuel was
Kshs 1500 per day. The driver and the conductor were paid daily allowances of Kshs 200
and Kshs 150 respectively.

A further Kshs 4000 per day was set aside for maintenance, insurance and loan
repayment.

(@) () How much money was collected from the passengers that day?
(i) How much was the net profit?

(b) On another day, the minibus was 80% full on the average for the three round trips,
how much did each businessman get if the day’s profit was shared in the ratio
2:3?

Wainaina has two dairy farms, A and B. Farm A produces milk with 3 % percent fat and
farm B produces milk with 4 % percent fat.
(@) Determine

(i) The total mass of milk fat in 50 kg of milk from farm A and 30 kg of milk
from farm B

(i) The percentage of fat in a mixture of 50kg of milk A and 30kg of milk
from B

(b) The range of values of mass of milk from farm B that must be used in a 50kg
mixture so that the mixture may have at least 4 percent fat.

In the year 2001, the price of a sofa set in a shop was Kshs 12,000
(@) Calculate the amount of money received from the sales of 240 sofa sets that
year.

(b) () In the year 2002 the price of each sofa set increased by 25% while
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the number of sets sold decreased by 10%. Calculate the percentage
increase in the amount received from the sales

(ii) If the end of year 2002, the price of each sofa set changed in the ratio 16:
15, calculate the price of each sofa set in the year 2003.

(c) The number of sofa sets sold in the year 2003 was P% less than the number sold
in the year 2001.

Calculate the value of P, given that the amounts received from sales if the two
years were equal.

A solution whose volume is 80 litres is made up of 40% of water and 60% of alcohol.
When x litres of water is added, the percentage of alcohol drops to 40%.
(@) Find the value of x

(b) Thirty litres of water is added to the new solution. Calculate the percentage of
alcohol in the resulting solution

(©) If 5 litres of the solution in (b) above is added to 2 litres of the original solution,
calculate in the simplest form, the ratio of water to that of alcohol in the resulting
solution.

Three business partners, Asha, Nangila and Cherop contributed Kshs 60,000, Kshs
85,000 and Kshs 105, 000 respectively. They agreed to put 25% of the profit back into
business each year. They also agreed to put aside 40% of the remaining profit to cater
for taxes and insurance. The rest of the profit would then be shared among the partners
in the ratio of their contributions. At the end of the first year, the business realized a
gross profit of Kshs 225, 000.

(@) Calculate the amount of money Cherop received more than Asha at the end of

the first year.

(b) Nangila further invested Kshs 25,000 into the business at the beginning of the
second year. Given that the gross profit at the end of the second year increased
in the ratio 10:9, calculate Nangila’s share of the profit at the end of the second
year.

Kipketer can cultivate a piece of land in 7 hrs while Wanjiku can do the same work in 5
hours. Find the time they would take to cultivate the piece of land when working together.

Mogaka and Ondiso working together can do a piece of work in 6 days. Mogaka working
alone, takes 5 days longer than Onduso. How many days does it take Onduso to do the
work alone.

A certain amount of money was shared among 3 children in the ratio 7:5:3 the largest
share was Kshs 91. Find the
(@) Total amount of money
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(b) Difference in the money received as the largest share and the smallest share.

CHAPTER TWELVE
] |

By the end of the topic the learner should be able to:
a.) State the units of measuring length

Specific Objectives

b.) Convert units of length from one form to another
c.) Express numbers to required number of significant figures
d.) Find the perimeter of a plane figure and circumference of a circle.

Content
a.) Units of length (mm, cm, m, km)

b.) Conversion of units of length from one form to another
c.) Significant figures
d.) Perimeter

e.) Circumference (include length of arcs).
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Introduction

Length is the distance between two points. The SI unit of length is metres. Conversion of units
of length.

1 kilometer (km) = 1000metres

1 hectometer (hm) =100metres

1 decameter (Dm) =10 metres

1 decimeter (dm) = 1/10 metres

1 centimeter (cm) = 1/100 metres

1 millimeter (mm) = 1/1000 metres

The following prefixes are often used when referring to length:
Mega — 1 000 000
Kilo = 1 000
Hecto — 100
Deca-10
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Deci-1/10
Centi-1/100
Milli-1/1000

Micro-1/1 000 000

Significant figures
The accuracy with which we state or write a measurement may depend on its relative size. It
would be unrealistic to state the distance between towns A and B as 158.27 km. a more
reasonable figure is 158 km.158.27km is the distance expressed to 5 significant figures and

158 km to 3 significant figures.
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Example
Express each of the following numbers to 5, 4, 3, 2, and 1 significant figures:
(a) 906 315
(b) 0.08564
(c) 40.0089
(d) 156 000
Solution
number 5s.f. 4s.f 3s.f 2s.f 1s.f.
(@) 906 315 906 320 906300 |906000 |910000 |900000
(b) 0.085641 | 0.085641 | 0.08564 | 0.0856 0.085 0.09
(c) 40.0089 40.009 40.01 40.0 40 40
(d) 156 000 156 000 156 000 | 156000 |160000 |200000

The above example show how we would round off a measurement to a given number of

significant figures

Zero may not be a significant. For example:

()
(ii)
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(iii) 5 000 -zero may or may not be significant figure. Therefore, 5 000 to three
significant figure is 5 00 (zero after 5 is significant). To one significant figure is 5
000. Zero after 5 is not significant.

(iv)  31.805 Or 305 - zero is significant, therefore 31.805 is five significant figure. 305
is three significant figure.

Perimeter
The perimeter of a plane is the total length of its boundaries. Perimeter is a length and is

therefore expressed in the same units as length.

Square shapes
5cm

[ts perimeter is 5+5+5+5= 2(5+5)
=2(10)
=20cm

Hence 5x4 =20

So perimeter of a square = Sides x 4

Rectangular shapes
Figure12.2 is a rectangle of length 5cm and breadth 3cm.

5cm

3cm

Its perimeter is 5+3+5+3 =2(5+3)cm
=2x8
=16cm

Hence perimeter of arectangle p=2(L+ W)

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 81



isabokemicah@gmail.com

Triangular shapes
To find the perimeter of a triangle add all the three sides.

b

Perimeter = (a + b + ¢) units, where a, b and c are the lengths of the sides of the triangle.

The circle
The circumference of a circle = 2 ir or D

Example
(a) Find the circumference of a circle of a radius 7cm.

(b) The circumference of a bicycle wheel is 140 cm. find its radius.

Solution
(a) C=mnd

=22/7 x7
=44 cm

(b) C=nd
=2mr
=2x22/7xr
=140 +44/7
=22.27 cm

Length of an arc

An arc of a circle is part of its circumference. Figure 12.10 (a) shows two arcs AMB and ANB.
Arc AMB, which is less than half the circumference of the circle, is called the minor arc, while
arc ANB, which is greater half of the circumference is called the major arc. An arc which is half
the circumference of the circle is called a semicircle.
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Example

An arc of a circle subtends an angle 60 at the centre of the circle. Find the length of the arc if
the radius of the circle is 42 cm. (M=22/7).

Solution

The length, |, of the arc is given by:

L =6/360 x 2mr.

0=60, r=42 cm

Therefore, 1 =60/360 x2 x 22/7 x 42
=44 cm

Example

The length of an arc of a circle is 62.8 cm. find the radius of the circle if the arc subtends an
angle 144 at the centre, (take 1=3.142).

Solution
L =6/360 x 2rr = 62.8 and 0= 144

Therefore, %Xz x3.142xr =628

R= 62.8 x320x 2 x3.142
144

=24.98 cm

Example

Find the angle subtended at the centre of a circle by an arc of length 11cm if the radius of the
circleis 21cm.
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Solution
L=6/360x 2 xrir=1T cmand r =21Tm

L=6/360 x2x22/7x 21=11
Thus, 8=11x360x7 / 2x22x21
= 30"

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1.)  Two coils which are made by winding copper wire of different gauges and length have the
same mass. The first coil is made by winding 270 metres of wire with cross sectional
diameter 2.8mm while the second coil is made by winding a certain length of wire with
cross-sectional diameter 2.1mm. Find the length of wire in the second coil .

2. The figure below represents a model of a hut with HG = GF = 10cm and FB = 6cm. The
four slanting edges of the roof are each 12cm long.

Calculate

Lkcam (£

Length DF.
Angle VHF
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The length of the projection of line VH on the plane EFGH.
The height of the model hut.

The length VH.

The angle DF makes with the plane ABCD.

3. A square floor is fitted with rectangular tiles of perimeters 220 cm. each row (tile length
wise) carries 20 less tiles than each column (tiles breadth wise). If the length of the floor
is 9.6 m.
Calculate:

a. The dimensions of the tiles
b. The number of tiles needed

c. The cost of fitting the tiles, if tiles are sold in dozens at sh. 1500 per dozen and
the labour cost is sh. 3000
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CHAPTER THIRTEEN _

-

Specific Objectives

By the end of the topic the learner should be able to:
a.) State units of area

b.) Convert units of area from one form to another
c.) Calculate the area of a regular plane figure including circles
d.) Estimate the area of irregular plane figures by counting squares

e.) Calculate the surface area of cubes, cuboids and cylinders.

Content
a.) Units of area (cm., m., km., Ares, ha)

b.) Conversion of units of area
c.) Area of regular plane figures
d.) Area of irregular plane shapes

e.) Surface area of cubes, cuboids and cylinders
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Introduction

Units of Areas

The area of a plane shape is the amount of the surface enclosed within its boundaries. It is

normally measured in square units. For example, a square of sides 5 cm has an area of

5x5=25cm

A square of sides Tm has an area of 1Tm, while a square of side 1Tkm has an area of Tkm

Conversion of units of area
Tm2=Tmx Tm
=100 cm x 100 cm
=10 000 cm?
Tkm2 =1kmx1km
=1000m x 1000 m
=1 000 000 m?
Tare =10m x10m
=100 m?
1 hectare (ha) = 100 Ares
=10 000 m?

Area of a regular plane figures
Areas of rectangle

5cm

3cm
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Area, A =5x3 cm
=15m*
Hence, the area of the rectangle, A =L X W square units, where | is the length and b breadth.

Area of a triangle

Area of a triangle

A =1/2bh square units

Area of parallelogram
Area =1/2bh +1/2bh

=bh square units

Note:
This formulae is also used for a rhombus

Area of a trapezium
The figure below shows a trapezium in which the parallel sides are a units and b units, long. The
perpendicular distance between the two parallel sides is h units.

Area of a triangle ABD =1/2 ah square units

Area of triangle DBC = % bh square units

Therefore area of trapezium ABCD =1/2 ah +1/2 bh
=1/2h (a + b) square units.

Thus, the area of a trapezium is given by a half the sum of the length of parallel sides multiplied
by the perpendicular distance between them.

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 88



isabokemicah@gmail.com

That is, area of trapezium =%( a+b )h

Area of a circle
The area A of a circle of radius r is given by: A = i’

The area of a sector
A sector is a region bounded by two radii and an arc.

Suppose we want to find the area of the shaded part in the figure below

The area of the whole circle is mr?

The whole circle subtends 360 at the centre.
Therefore, 360  corresponds to r?

1 correspondsto 1/360 x mr2

60 correspondsto 60 /360 xmr?

Hence, the area of a sector subtending an angle 6 at the centre of the circle is given by

A= 0 0X1Tr2
360

Example

Find the area of the sector of a circle of radius 3cm if the angle subtended at the centre is 140
°  (take m=22/7)
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Solution
Area A of a sector is given by

- — 2
A= 3600 X

Here, r =3 cm and 6 =140°

140
2x3x3

- == 22
Therefore, A= 3600 X 7

=11 cm?

Example
The area of a sector of a circle is 38.5 cm?. Find the radius of the circle if the angle subtended at
the centre is 90° (Take =22/7)

Solution
From the formula a = 6/360 x mr?, we get 90/360 x 22/7 x r? = 38.5
Therefore, r2 = 38.5x360x7
90 x 22
Thus,r=7
Example

The area of a circle radius 63 cm is 4158 cm2. Calculate the angle subtended at the centre of
the circle. (Take 1 =22/7)

Using a =6/360 x 1r?,

o 4158 X7 x 360
22X 6363

=120°

Surface area of solids

Consider a cuboid ABCDEFGH shown in the figure below. If the cuboid is cut through a plane
parallel to the ends, the cut surface has the same shape and size as the end faces. PQRS is a
plane. The plane is called the cross-section of the cuboid
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A solid with uniform cross-section is called a prism. The following are some of the prisms. The
following are some of the prisms.

The surface area of a prism is given by the sum of the area of the surfaces.

The figure below shows a cuboid of length |, breath b and height h. its area is given by;

A=2Ib+2bh+2hl
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=2(Ib. + bh +hl)

For a cube offside 2cm;
A =2(3x22)

=24 cm?

Example
Find the surface area of a triangular prism shown below.

Area of the triangular surfaces = %2 x5x12 x2cm?

=60 cm?

Area of the rectangular surfaces=20 x13 +5 x 20 +12 x20
=260+ 100 + 240 = 600cm?
Therefore, the total surface area= (60+600) cm?

=660 cm?

Cylinder

A prism with a circular cross-section is called a cylinder, see the figure below.

radius

height

If you roll a piece of paper around the curved surface of a cylinder and open it out, you will get a
rectangle whose breath is the circumference and length is the height of the cylinder. The ends
are two circles. The surface area S of a cylinder with base and height h is therefore given by;

S=2mrh + 2mr2
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Example
Find the surface area of a cylinder whose radius is 7.7 cm and height 12 cm.

Solution

S=21n(7.7)x12+ 21 (7.7) cm?
=21 (7.7) x 12+ (7.7) cm?
=2x7.7m (12 +7.7) cm?

=2x 7.7 x1m (19.7) cm?

=15.41 (19.7) cm?

=953.48 cm?

Area of irregular shapes
The area of irregular shape cannot be found accurately, but it can be estimated. As follows;

() Draw a grid of unit squares on the figure or copy the figure on such a grid, see the
figure below

(i) Count all the unit squares fully enclosed within the figure.

(iii) Count all partially enclosed unit squares and divide the total by two, i.e.., treat each
one of them as half of a unit square.

(iv)  The sum of the numbers in (ii) and (ii) gives an estimate of the areas of the figure.

From the figure, the number of full squares is 9
Number of partial squares= 18
Total number of squares =9 + 18/2

=18
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Approximate area = 18 sq. units.

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1.) Calculate the area of the shaded region below, given that AC is an arc of a circle centre B.
AB=BC=14cm CD=8cm and angle ABD = 75° (4 mks)

2.) The scale of a map is 1:50000. A lake on the map is 6.16cm?®. find the actual area of the
lake in hactares.
(3mks)

3) The figure below is a rhombus ABCD of sides 4cm. BD is an arc of circle centre C. Given
that ZABC = 138°. Find the area of shaded region.
(3mks)
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D C

4em

A B

4. The figure below sows the shape of Kamau’s farm with dimensions shown in meters

140
[
100
J 20 m
-
80m
Find the area of Kamau’s farm in hectares (3mks)
5.) In the figure below AB and AC are tangents to the circle centre O at B and C respectively,

the angle AOC = 60°

Calculate

(a) The length of AC

6.) The figure below shows the floor of a hall. A part of this floor is in the shape of a
rectangle of length 20m and width 16m and the rest is a segment of a circle of radius 12m.
Use the figure to find:-
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\ /
N LY # {Im
W
4}
20m
A 1ém B
(a) The size of angle COD
(2mks)
(b) The area of figure DABCO (4mks)

(c) Area of sector ODC
(2mks)

(d) Area of the floor of the house.
(2mks)

7.) The circle below whose area is 18.05cm? circumscribes a triangle ABC where AB =
6.3cm, BC = 5.7cm and AC = 4.8cm. Find the area of the shaded part

8.) In the figure below, PQRS is a rectangle in which PS=10k cm and PQ = 6k cm. M and N
are midpoints of QR and RS respectively
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a) Find the are of the shaded region (4 marks)

b) Given that the area of the triangle MNR = 30 cm®. find the dimensions of the
rectangle (2 marks)

c) Calculate the sizes of angles # and 4/  giving your answer to 2 decimal
places (4 marks)

9) The figure below shows two circles each of radius 10.5 cm with centres A and B. the
circles touch each otherat T

Given that angle XAD =angle YBC = 160° and lines XY, ATB and DC are parallel, calculate the
area of:

d) The minor sector AXTD (2 marks)
e) Figure AXYBCD (6marks)
f) The shaded region (2 marks)

10.) The floor of a room is in the shape of a rectangle 10.5 m long by 6 m wide. Square tiles
of
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length 30 cm are to be fitted onto the floor.
(a) Calculate the number of tiles needed for the floor.

(b) A dealer wishes to buy enough tiles for fifteen such rooms. The tiles are packed in
cartons

each containing 20 tiles. The cost of each carton is Kshs. 800. Calculate
(i) the total cost of the tiles.

(i) If in addition, the dealer spends Kshs. 2,000 and Kshs. 600 on transport and
subsistence

respectively, at what price should he sell each carton in order to make a profit of
12.5%

(Give your answer to the nearest Kshs.)

11.)  The figure below is a circle of radius 5cm. Points A, B and C are the vertices of the
triangle

ABC in which ZABC = 60° and ZACB=50° which is in the circle. Calculate the area of
AABC)

12.)  Mr.Wanyama has a plot that is in a triangular form. The plot measures 170m, 190m
and 210m, but the altitudes of the plot as well as the angles are not known. Find the area

of the plot in hectares

13.)  Three sirens wail at intervals of thirty minutes, fifty minutes and thirty five minutes.
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If they wail together at 7.18a.m on Monday, what time and day will they next wail together?

14.) A farmer decides to put two-thirds of his farm under crops. Of this, he put a quarter
under maize and four-fifths of the remainder under beans. The rest is planted with carrots.

If 0.9acres are under carrots, find the total area of the farm

CHAPTER FOURTEEN

| voUMEANDCAPACITY

Specific Objectives

By the end of the topic the learner should be able to:
a.) State units of volume

b.) Convert units of volume from one form to another

c.) Calculate volume of cubes, cuboids and cylinders

d.) State units of capacity

e.) Convert units of capacity from one form to another

f.) Relate volume to capacity

g.) Solve problems involving volume and capacity.
Content

a.) Units of volume
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b.) Conversion of units of volume

c.) Volume of cubes, cuboids and cylinders
d.) Units of capacity

e.) Conversion of units of capacity

f.) Relationship between volume and capacity

g.) Solving problems involving volume and capacity

Introduction

Volume is the amount of space occupied by a solid object. The unit of volume is cubic units.

A cube of edge 1 cm has avolume of Tcmx1Tcmx1cm =1 cmé.

Conversion of units of volume
A cube of side 1 m has a volume of 1 m3

But 1 m =100 cm
TmxTmx1Tm=100cmx 100 cmx 100 cm
Thus, Tm =(0.01 x 0.01 x 0.01) m?
=0.00000Tm?3
=1x107°m3
A cube side 1 cm has a volume of 1 cmé.

But T cm=10mm
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TemxTemx1em=10mmx 10 mm x 10 mm

Thus, 1T cm3= 1000mm?3

Volume of cubes, cuboids and cylinders
Cube

A cube is a solid having six plane square faces in which the angle between two adjacent faces is
a right-angle.

Volume of a cube= area of base x height
=/2x |
=P
Cuboid
A cuboid is a solid with six faces which are not necessarily square.
Volume of a cuboid = length x width x height
=a sq. units x h

= ah cubic units.

Cylinder

This is a solid with a circular base.
Volume of a cylinder = area of base x height
=mr2x h
=mir2h cubic units

Example
Find the volume of a cuboid of length 5 cm, breadth 3 cm and height 4 cm.

Solution
Area of its base = 5x4 cm?

Volume =5x4x3 cm?3

=60 cm3

Example
Find the volume of a solid whose cross-section is a right- angled triangle of base 4 cm, height 5
cm and length 12 cm.

Solution
Area of cross-section =1/2 x4 x 5

=10 cm?
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Therefore volume  =10x12
=120 cm?
Example
Find the volume of a cylinder with radius 1.4 m and height 13 m.
Solution
Area of cross-section=22/7x1.4x 1.4
=6.16 m?
Volume =6.16 x 13
=80.08 m®

In general, volume v of a cylinder of radius r and length | given by v=mr2|

Capacity
Capacity is the ability of a container to hold fluids. The Sl unit of capacity is litre (/)

Conversion of units to capacity

1 centiliter (¢/)=10 millilitre (m/)

1 decilitre d/ = 10 centilitre (c/)

1 litre (/) =10 decilitres (d/)

1 Decalitre (DI) = 10 litres (/)

1 hectolitre (Hl) =10 decalitre( D/)
1 kilolitre (k/) =10 hectolitres (Hl)
1 kilolitre (k)= 1000 litres (/)

1 litre (/) =1000 millilitres (m))

Relationship between volume and capacity
A cubed of an edge 10 cm holds 1 litre of liquid.

1 litre =10 cm x 10cm x 10cm
=1000cm?3
1 m?=10°cm?

1 m?3 =108 litres.

End of topic
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Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1. ) All the water is poured into a cylindrical container of circular radius 12cm. If the cylinder has
height 45cm, calculate the surface area of the cylinder which is not in contact with water.
(4 marks)

2.) The British government hired two planes to airlift football fans to South Africa for the
World cup tournament. Each plane took 10 % hours to reach the destination.

Boeng 747 has carrying capacity of 300 people and consumes fuel at 120 litres per
minute. It makes 5 trips at full capacity. Boeng 740 has carrying capacity of 140 people
and consumes fuel at 200 litres per minute. It makes 8 trips at full capacity. If the

government sponsored the fans one way at the cost of 800 dollars per fan, calculate:

(a) The total number of fans airlifted to South Africa.
(2mks)

(b) The total cost of fuel used if one litre costs 0.3 dollars.
(4mks)

(c) The total collection in dollars made by each plane.
(2mks)

(d) The net profit made by each plane.
(2mks)

3.) Arectangular water tank measures 2.6m by 4.8m at the base and has water to a height

of 3.2m. Find the volume of water in litres that is in the tank
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4.) Three litres of water (density1g/cm®) is added to twelve litres of alcohol (density
0.8g/cm’.

What is the density of the mixture?

5.) Arectangular tank whose internal dimensions are 2.2m by 1.4m by 1.7m is three fifth full
of milk.
(a) Calculate the volume of milk in litres

(b) The milk is packed in small packets in the shape of a right pyramid with an
equilateral base triangle of sides 10cm. The vertical height of each packet is 13.6cm. Full
packets obtained are sold at shs.30 per packet. Calculate:

(i) The volume in cm® of each packet to the nearest whole number
(i) The number of full packets of milk
(iii) The amount of money realized from the sale of milk

6.) An 890kg culvert is made of a hollow cylindrical material with outer radius of 76cm and
an inner radius of 64cm. It crosses a road of width 3m, determine the density of the
material ssused in its construction in Kg/m® correct to 1 decimal place.

CHAPTER FIFTEEN )
J |

Specific Objectives

By the end of the topic the learner should be able to:
a.) Define mass

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 104



isabokemicah@gmail.com

b.) State units of mass

c.) Convert units of mass from one form to another
d.) Define weight

e.) State units of weight

f.) Distinguish mass and weight

g.) Relate volume, mass and density.

Content
a.) Mass and units of mass

b.) Weight and units of weight
c.) Density

d.) Problem solving involving real life experiences on mass, volume, density and weight.

Introduction

Mass

The mass of an object is the quantity of matter in it. Mass is constant quantity, wherever the
object is, and matter is anything that occupies space. The three states of matter are solid, liquid
and gas.

The Sl unit of mass is the kilogram. Other common units are tone, gram and milligram.

The following table shows units of mass and their equivalent in kilograms.
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Weight

The weight of an object on earth is the pull of the earth on it. The weight of any object varies
from one place on the earth’s surface to the other. This is because the closure the object is to
the centre of the earth, the more the gravitational pull, hence the more its weight. For example,
an object weighs more at sea level then on top of a mountain.

Units of weight

The Sl unit of weight is newton. The pull of the earth, sun and the moon on an object is called
the force of gravity due to the earth, sun and moon respectively. The force of gravity due to the
earth on an object of mass 1kg is approximately equal to 9.8N. The strength of the earth’s
gravitational pull (symbol ‘g’) on an object on the surface of the earth is about 9.8N/Kg.

Weight of an object = mass of an object x gravitation

Weight N =mass kg x g N/kg

Density
The density of a substance is the mass of a unit cube of the substance. A body of mass (m)kg
and volume (v) m? has:

(i) Density (d) = mass (m)/ density (d)
(i) Mass (m)= density (d) x volume (v)
(i)  Volume (v) = mass (m) / density (d)
Units of density
The Sl units of density is kg/m?3. the other common unit is g/cm?

1 g/cm?® =1 000kg/m?

Example
Find the mass of an ice cube of side 6 cm, if the density of the ice is 0.92 g/ cm?.

Solution
Volume of cube = 6x6x6 = 216 cm?3

Mass = density x volume
=216 x 0.92
=198.72 g

Example
Find the volume of cork of mass 48 g. given that density of cork is 0.24 g/cm?

Solution
Volume = mass/density

=48/0.24
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=200cm?3

Example
The density of iron is 7.9 g/cm?. what is this density in kg/m?

Solution

1 g/cm?® =1 000 kg/m?

7.9 g/cm?3 =7.9 x 1000/1
=7 900kg/m?

Example
A rectangular slab of glass measures 8 cm by 2 cm by 14 cm and has a mass of 610g. calculate
the density of the glass in kg/m?

Solution
Volume of the slab = 8x 2x14

=224 cm?
Mass of the slab =610 g
Density =610/244
=2.5x1000kg =25000kg/m?
End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1.) A squared brass plate is 2mm thick and has a mass of 1.05kg. The density of brass is
8.4g/cm. Calculate the length of the plate in centimeters. (3mks)

2.) A sphere has a surface area 18cm?®. Find its density if the sphere has a mass of 100g.(3mks)

3.) Nyahururu Municipal Council is to construct a floor of an open wholesale market whose area
is 800m?. The floor is to be covered with a slab of uniform thickness of 200mm. In order to

make the slab, sand, cement and ballast are to be mixed such that their masses are in the ratio
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3:2:3. The mass of dry slab of volume 1m® is 2000kg. Calculate

(a) (i) The volume of the slab
(2mks)

(i) The mass of the dry slab.
(2mks)

(iii) The mass of cement to be used.
(2mks)

(b) If one bag of the cement is 50kg, find the number of bags to be purchased.
(1mk)

(c) If alorry carries 10 tonnes of ballast, calculate the number of lorries of ballast to be

purchased. (3mks)

4) A sphere has a surface area of 18.0cm”. Find its density if the sphere has a mass of 100

grammes.

(3 mks)

5.) A piece of metal has a volume of 20 cm® and a mass of 300g. Calculate the density of
the metal

in kg/m®.

6.) 2.5 litres of water density 1g/cm® is added to 8 litres of alcohol density 0.8g/cm”®.
Calculate the density of the mixture
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CHAPTER TEN

-

Specific Objectives

By the end of the topic the learner should be able to:
a.) Convert units of time from one form to another

b.) Relate the 12 hour and 24 hour clock systems
c.) Read and interpret travel time-tables
d.) Solve problems involving travel time tables.

Content
a.) Units of time

b.) 12 hour and 24 hour clock systems
c.) Travel time-tables

d.) Problems involving travel time tables
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Introduction

Units of time
1 week = 7 days

1 day = 24 hours
1 hour = 60 minutes

1 minutes = 60 seconds

Example
How many hours are there in one week?

Solution
1 week = 7 days

1 day =24 hours
1 week = (7 x24) hours
=168 hours

Example
Covert 3h 45 min into minutes

Solution
1 h =60 min

3 h =(3x60) min

3h 45min =((60x3) + 45) min
=(180+45) min
=225 min

Example

Express 4h 15 min in sec
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Solution
1 hour = 60 min

1 min= 60 sec
4h 15 min=(4x60+15) min
=240+15 min
=255 min
=255 x 60 sec
=15 300 sec.

The 12 and the 24 hour systems
In the 12 hour system, time is counted from midnight. The time from midnight to midday is
written as am . while that from midday to midnight is written as pm.

In the 24 hour system, time is counted from midnight and expressed in hours.

Travel time table
Travel timetables shows the expected arrival and departure time for vehicles. Ships, aeroplanes,
trains.

Example
The table below shows a timetable for a public service vehicle plying between two towns A and
D via towns B and C.

Town Arrival time Departure time
A 8.20 AM

B 10.40 P.M 11.00 AM

C 2.30 P.M 2.50 P.M

D 4.00 P.M

(a) What time does the vehicle leave town A?
(b) At what time does it arrive in town D?
(c) How long does it take to travel from town A to D.

(d) What time does the vehicle takes to travel from town C to D?
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Solution
(a) 8.20 AM

(b) 4.00 P.M
(c) Arrival time in town D was 4.00 p.m. it departure from town A was 8.20 a.m.
Time taken= (12.00-8.20 +4 h)
=3 h 40 min +4 h
=7 h 40 min
(d) The vehicle arrived in town D at 4.00 p.m. it departed from town C at 2.50 p.m.

Time taken = 4.00-2.50
=1h 10 min

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1.)  Avan travelled from Kitale to Kisumu a distance of 160km. The average speed of the van
for the first 100km was 40km/h and the remaining part of the journey its average speed
was 30km/h. Calculate the average speed for the whole journey.

(3 mks)

2.) A watch which looses a half-minute every hour was set to read the correct time at 0545h
on Monday. Determine the time, in the 12 hour system, the watch will show on the following
Friday at 1945h.

3) The timetable below shows the departure and arrival time for a bus plying between two
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towns M and R, 300km apart 0710982617
Town Arrival Departure
M 0830h
N 1000h 1020h
P 1310h 1340h
Q 1510h 1520h
R 1600h

(a) How long does the bus take to travel from town M to R?

(b) What is the average speed for the whole journey?
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CHAPTER SEVENTEEN )

-

Specific Objectives

By the end of the topic the learner should be able to:
a.) solve linear equations in one unknown

b.) solve simultaneous linear equations by substitution and elimination
c.) Linear equations in one and two unknown.

Content
a.) Linear equations in one unknown

b.) Simultaneous linear equations

c.) Linear equations in one and two unknowns from given real life situations
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Introduction

Linear equations are straight line equations involving one or two unknowns. In this chapter, we
will deal with the formation and solving of such equations consider the following cases.

Example
Solve for the unknowns in each of the following equations

3x+4=10

P*S_ g4
3

Solution
3x+4=10

3x+4-4=10-4 (to make x the subject subtract 4 on both sides)

3x=6
X=2

X
—-2=4
3

X
§ -2+2=4+2 (to make x the subject add 2 to both sides)
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p+5, _
3x (=) = 3
x(3) X

NS

P+5=§x3
4

4(p +5) =% x4

4p+20=15
4p=-5
p==
4
=-1%

Solving an equation with fractions or decimals, there is an option of clearing the fractions or
decimals in order to create a simpler equation involving whole numbers.

1. To clear fractions, multiply both sides of the equation (distributing to all terms) by the
LCD of all the fractions.

2. To clear decimals, multiply both sides of the equation (distributing to all terms) by the
lowest power of 10 that will make all decimals whole numbers.

Steps for Solving a Linear Equation in One Variable:
1. Simplify both sides of the equation.

2. Use the addition or subtraction properties of equality to collect the variable terms on one
side of the equation and the constant terms on the other.

3. Use the multiplication or division properties of equality to make the coefficient of the
variable term equal to 1.

4. Check your answer by substituting your solution into the original equation.

Note:
All other linear equations which have only one solution are called conditional.

Example
Solve for the unknown in each in of the following equations
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x+1 x-1
—=.Z==-1/8
) 2 3
b.) 3y 14y-3_y-1
2 5 4
c.) 1-1-2(E)=0
2 2
Solution
a.) (%)XZ‘I- XL X24 =1/8 x 24 ( multiply both sides by the L.C.M of 2,3 and 8)

12(x+1)-8(x-2)=3

12x + 12-8x-16=3

4x + 28 =3
4x =-25
X= -6l
4
b.) %X 20 - @X 20 =(E]X20(multiply both sides by the L.C.M of 2 5 and 4)
30y-4 (14y-3)=5(y - 4)
26 + 12 = 5y -20
31y=32
32 _41
31 31
(Y x2]-2[¥3 k2=
c) (1x2) (ZXZ) 2( > )xZ 0x2
2-y-2(y-3)=0
2-y-2y+6=0
8-3y=0
_8_,2
=374
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Problems leading to Linear equations

Equations are very useful in solving problems. The basic technique is to determine what
quantity it is that we are trying to find and make that the unknown. We then translate the
problem into an equation and solve it. You should always try to minimize the number of
unknowns. For example, if we are told that a piece of rope 8 metres long is cut in two and one
piece is x metres, then we can write the remaining piece as (8 — x) metres, rather than
introducing a second unknown.

Word problems

Equations arise in everyday life. For example Mary bought a number of oranges from Anita’s
kiosk. She then went to Marks kiosk and bought the same number of oranges. Mark them gave
her three more oranges. The oranges from the two kiosks were wrapped in different paper bags.
On reaching her house, she found that a quarter of the first Lot oranges and a fifth of the
second were bad. If in total six oranges were bad, find how many oranges she bought from
Anita’s kiosk.

Solution
Let the number of oranges bought at Anita’s kiosk be x.

Then, the number of oranges obtained from Marks kiosk will be x +3.

Number of Bad oranges from Marks kiosk was%.

Total number of Bad oranges is equal to = % + ?
Thus, = = + X+3 _ 6
4 5

Multiply each term of the equation by 20 (L.C.M of 4 and 5) to get rid of the denominator.

=20x X +20[¥3| = 6x 20
4 5

5%+ 4 (x +3) =120

5x + 4x + 12 =120 (Removing brackets)
Subtracting 12 from both sides.

9x =108

X=12
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Thus, the number of oranges bought from Anita’s kiosk was 12.

Note:

If any operation is performed on one side of an equation,it must also be performed on the other
side.

Example

Solve for x in the equation: % - % =4

Solution

Eliminate the fractions by multiplying each term by 6 (L.C.M, of 2 and 3).
X+3 x-4
- =)- —)=4

6x (*37)-6(*7) = 4x6

3x+3)-2(x—-4)=24
3x + 9-2x + 8 = 24(note the change in sigh when the bracket are removed)
x+ 17 =24
x=17
Linear Equations in Two Unknowns
Many problems involve finding values of two or more unknowns. These are often linked via a
number of linear equations. For example, if | tell you that the sum of two numbers is 89 and their

difference is 33, we can let the larger number be x and the smaller one y and write the given
information as a pair of equations:

x+y=89(1)
x-Y=33.(2)

These are called simultaneous equations since we seek values of x and y that makes both
equations true simultaneously. In this case, if we add the equations we obtain 2x = 122, so x =
61. We can then substitute this value back into either equation, say the first, then 61 + y = 89
giving y = 28.

Example
The cost of two skirts and three blouses is sh 600.If the cost of one skirt and two blouses of the
same quality sh 350,find the cost of each item.

Solution
Let the cost of one skirt be x shillings and that of one blouse be y shillings. The cost of two
skirts and three blouses is 2x + 3y shillings.

The cost of one skirt and two blouses is x + 2y shillings.
So, 2x + 3y = 600................... (1)
X+2y =350 .. (1)
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Multiplying equation (l1) by 2 to get equation (llI).

2X + 4y = 700 .oe...... (111).

2X + 3y = 600....ccccrce()

Subtracting equation (1) from (I1), y = 100.

From equation (II),

X +2y=350buty=100

X+200=350

X=150

Thus the cost of one skirt is 150 shillings and that of a blouse is 100 shillings.

In solving the problem above, we reduced the equations from two unknowns to a single
unknown in y by eliminating. This is the elimination method of solving simultaneous equations.

Examples
a)a+b=7

b.) 3a + 5b =20b=20
5b=12
c.) 3x+ 4y =18
5x + 6y = 28

Solutions

Adding I to Il
2a=12-a=6
Subtracting Il from [ ;

2b=2

b.) 3a + 5b = 20------- (i)
6a-5b = 12--—-(ii)

To eliminate b, we simply add the two equationso eliminate b, we simply add the two
equations
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9a =32
32
a=—
9
Find the value of b
C.) 3x+ 4y = 18----------- (i)
5x + 6y = 28----------- (i)

Here it is not easy to know the obvious unknown to be eliminated
To eliminate (1) by 5 and (ll) by 3 to get (lll) and (IV) respectively and subtracting (1V) from (ll1);
d.) 15x + 20y = 90----------- (iii)
15x + 18y = 84----------- (iv)
2y=6
Thereforey =3
Substitutingy = 3 in (l);
3x+12=18
Therefore x =2
Note that the L.C.M of 3and 5is 15.
To eliminate y;
Multiplying (1) by 3, (II) by 2 to get (V) and (VI) and Subtracting (V) from (VI);
9x + 12y = 54----------- )

10x + 12y = 56----------- (vi)
Subtracting x = 2 in (ii);
10 + 6y = 28
6y =18
Thereforey = 3.

Note;
v Itis advisable to study the equation and decide which variable is easier to eliminate.

v Itis necessary to check your solution by substituting into the original equations.
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Solution by substitution

2x + 3y = 600--------- (i)
X + 2y = 350----------- (ii)y=350---------- (ii)
alone;
x + 2y = 350
Subtracting 2y from both sides;
X = 350 - 2y---------- (iii)---(iii)

ting this value of x in equation(i);

2(350 - 2y) + 3y = 600

700 - 4y + 3y = 600

Y =100

Substituting this value of y in equation(iii);
x = 350-2y
=350-200

x =150

This method of solving simultaneous equations is called the substitution method

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1. A cloth dealer sold 3 shirts and 2 trousers for Kshs 840 and 4 shirts and 5 trousers
for Kshs 1680 find the cost of 1 shirt and the cost of 1 trouser

2. Solve the simultaneous equations
2x-y=3

x> = xy = -4

3. The cost of 5 skirts and blouses is Kshs 1750. Mueni bought three of the skirts and

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 122



isabokemicah@gmail.com

one of the blouses for Kshs 850. Find the cost of each item.

4. Akinyi bought three cups and four spoons for Kshs 324. Wanjiru bought five cups
and Fatuma bought two spoons of the same type as those bought by Akinyi, Wanjiku
paid Kshs 228 more than Fatuma. Find the price of each cup and each spoon.

5. Mary has 21 coins whose total value is Kshs. 72. There are twice as many five
shillings coins as there are ten shilling coins. The rest one shillings coins. Find the
number of ten shillings coins that Mary has. (4 mks)

6. The mass of 6 similar art books and 4 similar biology books is 7.2 kg. The mass of 2
such art books and 3 such biology books is 3.4 kg. Find the mass of one art book
and the mass of one biology book

7. Karani bought 4 pencils and 6 biros — pens for Kshs 66 and Tachora bought 2
pencils and 5 biro pens for Kshs 51.

(@) Find the price of each item

(b) Musoma spent Kshs. 228 to buy the same type of pencils and biro — pens if the
number of biro pens he bought were 4 more than the number of pencils, find the
number of pencils bought.

8. Solve the simultaneous equations below
2x—-3y=5

X+2y=-3

9. The length of a room is 4 metres longer than its width. Find the length of the room if
its area is 32m”

10. Hadija and Kagendo bought the same types of pens and exercise books from the
same types of pens and exercise books from the same shop. Hadija bought 2 pens
and 3 exercise books for Kshs 78. Kagendo bought 3 pens and 4 exercise books for
Kshs 108.

Calculate the cost of each item

11. In fourteen years time, a mother will be twice as old as her son. Four years ago, the
sum of their ages was 30 years. Find how old the mother was, when the son was
born.

12. Three years ago Juma was three times as old as Ali. In two years time the sum of
their ages will be 62. Determine their ages.

13. Two pairs of trousers and three shirts costs a total of Kshs 390. Five such pairs of
trousers and two shirts cost a total of Kshs 810. Find the price of a pair of trousers
and a shirt.

14. A shopkeeper sells two- types of pangas type x and type y. Twelve x pangas and
five type y pangas cost Kshs 1260, while nine type x pangas and fifteen type y
pangas cost 1620. Mugala bought eighteen type y pangas. How much did he pay for
them?
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CHAPTER EIGHTEEN _
_, |
Specific Objectives

By the end of the topic the learner should be able to:
a.) State the currencies of different countries

b.) Convert currency from one form into another given the exchange rates
c.) Calculate profit and loss

d.) Express profit and loss as percentages

e.) Calculate discount and commission

f.) Express discount and commission as percentage.

Content
a.) Currency

b.) Current currency exchange rates

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530

124



isabokemicah@gmail.com

c.) Currency conversion

d.) Profit and loss

e.) Percentage profit and loss
f.) Discounts and commissions

g.) Percentage discounts and commissions

Introduction

In commercial arithmetic we deal with calculations involving business transaction. The medium
of any business transactions is usually called the currency. The Kenya currency consist of a
basic unit called a shilling.100 cents are equivalent to one Kenyan shillings, while a Kenyan
pound is equivalent to twenty Kenya shillings.

Currency Exchange Rates

The Kenyan currency cannot be used for business transactions in other countries. To facilitate
international trade, many currencies have been given different values relative to another. These
are known as exchange rates.

The table below shows the exchange rates of major international currencies at the close of
business on a certain day in the year 2015.The buying and selling column represents the rates
at which banks buy and sell these currencies.

Note

The rates are not always fixed and they keep on charging. When changing the Kenyan currency
to foreign currency, the bank sells to you. Therefore, we use the selling column rate. Conversely
when changing foreign currency to Kenyan Currency, the bank buys from you, so we use the
buying column rate.
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Currency Buying Selling

DOLLAR 102.1472 102.3324
STG POUND 154.0278 154.3617
EURO 109.6072 109.8522
SA RAND 7.3332 7.3486
KES / USHS 33.0785 33.2363
KES / TSHS 20.9123 21.0481
KES / RWF 7.2313 7.3423
AE DIRHAM 27.8073 27.8653
CAN S 77.6018 77.7661
JAPNESE YEN 84.0234 84.1964
SAUDI RIYAL 27.2284 27.2959
CHINESE YUAN 16.0778 16.1082
AUSTRALIAN S 71.8606 72.0420
Example

Convert each of the following currencies to its stated equivalent
a.) Us $305to Ksh
b.) 530 Dirham to euro

Solution
a.) The bank buys Us 1 at Ksh 102.1472

Therefore US $ 305 = Ksh (102.1472 x 305)

= Ksh 31,154.896

= Ksh 31,154.00 (To the nearest shillings)
The bank buys 1 Dirham at Ksh 27.8073
Therefore 530 Dirham = Ksh (21.8073 x 530)

=Ksh 11, 557.00 (To the nearest shillings)

The bank sells 1 Euro at 109.8522
Therefore 530 Dirham =11, 557/109.8522
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=105.170 Euros

Example
During a certain month, the exchange rates in a bank were as follows;
Buying Selling (Ksh.)
(Ksh.)
1USS 91.65 91.80
1 Euro 103.75 103.93

A tourist left Kenya to the United States with Ksh.1 000,000.0n the airport he exchanged all the
money to dollars and spent 190 dollars on air ticket. While in US he spent 4500 dollars for
upkeep and proceeded to Europe. While in Europe he spent a total of 2000 Euros. How many
Euros did he remain with? (3marks)

Solution

1000000
a1 .80

10,893 25 — (190 +4500 ) = 6203 .25

G203 25 =91 .65 = 568,278 B6

= 10,893 25

568 527 .86
103 .93
5470 .30 — 2000 = 3,470 .30

= 5,470 .30

Profit and Loss

The difference between the cost price and the selling price is either profit or loss. If the selling
price is greater than the cost price, the difference is a profit and if the selling price is less than
the total cost price, the difference is a loss.

Note
Selling price - cost price = profit

Percentage profit = _ Profit x 100

Cost price
Cost price - selling price = loss

Profit
Percentage loss = — x 100

Cost price
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Example
Ollie bought a cow at sh 18000 and sold it at sh 21000.What percentage profit did he make?

Solution
Selling price = sh 21000

Cost price = sh 18000
Profit = sh (21000 -18, 000)

= sh 3000

Percentage profit = w x 100
18000

=16 % %

Example

Johnny bought a dress at 3500 and later sold it at sh.2800.what percentage loss did he incurs?
Cost price = sh 3500

Selling price = sh 2800

Loss = sh (3500 - 2800)

=Sh 700

00 x 100 = 20%
3500

Percentage loss =

Discount

A shopkeeper may decide to sell an article at reduced price. The difference between the marked
price and the reduced price is referred to as the discount. The discount is usually expressed as
a percentage of the actual price.

Example
The price of an article is marked at sh 120.A discount is allowed and the article sold at sh
96.Calculate the percentage discount.

Solution
Actual price = sh 120.00

Reduced price = sh 96.00
Discount = sh (120.00 - 96.00)
=sh 24
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Percentage discount = 24/120 x 100
=sh 20%

Commission
A commission is an agreed rate of payment, usually expressed as a percentage, to an agent for
his services.

Example

Mr. Neasa, a salesman in a soap industry, sold 250 pieces of toilet soap at sh 45.00 and 215
packets of determining at sh 75.00 per packet. If he got a 5% commission on the sales, how
much money did he get as commission?

Solution
Sales for the toilet soap was 250 x 45 = sh 11250

Sales for the detergent was 215 x 75 = sh 16125

Commission =i( 11250+16125)
100

2 427375 = sh1368

100

Example
A salesman earns a basic salary of sh. 9,000 per month. In addition he is also paid a
commission of 5% for sales above sh. 15,000. In a certain month he sold goods worth sh.
120,000 at a discount of 2%%. Calculate his total earnings that month.

{3 marks}

Solution
sales sh.120,0000

et after discount97.5/100 x120,000=17,000

sales above sh.15,000 = 117,000 - 15,000es above sh.15,000=117,000-15,000

commisiion (S)OX102,000 = 5,100
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totl earnings = 9,000 + 5,100
= kshs 14,100

End of topic

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Did you understand everything?

Past KCSE Questions on the topic

1.

The cash prize of a television set is Kshs 25000. A customer paid a deposit of Kshs
3750. He repaid the amount owing in 24 equal monthly installments. If he was
charged simple interest at the rate of 40% p.a how much was each installment?

Mr Ngeny borrowed Kshs 560,000 from a bank to buy a piece of land. He was
required to repay the loan with simple interest for a period of 48 months. The
repayment amounted to Kshs 21,000 per month.

Calculate

(a) The interest paid to the bank
(b) The rate per annum of the simple interest

A car dealer charges 5% commission for selling a car. He received a commission of
Kshs 17,500 for selling car. How much money did the owner receive from the sale of
his car?

A company saleslady sold goods worth Kshs 240,000 from this sale she earned a
commission of Kshs 4,000

(a) Calculate the rate of commission

(b) If she sold good whose total marked price was Kshs 360,000 and allowed
a discount of 2% calculate the amount of commission she received.

A business woman bought two bags of maize at the same price per bag. She
discovered that one bag was of high quality and the other of low quality. On the high
quality bag she made a profit by selling at Kshs 1,040, whereas on the low quality
bag she made a loss by selling at Kshs 880. If the profit was three times the loss,
calculate the buying price per bag.

A salesman gets a commission of 2. 4 % on sales up to Kshs 100,000. He gets an
additional commission of 1.5% on sales above this. Calculate the commission he
gets on sales worth Kshs 280,000.

Three people Koris, Wangare and Hassan contributed money to start a business.
Korir contributed a quarter of the total amount and Wangare two fifths of the
remainder.
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Hassan’s contribution was one and a half times that of Koris. They borrowed the rest
of the money from the bank which was Kshs 60,000 less than Hassan'’s contribution.
Find the total amount required to start the business.

8. A Kenyan tourist left Germany for Kenya through Switzerland. While in Switzerland he
bought a watch worth 52 deutsche Marks. Find the value of the watch in:
(@) Swiss Francs.

(b) Kenya Shillings
Use the exchange rtes below:
1 Swiss Franc = 1.28 Deutsche Marks.
1 Swiss Franc = 45.21 Kenya Shillings

0. A salesman earns a basic salary of Kshs. 9000 per month
In addition he is also paid a commission of 5% for sales above Kshs 15000

In a certain month he sold goods worth Kshs. 120, 000 at a discount of 2% %.
Calculate his total earnings that month

10. In this question, mathematical table should not be used
A Kenyan bank buys and sells foreign currencies as shown below

Buying Selling
(In Kenya shillings) In Kenya Shillings
1 Hong Kong dollar 9.74 9.77
1 South African rand 12.03 12.11

A tourists arrived in Kenya with 105 000 Hong Kong dollars and changed the whole
amount to Kenyan shillings. While in Kenya, she pent Kshs 403 897 and changed the
balance to South African rand before leaving for South Africa. Calculate the amount,
in South African rand that she received.

11. A Kenyan businessman bought goods from Japan worth 2, 950 000 Japanese yen.
On arrival in Kenya custom duty of 20% was charged on the value of the goods.
If the exchange rates were as follows

1 US dollar = 118 Japanese Yen
1 US dollar = 76 Kenya shillings
Calculate the duty paid in Kenya shillings

12. Two businessmen jointly bought a minibus which could ferry 25 paying passengers
when full. The fare between two towns A and B was Kshs. 80 per passenger for one
way. The minibus made three round trips between the two towns daily. The cost of
fuel was Kshs 1500 per day. The driver and the conductor were paid daily allowances
of Kshs 200 and Kshs 150 respectively.

A further Kshs 4000 per day was set aside for maintenance.
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(a) One day the minibus was full on every trip.
(i) How much money was collected from the passengers that day?
(i) How much was the net profit?

(b) On another day, the minibus was 80% on the average for the three round
trips. How much did each business get if the days profit was shared in the ratio
2:3?

13. A traveler had sterling pounds 918 with which he bought Kenya shillings at the rate
of Kshs 84 per sterling pound. He did not spend the money as intended. Later, he
used the Kenyan shillings to buy sterling pound at the rate of Kshs. 85 per sterling
pound. Calculate the amount of money in sterling pounds lost in the whole
transaction.

14. A commercial bank buys and sells Japanese Yen in Kenya shillings at the rates
shown below
Buying 0.5024

Selling 0.5446

A Japanese tourist at the end of his tour of Kenya was left with Kshs. 30000 which
he converted to Japanese Yen through the commercial bank. How many Japanese
Yen did he get?

15.In the month of January, an insurance salesman earned Kshs. 6750 which was
commission of 4.5% of the premiums paid to the company.
(a) Calculate the premium paid to the company.

(b) In February the rate of commission was reduced by 66°/3% and the

premiums reduced by 10% calculate the amount earned by the salesman in the
month of February

16. Akinyi, Bundi, Cura and Diba invested some money in a business in the ratio of
7:9:10:14 respectively. The business realized a profit of Kshs 46800. They shared
12% of the profit equally and the remainder in the ratio of their contributions.
Calculate the total amount of money received by Diba.

17. A telephone bill includes Kshs 4320 for a local calls Kshs 3260 for trank calls and
rental charge Kshs 2080. A value added tax (V.A.T) is then charged at 15%, Find the
total bill.

18. During a certain period. The exchange rates were as follows
1 sterling pound = Kshs 102.0

1 sterling pound = 1.7 us dollar
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1 U.S dollar = Kshs 60.6

A school management intended to import textbooks worth Kshs 500,000 from UK. It
changed the money to sterling pounds. Later the management found out that the
books the sterling pounds to dollars. Unfortunately a financial crisis arose and the
money had to be converted to Kenya shillings. Calculate the total amount of money
the management ended up with.

19. A fruiterer bought 144 pineapples at Kshs 100 for every six pineapples. She sold
some of them at Kshs 72 for every three and the rest at Kshs 60 for every two.
If she made a 65% profit, calculate the number of pineapples sold at Kshs 72 for
every three.

CHAPTER TEN )

Specific Objectives

By the end of the topic the learner should be able to:
a.) Draw and label the complete Cartesian plane

b.) Locate and plot points on the Cartesian plane

c.) Choose and use appropriate scale for a given data
d.) Make a table of values for a given linear relation
e.) Use values to draw a linear graph

f.) Solve simultaneous linear equations graphically
g.) Draw, read and interpret graphs.

Content
a.) Cartesian plane

b.) Cartesian co-ordinate

c.) Points on the Cartesian plane
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d.) Choice of appropriate scale

e.) Table of values for a given linear relation

f.) Linear graphs

g.) Graphical solutions of simultaneous linear equations

h.) Interpretation of graphs.

Introduction

The position of a point in a plan is located using an ordered pair of numbers called co- ordinates
and written in the form (x, y).The first number represents the distance along the x axis and is
called the x co-ordinates. The second number represents distance along the y axis and it's
called the y coordinates.

The x and y coordinates intersects at (0, 0) a point called the origin. The system of locating
points using two axes at right angles is called Cartesian plan system.

To locate a point on the Cartesian plane, move along the x-axis to the number indicated by the x-
coordinate and then along the y~axis to the number indicated by the y-coordinate. For example,
to locate the point with coordinates (1, 2), move 1 unit to the right of the origin and then 2 units
up

The Cartesian plan
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Write the Cartesian coordinates of the points
A to E marked on the Cartesian plane at right. Fiag ]

1 Trace along the x-axis to find the first number, and then
along the y-axis to find the second number.
Print A is at 1 on the x-axis and 1 on the v-axis.
Print B is at —1 on the x-axis and 4 on the y-axis.
Prine © is at =3 on the x-axis and —1 on the y-axis.
Prine T iz at 2 on the x-axis and —4 on the v-axis.
Print E is at () on the x-axis and —3% o the y-axis.

2 Write each point as a pair of coordinates. AT, 1) Bi—1,4) -3, -1
2, =4y R, 35}

The Graph of a straight line

Consider the Linear equation y = 2x + 1.Some corresponding values of x and y are given in the
table below. If we plot the points we notice that they all lie in a straight line.

Solution
Step 1 write therule y=2x+1

Step 2 Draw a table and choose simple x values
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Step 3 Use the rule to find each y value and enter then in the table.
E.g.whenx=-2,y=2x-2+1=-3.

whenx=-1,y=2x-1+1=-1

step 4 Draw a Cartesian plan and plot the points.

Step 5 Join the points to form a straight line and label the graph

v==2x+ |
X By I | {1 | 2
F |3 |-1] | 3|5
B
Note:
v" Two points are sufficient to determine a straight line, but we use the third point as a

check.

v" ltis advisable to choose points which can be plotted easily.

Graphing solutions of simultaneous linear equation

The graphs of the form ax + by = c represents a straight line. When two linear equations are
represented on the same Cartesian plan, their graphs may or may not intersect. For example, in
solving the simultaneous equations x + 3y = 5 and 5x + 7y = 9 graphically, the graphs of the two
equation are drawn.
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The two lines intersect at p (- 1, 2).The solution to the simultaneous equations is, therefore, x = -
lTandy=2.

General graphs

Graphs are applied widely in science and many other fields. The graphs should theirfoe be
drawn in a way that convey information easily and accurately. The most of important technique
of drawing graphs is the choice of appropriate scale.

A good scale is one which uses most of the graph page and enables us to plot points and read
off values easily and accurately.

Avoid scales which:

v Give tiny graphs.

v Cannot accommodate all the data in the table.
It is good practice to:

v Label the axes clearly.

v Give the title of the graph.

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!
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Revision Questions on the topic

1.) Copy and complete the table and hence draw the corresponding graph.
Y=4x+3
X -2 -1 0 1 2

y

2.) Draw the graph of the following:
a) Y+2x=5
b.) y/2+2x =5

CHAPTER TWENTY )

Specific Objectivé‘s

By the end of the topic the learner should be able to:
a.) Name and identify types of angles

b.) Solve problems involving angles on a straight line
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c.) Solve problems involving angles at a point

d.) Solve problems involving angles on a transversal cutting parallel lines
e.) State angle properties of polygons

f.) Solve problems involving angle properties of polygons

g.) Apply the knowledge of angle properties to real life situations.

Content
a.) Types of angles

b.) Angles on a straight line

c.) Angles at a point

d.) Angles on a transversal (corresponding, alternate and allied angles)
e.) Angle properties of polygons

f.) Application to real life situations.

Introduction

A flat surface such as the top of a table is called a plane. The intersection of any two straight
lines is a point.

Representation of points and lines on a plane
A point is represented on a plane by a mark labelled by a capital letter. Through any two given
points on a plane, only one straight line can be drawn.
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The line passes through points A and B and hence can be labelled line AB.

Types of Angles
When two lines meet, they form an angle at a point. The point where the angle is formed is
called the vertex of the angle. The symbol < is used to denote an angle.

R

N R,

Acute angle. Reflex angle.

-

Obtuse angle Right angle

To obtain the size of a reflex angle which cannot be read directly from a protractor ,the
corresponding acute or obtuse angle is subtracted from 360°.If any two angles X and Y are such
that:

i) Angle X + angle Y =90°, the angles are said to be complementary angles. Each angle
is then said to be the complement of the other.

ii.) Angle X + angle Y =180°, the angles are said to be supplementary angles. Each angle
is then said to be the supplement of the other.

In the figure below < POQ and < ROQ are a pair of complementary angles.
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In the figure below <DOF and < FOE are a pair of supplementary angles.

b\ &

Angles on a straight line.
The below shows a number of angles with a common vertex 0.AOE is a straight line.

b
o

X
| o
A M 3

o

Two angles on either side of a straight line and having a common vertex are referred to as
adjacent angles.

In the figure above:

< AOB is adjacent to <BOC
< BOC is adjacent to <COD
< COD is adjacent to <DOE
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Angles on a straight line add up t0180°.

Angles at a point
Two intersecting straight lines form four angles having a common vertex. The angles which are
on opposite sides of the vertex are called vertically opposite angles. Consider the following:

In the figure above < COB and < AOC are adjacent angles on a straight line. We can now show
that a = c as follows:

a + b = 180°(Angles on a straight line)
c + d = 180°(Angles on a straight line)
So,a+b+c+d=180°+180" =360°

This shows that angles at a point add up t0360°
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Angles on a transversal
A transversal is a line that cuts across two parallel lines.

In the above figure PQ and ST are parallel lines and RU cuts through them.RU is a transversal.
Name:

i) Corresponding angles are Angles b and e, cand h,aand f, d and g.

ii.) Alternate angles aand c,fand h,b and d, e and g.

iii.) Co-interior or allied angles are f and d, c and e.

Angle properties of polygons
A polygon is a plan figure bordered by three or ore straight lines

Triangles
A triangle is a three sided plane figure. The sum of the three angles of a triangle add up to
180°.triangles are classified on the basis of either angles sides.

i) A triangle in which one of the angles is 90° is called a right angled triangle.
ii.) A scalene triangle is one in which all the sides and angles are not equal.

iii.) An isosceles triangle is one in which two sides are equal and the equal sides make
equal angles with the third side.

iv.) An equilateral triangle is one in which all the side are equal and all the angles are
equal
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Exterior properties of a triangle

Angle DAB=p +q.
Similarly, Angle EBC =r + g and angle FCA =r + p.
Butp+q+r=180°
Butp+q+r=180°
Therefore angle DAB + angle EBC + angle FCA = 2p +2q + 2r
=2(p +q +1)
=2x180°
= 360"
In general the sum of all the exterior angles of a triangle is 360°.

Quadrilaterals

A quadrilateral is a four —sided plan figure. The interior angles of a quadrilateral add put
360°.Quadrilaterals are also classified in terms of sides and angles.

PROPERTIES OF QUADRILATERALS

Properties of Parallelograms
In a parallelogram,

The parallel sides are parallel by definition.

The opposite sides are congruent.

The opposite angles are congruent.

The diagonals bisect each other.

Any pair of consecutive angles are supplementary.

abrown =
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Properties of Rectangles
In a rectangle,

1. All the properties of a parallelogram apply by definition.
2. All angles are right angles.
3. The diagonals are congruent.

Properties of a kite

1. Two disjoint pairs of consecutive sides are congruent by
definition. ‘

The diagonals are perpendicular.

One diagonal is the perpendicular bisector of the other. |
One of the diagonals bisects a pair of opposite angles.

One pair of opposite angles are congruent.

Properties of Rhombuses
In a rhombus,

abswn

Allthe properties of a parallelogram apply by definition.
Two consecutive sides are congruent by definition.

All sides are congruent.

The diagonals bisect the angles.

The diagonals are perpendicular bisectors of each other.

The diagonals divide the rhombus into four congruent right
triangles.

Properties of Squares

In a square,

cuprwn=

1. All the properties of a rectangle apply by definition.
2. All the properties of a rhombus apply by definition.
3. The diagonals form four isosceles right triangles.

Properties of Isosceles Trapezoids
In an isosceles trapezoid,

The legs are congruent by definition.
The bases are parallel by definition.

The lower base angles are congruent.

The upper base angles are congruent.

The diagonals are congruent.

Any lower base angle is supplementary to any upper base angle.

cuapwnN =

Proving That a Quadrilateral is a Parallelogram
Any one of the following methods might be used to prove that a quadrilateral is a parallelogram.
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1. If both pairs of opposite sides of a quadrilateral are parallel, then it is a parallelogram
(definition).

2. If both pairs of opposite sides of a quadrilateral are congruent, then it is a parallelogram.

3. If one pair of opposite sides of a quadrilateral are both parallel and congruent, then it is a
parallelogram.

4. If the diagonals of a quadrilateral bisect each other, then the it is a parallelogram.

5. If both pairs of opposite angles of a quadrilateral are congruent, then it is a
parallelogram.

Proving That a Quadrilateral is a Rectangle
One can prove that a quadrilateral is a rectangle by first showing that it is a parallelogram and
then using either of the following methods to complete the proof.

1. If a parallelogram contains at least one right angle, then it is a rectangle (definition).

2. If the diagonals of a parallelogram are congruent, then it is a rectangle.
One can also show that a quadrilateral is a rectangle without first showing that it is a
parallelogram.

3. If all four angles of a quadrilateral are right angles, then it is a rectangle.

Proving That a Quadrilateral is a Kite
To prove that a quadrilateral is a kite, either of the following methods can be used.

1. If two disjoint pairs of consecutive sides of a quadrilateral are congruent, then it is a kite
(definition).

2. If one of the diagonals of a quadrilateral is the perpendicular bisector of the other
diagonal, then it is a kite.

Proving That a Quadrilateral is a Rhombus
To prove that a quadrilateral is a rhombus, one may show that it is a parallelogram and then
apply either of the following methods.

1. If a parallelogram contains a pair of consecutive sides that are congruent, then it is a
rhombus (definition).
2. If either diagonal of a parallelogram bisects two angles of the parallelogram, then it is a
rhombus.
One can also prove that a quadrilateral is a rhombus without first showing that it is a
parallelogram.

3. If the diagonals of a quadrilateral are perpendicular bisectors of each other, then it is a
rhombus.

Proving That a Quadrilateral is a Square
The following method can be used to prove that a quadrilateral is a square:
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If a quadrilateral is both a rectangle and a rhombus, then it is a square.

Proving That a Trapezoid is an Isosceles Trapezoid
Any one of the following methods can be used to prove that a trapezoid is isosceles.

1. If the nonparallel sides of a trapezoid are congruent, then it is isosceles (definition).
2. If the lower or upper base angles of a trapezoid are congruent, then it is isosceles.
3. If the diagonals of a trapezoid are congruent, then it is isosceles.

Note:
v"If a polygon has n sides, then the sum of interior angles (2n -4) right angles.

v" The sum of exterior angles of any polygon is360°.

v Atriangle is said to be regular if all its sides and all its interior angles are equal.

- -
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The figure below is a hexagon with interior angles g ,h ,| .k and | and exterior angles a, b ,c ,d ,e
,and f.

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

In the figure below, lines AB and LM are parallel.
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Find the values of the angles marked x, y and z (3 mks)

CHAPTER ONE )

-

Specific Objectives

By the end of the topic the learner should be able to:
a.) Use aruler and compasses only to:

v

/NN N N NN

construct a perpendicular bisector of a line

construct an angle bisector

construct a perpendicular to a line from a given a point

construct a perpendicular to a line through a given point on the line
construct angles whose values are multiples of 7 % °

construct parallel lines

divide a line proportionally

Use a ruler and a set square to construct parallel lines, divide a line proportionally, and to
construct perpendicular lines

c.) Construct a regular polygon using ruler and compasses only, and ruler, compasses and

protractor

d.) Construct irregular polygons using a ruler, compasses and protractor.

Content
a.) Construction of lines and angles using a ruler and compasses only

b.) Construction of perpendicular and parallel lines using a ruler and a set square only

c.) Proportional division of a line
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d.) Construction of regular polygons (up to a hexagon)

e.) Construction of irregular polygons (up to a hexagon).

Introduction

Construction Instruments

The following minimum set of instruments is required in order to construct good quality
drawings:

Two set squares.

A protractor.

A 15cm or 150 mm ruler

Compass

Protractor

Divider

An eraser/rubber

Two pencils - a 2H and an HB, together with some sharpening device — Razor blade or
shaper.

Construction of Perpendicular Lines

Perpendicular lines
The figure below shows PQ as a perpendicular bisector of a given line AB.

O O O O O 0o o o
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X
I
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|
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|
|

To obtain the perpendicular bisector PQ
v" With A and B as centre, and using the same radius,draw arcs on either side of AB to
intersect at P and Q.

v JoinPtoQ.

The figure below shows PE, a perpendicular from a point P to a given line AB.

To construct a perpendicular line from a point
v" To drop a perpendicular line from point P to AB.

v Set the compass point at P and strike an arc intersecting AB at C and D.
v" With C and D as centres and any radius larger than one-half of CD,

v' Strike arcs intersecting at E.
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v" Aline from P through E is perpendicular to AB.

To construct a perpendicular line from a point
v Using P as centre and any convenient radius,draw arcs to intersect the lines at A and B.

v" Using A as centre and a radius whose measure is greater than AP,draw an arc above the
line.

v" Using B as the centre and the same radius,draw an arc to interact the one in (ii) at point

Q.
v" Using a ruler ,draw PQ.

FIGUR 21.4

Construction of perpendicular lines using a set square.

Two edges of a set square are perpendicular. They can be used to draw perpendicular lines.
When one of the edges is put along a line, a line drawn along the other one is perpendicular to
the given line.

To construct a perpendicular from a point p to a line
v Place aruler along the line.

v Place one of the edges of a set square which form a right angle along the ruler.
v Slide the set square along the ruler until the other edge reaches p.

v Hold the set square firmly and draw the line through P to meet the line perpendicularly.

Construction of Angles using a Ruler and a pair of compass only
The basic angle from which all the others can be derived from is the 60°45° and 90°
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Construction of an Angle of 60’
v" Let A be the apex of the angle

v" With centre A draw an arc BC using a suitable radius.
v" With b as the centre draw another arc to intersect arc BC at D.

v Draw a line AE through D. The angle EAC is 60°

Construction of an Angle of 90°
Let A be the apex of the angle.

With centre A draw an arc BC of large radius.

Draw an arc on BC using a suitable radius and mark it D.

Using the same radius and point D as the centre draw an arc E.
BD and DE are of the same radius.

With centre D draw any arc F.

With centre E draw an arc equal in radius to DF.

N N N N SR

Join AF with a straight line. Angle BAF is 90°

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes

0714497530

152



isabokemicah@gmail.com

Construction of an Angle of 45°
Draw AB and AC at right angles 45° to each other.With centre A and with large radius ,draw an
arc to cut AB at D and and AC at E.With centres E and D draw arcs of equal radius to intersect

at Draw a straight line from A through Angle BAF is 45°

. : 1°
Construction of angles of multiple of 75 30°15°..

The bisection of 60° angle produces 30° and the successive bisection of this angle produces
0

15° which is bisected to produce 7% as shown below.
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v Draw AB and AC at 60° to each other as shown above.

v" With centre A, and a large radius, draw an arc to cut AB at E and AC at D.
v" With centres E and D draw arcs of equal radius to intersect at F.

v Draw a line from A through F.
v

Angle CAF is 30" half60°.

0

To construct 15° 7%

v Draw AC and AF at 30° to each other as described above.

v" With centres G and D draw arcs of equal radius to intersect at H
v Draw a line from A through H
v

Angle CAH is 15°.

0
v" With centres J and D a further bisection can be made to give 7%

Construction of parallel lines

To construct a line through a given point and parallel to a given line, we may use a ruler and a
pair of compass only, or a ruler and a set square.
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Using a ruler and a pair of compass only
Parallelogram method

The line EP parallel to AC is constructed as follows:

v With X as the centre and radius PQ, draw an arc.
v With Q as the centre and radius PX, draw another arc to cut the first arc at R.

v Join Xto R.

Proportional Division of lines
Lines can be proportionately divided into a given number of equal parts by use of parallel lines.

To divide line AB

v Divide line AB into ten equal parts.
Through b, draw a line CB of any convenient length at a suitable angle with AB.
Using a pair of compasses, mark off,along BC ,ten equal intervals as shown above.
Join C to A.By using a set square and a ruler, draw lines parallel to CA.

The line is therefore divided ten equal parts or intervals.

Construction of Regular Polygons
A polygon is regular if all its sides and angles are equal ,otherwise it is irregular.

Note:
For a polygon of n sides,the sum of interior angles is ( 2n -4 ) right angles.The size of each
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interior angle of the regular polygon is therefore equal to( M)900.
n

The sum of exterior angles of any polygon is 360°.Each exterior angle of a regular polygon is

0
therefore equal to@ )
n

Construction of a regular Triangle

Construction of a regular Quadrilateral

Construction of a regular pentagon.

A ) B c b

1. Draw AB. BC and CO equal /v length fo the sides of the required triangie
2 With centre B and radivs AB draw the arc AF

3. With centre T and radius CD draw the are DG

4. Where the arcs intersect at E is an apex of the triangie

5 Join BE and CE with straight limes to form the frisngie BCE
To construct a regular pentagon ABCD of sides 4 cm.
Each of the interior angles = % right angles = 108’

v" Draw aline AB =4 cm long.

v Draw angle ABC = 108°and BC =4 cm
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v" Use the same method to locate points D and

Note,
Use the same procedure to construct other points.

Construction of irregular polygons

Construction of triangles
To construct a triangle given the length of its sides

Draw a line and mark a point A on it.

\

On the line mark off with a pair of compass a point B,3 cm from A.

<

With B as the centre and radius 5 cm, draw an arc

<\

With A as the centre and radius 7 cm,draw another arc to intersect the arc in (iii) at
C.JoinAtoCandBtoC.

To construct a triangle, given the siz of two angles and length of one side.

Construct a triangle ABC in which < BAC = 60°, < ABC == 50° and BC = 4 cm.The sketch is shown
below.

v" Draw a line and mark a point B on it.

v" Mark off a point C on the line, 4 cm from B.

v Using a protractor, measure an angle of = 50° and = 70° at B and C respectively.
To construct a triangle given two sides and one angle.

Given the lengths of two sides and the size of the included angle. Construct a triangle ABC, in
which AB = 4 cm,BC =5 cm and < ABC =60°.Draw a sketch as shown below.

v" Draw aline BC =5 cm along
v" Measure an angle of = 60° at B and mark off a point A, 4 cm from B.

v JoinAtoC.
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To construct a trapezium.

The construction of a trapezium ABCD with AB =8 cm ,BC =5 cm ,CD = 4cm and angle ABC =
60° and AB = 8 cm

v" Draw aline AB =8 cm.

Construct an Angle of = 60° at B.

Using B as the centre and radius of 5 cm, mark an arc to insect the line in (ii) at C.
Through C, draw a line parallel to AB

Using C as the centre and radius of 4 cm,Mark an arc to intersect the line in (iv) at D.

LSRN N NN

Join D to A to form the trapezium.

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1. Using a ruler and a pair of compasses only,
a) Construct a triangle ABC in which AB = 9cm, AC = 6cm and angle BAC = 37%"
a) Drop a perpendicular from C to meet AB at D. Measure CD and hence find the area of
the triangle ABC
b) Point E divides BC in the ratio 2:3. Using a ruler and Set Square only, determine point
E. Measure AE.

On the diagram, construct a circle to touch line AB at X and passes through the point C.
(3 mks)
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3. Using ruler and pair of compasses only for constructions in this question.
(a) Construct triangle ABC such that AB=AC=5.4cm and angle ABC=30". Measure BC
(4 mks)
(b) On the diagram above, a point P is always on the same side of BC as A. Draw the
locus of P such that angle BAC is twice angle BPC (2 mks)
(c) Drop a perpendicular from A to meet BC at D. Measure AD (2 mks)
(d) Determine the locus Q on the same side of BC as A such that the area of triangle
BQC = 9.4cm” (2
mks)
4, (a) Without using a protractor or set square, construct a triangle ABC in which AB = 4cm,
BC = 6cm and ZABC = 67%°. Take AB as the base. (3mks)
Measure AC.

(b) Draw a triangle A'BC" which is indirectly congruent to triangle ABC.
(3mks)

5. Construct triangle ABC in which AB = 4.4 cm, BC = 6.4 cm and AC = 7.4 cm. Construct an
escribed circle opposite angle ACB (5 mks)
(a) Measure the radius of the circle (1 mk)

(b) Measure the acute angle subtended at the centre of the circle by AB (1 mk)
(c) A point P moves such that it is always outside the circle but within triangle AOB,

where O is the centre of the escribed circle. Show by shading the region within which P

lies. (3 mks)
6. (a) Using a ruler and a pair of compasses only, construct a parallelogram PQRS in which
PQ = 8cm, QR = 6cm and £ PQR = 150° (3 mks)

(b) Drop a perpendicular from S to meet PQ at B. Measure SB and hence calculate the
area of the parallelogram. (5 mks)

(c) Mark a point A on BS produced such that the area of triangle APQ is equal to three

quarters the area of the parallelogram (1 mk)
(d) Determine the height of the triangle. (1 mk)

7. Using a ruler and a pair of compasses only, construct triangle ABC in which AB = 6¢cm,
BC = 8cm and angle ABC = 45°. Drop a perpendicular from A to BC at M. Measure AM
and AC

(4mks)

8. a) Using a ruler and a pair of compasses only to construct a trapezium ABCD

suchthat 48 =12¢em |, Zpag =60",248c =75 " and AD =7 em (5mks)
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b)From the point D drop a perpendicular to the line AB to meet the line at E. measure DE

hence calculate the area of the trapezium (5mks)
9. Using a pair of compasses and ruler only;
(a) Construct triangle ABC such that AB = 8cm, BC = 6¢cm and angle ABC = 30°.(3 marks)
(b) Measure the length of AC (1 mark)
(c) Draw a circle that touches the vertices AB and C. (2 marks)
(d) Measure the radius of the circle (1 mark)
(e) Hence or otherwise, calculate the area of the circle outside the triangle. (3 marks)
10. Using a ruler and a pair of compasses only, construct the locus of a point P such that
angle APB = 60° on the line AB = 5cm. (4mks)
| |
I I
A B
11. Using a set square, ruler and pair of compases divide the given line into 5 equal portions.
(3mks)

12. Using a ruler and a pair of compasses only, draw a parallelogram ABCD, such that angle
DAB = 75°. Length AB = 6.0cm and BC = 4.0cm from point D, drop a perpendicular to
meet line AB at N
a) Measure length DN
b) Find the area of the parallelogram (10 mks)

13. Using a ruler and a pair of compasses only, draw a parallelogram ABCD in which AB =
6cm, BC = 4cm and angle BAD = 60°. By construction, determine the perpendicular distance
betweenthe lines AB and CD

14. Without using a protractor, draw a triangle ABC where ~CAB = 30°, AC = 3.5cm and
AB = 6cm. measure BC

15. (a) Using a ruler and a pair of compass only, construct a triangle ABC in which
angle ABC =37.5°, BC =7cm and BA = 14cm
(b) Drop a perpendicular from A to BC produced and measure its height
(c) Use your height in (b) to find the area of the triangle ABC
(d) Use construction to find the radius of an inscribed circle of triangle ABC
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16. In this question use a pair of compasses and a ruler only
a) Construct triangle PQR such that PQ = 6 cm, QR = 8 cm and <PQR = 135°
b) Construct the height of triangle PQR in (a) above, taking QR as the base

17. On the line AC shown below, point B lies above the line such that /BAC = 52.5° and]
AB =4.2cm. (Use a ruler and a pair of compasses for this question)

| |
A C

(a) Construct #BAC and mark point B
(b) Drop a perpendicular from B to meet the line AC at point F. Measure BF

CHAPTER TWENTY TWO

Specific Objectives’

By the end of the topic the learner should be able to:
a.) Interpret a given scale

b.) Choose and use an appropriate scale

c.) Draw suitable sketches from given information

d.) State the bearing of one point from another

e.) Locate a point using bearing and distance

f.) Determine angles of elevation and depression

g.) Solve problems involving bearings elevations and scale drawing
h.) Apply scale drawing in simple surveying.

Content
a.) Types of scales

b.) Choice of scales

c.) Sketching from given information and scale drawing
d.) Bearings

e.) Bearings, distance and locating points

f.) Angles of elevation and depression

g.) Problems involving bearings, scale drawing, angles of elevation and depression
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h.) Simple surveying techniques.

Introduction

The scale
The ratio of the distance on a map to the actual distance on the ground is called the scale of the
map. The ratio can be in statement form e.g. 50 cm represents 50,000 cm or as a representative

fraction (R.F), 1: 5,000,000 is written as;.
5,000,000

Example
The scale of a map is given in a statement as 1 cm represents 4 km. convert this to a
representative fraction (R.F).

Solution
One cm represents 4 x 100,000 cm. 1 cm represents 400, 000

Therefore, the ratio is 1: 400,000 and the R.Fis ———
400,000

Example
The scale of a map is given as 1:250,000.Write this as a statement.

Solution
1:250,000 means 1 cm on the map represents 250,000 cm on the ground. Therefore, 1 cm

250,000

represents ————— km

100,000

l.e. 1 cm represents 2.5 km.
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Scale Diagram

When during using scale, one should be careful in choosing the right scale, so that the drawing
fits on the paper without much details being left.

Bearing and Distances
Direction is always found using a compass point.

A compass has eight points as show above. The four main points of the compass are North,
South, East, and West. The other points are secondary points and they include North East (NE),
South East (SE), South West (SW) and North West (NW).Each angle formed at the centre of the
compass is 45’ the angle between N and E is90°.

Compass Bearing

When the direction of a place from another is given in degrees and in terms of four main points
of a compass. E.g. N45° W, then the direction is said to be given in compass bearing. Compass
bearing is measured either clockwise or anticlockwise from North or south and the angle is
acute.

True bearing

North East direction, written as N45° E can be given in three figures as 045° measured clockwise
from True North. This three- figure bearing is called the true bearing.

The true bearings due north is given as 000° .Due south East as 135°and due North West
as315’.

Example

From town P, a town Q is 60km away on a bearing South 80° east. A third town R is 100km
from P on the bearing South 40° west. A cyclist travelling at 20km/h leaves P for Q. He
stays at Q for one hour and then continues to R. He stays at R for 1% hrs. and then
returns directly to P.

(@) Calculate the distance of Q from R.

12n &0 W
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P2 = 1002 + 602 - 2(100) (60) Cos 120

(b)

2 = 13600 — 12000 Cos 120
2 = 19600
P =140km

Calculate the bearing of R from Q.

140 100

Sin 120 Sin Q

_ 100 Sin 120
Sin @ = —————
140

=38.2°

Bearing 270 — 38.2 = 241.8

(©)

Example

What is the time taken for the whole round trip?

, B0
Time fromPtoR = — = 3#rs

140
Time fromQtoR = — = 7#trs

100
FromRtoP = — = 5#rs

Taken travelling=3+7+5

= 15hrs

M1

M1

A1l
B1

” B1 for all three

M1

A port B is on a bearing 080° from a port A and a distance of 95 km. A Submarine is stationed at
a port D, which is on a bearing of 200° from A, and a distance of 124 km from B. A ship leaves B
and moves directly Southwards to an Island P, which is on a bearing of 140° from A. The
Submarine at D on realizing that the ship was heading to the Island P, decides to head straight
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for the Island to intercept the ship. Using a scale of 1 cm to represent 10 km, make a scale

drawing showing the relative positions of A, B, D and P.

{4 marks}

=y
e
P

Hence find:

b) The distance from A to D. {2 marks}
46 £0.1x10=46KM *= 1KM
c) The bearing o the Submarine from the ship when the ship was setting off from B.
{1 mark}
240° £ 1°ORS60°W =+ 2°
d) The bearing of the Island P from D.
{1 mark}
122° + OR S58°E £ 1°

e) The distance the Submarine had to cover to reach the Island P127 +0.1
x10=127 +1KM {2 marks}
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Angle of Elevation and Depression

Angle of Elevation: object
The angle above the horizontal that an observer must look to see an @
object that is higher than the observer. Example, a man looking at a

bird.

angle of elevation

observer

Angle of Depression:

The angle below horizontal that an observer must look to see an
object that is lower than the observer. Example, a bird looking
down at a bug.

observer

angle of depression

Angles of depression and elevation can be measured using an instrument called clinometer

To find the heights or the lengths we can use scale drawing.

Simple survey methods
This involves taking field measurements of the area so that a map of the area can be drawn to
scale. Pieces of land are usually surveyed in order to:

Fix boundaries
For town planning
Road construction

Water supplies

SRR NN

Mineral development

Areas of irregular shapes
Areas of irregular shape can be found by subdividing them into convenient geometrical shapes
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e.g. triangles, rectangles or trapezia.

Example
The area in hectares of the field can be found by the help of a base line and offsets as shown.

Fig 22.26
XY is the base line 360 m.SM,RP and QN are the offsets.

Taking X as the starting point of the survey,the information can be entred in a field book as
follows.

The sketch is as follows:

Using a suitable scale.

The area of the separate parts is found then combined.
Area of:

Triangle XPR is % x180 x 90 = 8100 m”

Triangle PRY is %2 x180 x 90 = 8100 m*

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 167



isabokemicah@gmail.com

Triangle XSM is % x120 x 60 = 3600 m*

Triangle QNY is % x120 x 180 = 10800 m”

Trapezium SQNM = %(QN + SM) x SQ m’

% (180 + 60) x 120 m®
= 14400m*

Total area = 8100 + 8100 + 3600 + 10800 + 14400 = 45000m”

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1.

A point B is on a bearing of 080° from a port A and at a distance of 95 km. A submarine is
stationed at a port D, which is on a bearing of 200° from AM and a distance of 124 km from
B

A.ship leaves B and moves directly southwards to an island P, which is on a bearing of 140
from A. The submarine at D on realizing that the ship was heading fro the island P, decides
to head straight for the island to intercept the ship

Using a scale 0f 1 cm to represent 10 km, make a scale drawing showing the relative
positions of A, B, D, P.

Hence find
(i) The distance from AtoD
(ii) The bearing of the submarine from the ship was setting off from B
(iii) The bearing of the island P from D
(iv) The distance the submarine had to cover to reach the island P

Fourtowns R, T, Kand G are such that T is 84 km directly to the north R, and Kiis on a
bearing of 295° from R at a distance of 60 km. G is on a bearing of 340° from K and a
distance of 30 km. Using a scale of 1 cm to represent 10 km, make an accurate scale
drawing to show the relative positions of the town.

Find

(a) The distance and the bearing of T from K

(b) The distance and the bearing G from T
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(c) The bearing of R from G

Two aeroplanes, S and T leave airports A at the same time. S flies on a bearing of 060 at
750 km/h while T flies on a bearing of 210° at 900km/h.

(@) Using a suitable scale, draw a diagram to show the positions of the aeroplane
after two hours.

(b) Use your diagram to determine
(i) The actual distance between the two aeroplanes
(i) The bearing of T from S

(iii) The bearing of S from T

A point A is directly below a window. Another point B is 15 m from A and at the same
horizontal level. From B angle of elevation of the top of the bottom of the window is 300
and the angle of elevation of the top of the window is 350. Calculate the vertical distance.

(a) From A to the bottom of the window
(b) From the bottom to top of the window
4, Find by calculation the sum of all the interior angles in the figure ABCDEFGHI
below
B
C
H
G D

Shopping centers X, Y and Eare such %at Y is 12 km south of X and Z is 15 km from X.
Z is on a bearing of 330° from Y. Find the bearing of Z from X.

An electric pylon is 30m high. A point S on the top of the pylon is vertically above another
point R on the ground. Points A and B are on the same horizontal ground as R. Point A
due south of the pylon and the angle of elevation of S from A is 26°. Point B is due west
of the pylon and the angle of elevation of S from B is 32°

Find the

(@) Distance from A and B
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(b) Bearing of B from A
8. The figure below is a polygon in which AB = CD = FA = 12cm BC = EF = 4cm
and BAF =- CDE = 120°. AD is a line of symmetry.

,-/(T;H‘“m
12 -:fg,/f e \
/"f : ‘.‘H“‘\ ¥
v s |
EI/ .
dem /I =
\H"x | f/f
R“‘\;/
0
Find the area of the polygon.
9. The figure below shows a triangle ABC
a) Using a ruler and a pair of compasses, determine a point D on the line BC

such that BD:DC = 1:2.

b) Find the area of triangle ABD, given that AB = AC.

P

Novels,Upd £:Primary Softcopy Notes 0714497530 170
B



isabokemicah@gmail.com

10. A boat at point x is 200 m to the south of point Y. The boat sails X to another

point Z. Point Z is 200m on a bearing of 310° from X, Y and Z are on the same
horizontal plane.

(a) Calculate the bearing and the distance of Z from Y
(b) W is the point on the path of the boat nearestto Y.
Calculate the distance WY

(c) A vertical tower stands at point Y. The angle of point X from the top of the tower is 6°
calculate the angle of elevation of the top of the tower from W.
11. The figure below shows a quadrilateral ABCD in which AB=8 cm,DC =12 cm, £ BAD =

45° ~ CBD =90° and BCD = 30°.

A &——— Bem ———f3

Find:

(a) The length of BD
(b) The size of the angle ADB
12. In the figure below, ABCDE is a regular pentagon and ABF is an equilateral triangle

D
o

Novels g L,Primary Softcopy Notes 0714497530 171

B



isabokemicah@gmail.com

Find the size of

a) £ ADE
b) « AEF
c) « DAF
13. In this question use a pair of compasses and a ruler only

(a) construct triangle ABC such that AB = 6 cm, BC = 8cm and ZABC 135°
(2 marks)

(b) Construct the height of triangle ABC in a) above taking BC as the base
(1 mark)

14. The size of an interior angle of a regular polygon is 3x° while its exterior angle is (x- 20)°.
Find the number of sides of the polygon

15. Points L and M are equidistant from another point K. The bearing of L from K is 330°.
The bearing of M from K is 220°.

Calculate the bearing of M from L

16. Four points B,C,Q and D lie on the same plane point B is the 42 km due south- west of
town Q. Point C is 50 km on a bearing of 560° from Q. Point D is equidistant from B, Q
and C.

(@) Using the scale 1 cm represents 10 km, construct a diagram showing the
position of B, C,Q and D

(b) Determine the
(i) Distance between B and C

(i) Bearing D from B

17. Two aeroplanes P and Q, leave an airport at the same time flies on a bearing of 240° at
900km/hr while Q flies due East at 750 km/hr

(@) Using a scale of 1v cm drawing to show the positions of the aeroplanes after 40
minutes.
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(b) Use the scale drawing to find the distance between the two aeroplane after 40
minutes

(c) Determine the bearing of
(i) P from Q ans 254°
(i)  QfromPans 74°

A port B is no a bearing of 080 from a port A and at a distance of 95 km. A submarine is
stationed port D which is on a bearing of 200° from A, and a distance of 124 km from B.

A ship leaves B and moves directly southwards to an island P, which is on a bearing of
140° from A. The submarine at D on realizing that the ship was heading for the island P
decides to head straight for the island to intercept the ship.

Using a scale of 1 cm to represent 10 km, make a scale drawing showing the relative
position of A,BD and P.

Hence find:

(i) The distance from A and D

(i) The bearing of the submarine from the ship when the ship was setting off from B
(iii)  The baring of the island P from D

(iv)  The distance the submarine had to cover to reach the island

Four towns R, T, K and G are such that T is 84 km directly to the north Rand Kis on a
bearing of 295° from R at a distance of 60 km. G is on a bearing of 340° from K and a
distance of 30 km. Using a scale of 1 cm to represent 10 km, make an acute scale
drawing to show the relative positions of the towns.

Find
(a) The distance and bearing of T from K

(b) The bearing of R from G

In the figure below, ABCDE is a regular pentagon and M is the midpoint of AB. DM
intersects EB at N. (T7)
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Find the size of
(a) £ BAE
(b) £ BED
(c) Z BNM

21. Use a ruler and compasses in this question. Draw a parallelogram ABCD in which AB =
8cm, BC = 6 cm and BAD = 75. By construction, determine the perpendicular distance
between AB and CD.

22.  The interior angles of the hexagon are 2x°, %2 x°, x + 40°, 110°, 130° and 160°. Find the
value of the smallest angle.

23. The size of an interior angle of a regular polygon is 156°. Find the number of sides of the
polygon.

CHAPTER TWENTY THREE J

Specific Objectives?’

By the end of the topic the learner should be able to:
a.) ldentify and sketch common solids

b.) Identify vertices, edges and faces of common solids
c.) State the geometric properties of common solids

d.) Draw nets of solids accurately

e.) Make models of solids from nets

f.) Calculate surface area of solids from nets
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Content
a.) Common solids (cubes, cuboids, pyramids, prisms, cones, spheres, cylinders etc)

b.) Vertices, edges and faces of common solids.
c.) Geometric properties of common solids.

d.) Nets of solids.

e.) Models of solids from nets.

f.) Surface area of solids from nets (include cubes, cuboids, cones, pyramids prisms)

Introduction
A solid is an object which occupies space and has a definite or fixed shape. Solids are either
regular or irregular.
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Shape Characteristics Real Life Examples

-‘unﬁ“ﬁ

ol
5pher'e. no faces, edges or corners; f
completely round "

Cylinder 2 circular bases connected by o : -
curved surface 2 :
ruf P .
Cube 6 square faces, 12 edges and 8 ﬁ;ﬂ ﬂ 'ﬁ?
corners; all sides equal - -

Cone round base with a curved surfoce é
that forms a point &, =4 ‘

Rectangular Prism

&6 faces with oppesite faces being
ﬁ equal, 12 edges and 8 corners

LA

Pyramid :
square base and 4 triangular :
faces, 8 edges and 5 corners
Note:

v Intersections of faces are called edges.

v The point where three

A corner, or verlex is
bwhere 3 or more edges

: An edge is E mest, This solid figure a vertex.
i o _IH;”:' SC'EIT‘ICNE has & corners, or
where 2 faces meek. "l-‘E'l'li(.JE"’-S
Each flat surface is a face.

Sketching solids

To draw a reasonable sketch of a solid on a plan paper,the following ideas are hepful:

Use of isometric projections
In this method the following points should be obtained:

v Each edge should be drawn to the correct length.
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All rectangular faces must be drawn as parallelograms.
Horizontal and vertical edges must be drawn accurately to scale.

The base edges are drawn at an angle 30°with the horizontal lines.

SN NN

Parallel lines are drawn parallel.

Examples
a.) Cube net

b.) Cuboid net

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 177



isabokemicah@gmail.com

c.) Triangular prism net

d.) Pentagonal prism
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e.) Square base pyramid

f.)  Cylinder net

O O

AAAAAN

g.) Cone net
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Cone net
h.) Hexagonal prism

i.)  Tetrahedron
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j.)  Octahedron

k.) Dodecagon

Example
An ant moved from Y to X the midpoint of RS through P in the right pyramid below

Y

15cm

I- S
8cm oal{%

Q R
Draw the net of the pyramid shi  1g the pa.. .f the ant hence find the distance it
moved.
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Solution

Distance=15+ /(144 +16)

=27.649cm

Example
Draw the net of the solid below.

1cG

25¢c m
s}

3cm cm

Solution
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\J B1

B1

m
>
M

‘F/ B1

Scale drawing

Correct
labeling

Correct
measurement
of GJ and FI

topic

Did you understand everything?

before going to sleep!

If not ask a teacher, friends or anybody and make sure you understand

Past KCSE Questions on the topic

End of

1. The figure below shows a net of a prism whose cross — section is an equilateral triangle.
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a) Sketch the prism
b) State the number of planes of symmetry of the prism.

2. The figure below represents a square based solid with a path marked on it.

Sketch and label the net of the solid.

3. The figure below represents below represents a prism of length 7 cm
AB=AE=CD=2cmandBC-ED=1cm
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Draw the net of the prism (3 marks)

4. The diagram below represents a right pyramid on a square base of side 3 cm. The slant of
the pyramid is 4 cm.

(a) Draw a net of the pyramid (2 marks)

(b) On the net drawn, measure the height of a triangular face from the top of

the Pyramid (1 mark)
5. (a) Draw a regular pentagon of side 4 cm (1 mark)
(b) On the diagram drawn, construct a circle which touches all the sides of the
pentagon (2 marks)

6. The figure below shows a solid regular tetrapack of sides 6 cm

ocm : faem

fcm
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(@) Draw a net of the solid

(b) Find the surface area of the solid

7. The figure below shows a solid made by pasting two equal regular tetrahedral

(@) Draw a net of the solid

(b) If each face is an equilateral triangle of side 5cm, find the surface area of the
solid.

8(a) Sketch the net of the prism shown below

dem

(b) Find the surface area of the solid
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CHAPTER TWENTY FOUR )
Specific Objectivel J
By the end of the topic the learner should be able to:

a) Find the cube of a number by multiplication

b) Find the cube root of a number by factor method

¢) Find cubes of numbers from mathematical tables

d) Evaluate expressions involving cubes and cube roots

e) Apply the knowledge of cubes and cube roots to real life situations

Content
a.) Cubes of numbers by multiplication.

b.) Cube roots of numbers by factor method.
c.) Cubes from mathematical tables.
d.) Expressions involving cubes and cube roots

e.) Application of cubes and cube roots
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Introduction
Cubes

The cube of a number is simply a number multiplied by itself three times e.g.

ax ax a=a’

Tx1x1=1% 8=2x2x2=2% 27 =3x3x3=3%
Example 1

What is the value of 6>

6° =6 X6 X 6
=36x6
=216

Example 2
Find the cube of 1.4
=1.4x1.4x1.4
=1.96x 1.4
=2.744

Use of tables to find roots
The cubes can be read directly from the tables just like squares and square root.
Cube Roots using factor methods

Cubes and cubes roots are opposite. The cube root of a number is the number that is
multiplied by itself three times to get the given number
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Example
The cube root of 64 is written as;
V64 = 4 Because 4 x 4 x 4 =64

Y27=3 Because 3 x 3 x 3=27
Example
Evaluate:v/216

=¥(2x2x2x3x3x3)

=2x3

=6
Note;
After grouping them into pairs of three you chose one number from the pair and multiply
Example
Find:

The volume of a cube is 1000 cm® .What is the length of the cube
Volume of the cube, v = °
L *=1000
L =¥/1000
=10
The length of the cube is therefore 10 cm

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!
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CHAPTER TWENTY FIVE )
U J

Specific Objectives
By the end of the topic the learner should be able to:

a.) Find reciprocals of numbers by division
b.) Find reciprocals of numbers from tables
c.) Use reciprocals of numbers in computation.

Content
a.) Reciprocals of numbers by division

b.) Reciprocals of numbers from tables

c.) Computation using reciprocals
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Introduction
The reciprocal of a number is simply the number put in fraction form and turned upside
down e.g., the reciprocal of 2.

Solution:

Change 2 into fraction form which is % ,

Then turn it upside down and get %

Note:
When you multiply a number by its reciprocal you get 1,

2 1

X = =1
1 2

Finding the reciprocal of decimals
Finding the reciprocal of a decimal can be done in a number of ways.

Change the decimal to a fraction first.

Example.
0.25is 25/100 and is equivalent to the fraction 1/4. Therefore its reciprocal would be
4/1 or 4.

Keep the decimal and form the fraction 1/?? Which can then be or converted to a
decimal.

Example

0.75 The reciprocal is 1/0.75. Using a calculator, the decimal form can be found by
performing the operation: 1 divided by 0.75. The decimal reciprocal in this case is a
repeating decimal, 1.33333....

After finding a reciprocal of a number, perform a quick check by multiplying your original
number and the reciprocal to determine that the product.

Reciprocal of Numbers from Tables.
Reciprocal of numbers can be found using tables.

Example
Find the reciprocal of 2.456 using the reciprocal tables.
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Solution.
Using reciprocal tables, the reciprocal of 2.456 is 0.4082 - 0.0010 = 0.4072

Example
Find the reciprocal of 45.8.

Solution
You first write 45.8 in standard form which is 4.58 x10".

1 _ 1
458 458x10"

Then

=0.02183

Example
Find the reciprocal of 0.0236
Solution
Change 0.0236 in standard form which is 2.36 x 10
1 _ 1
0.0236 2.36x10"
1 1
__2 X [
10 2.36
= 10°x 0.4237
= 42.37
Example
Use reciprocal tables to solve the following:
1 1
+
0.0125 12.5
Solution

Multiply the numerators by the reciprocal of denominators, then add them

1(reciprocal 0.0125) + 1 (reciprocal 12.5)
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Using tables find the reciprocals,
= 1(80) +1 (0.08)

= 80.08
Example
4 3
0.375 37.5
Solution
= 4 (rec0.375) - 3(37.5)
= (4 x2.667) — (3x0.026667)
= 10.59
End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

CHAPTER TWENTY SIX J

-

Specific Objectives
By the end of the topic the learner should be able to:

a.) Define indices (powers)

b.) State the laws of indices

c.) Apply the laws of indices in calculations

d.) Relate the powers of 10 to common logarithms

e.) Use the tables of common logarithms and anti-logarithms in computation.
Content
a.) Indices (powers) and base

b.) Laws of indices (including positive integers, negative integers and fractional indices)
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c.) Powers of 10 and common logarithms
d.) Common logarithms:
V' characteristics
v" mantissa
e.) Logarithm tables

f.) Application of common logarithms in multiplication, division, powers and roots.

Introduction

Index and base form
The power to which a number is raised is called index or indices in plural.

2°=2X2X2X2X2

5 is called the power or index while 2 two is the base.
100 = 10

2 is called the index and 10 is the base.

Laws of indices
For the laws to hold the base must be the same.

Rule 1

Any number, except zero whose index is 0 is always equal to 1

Example
5'=1
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10000000000000000°=1
Rule 2

To multiply an expression with the same base, copy the base and add the indices.

Example

5% + 5°=5°
=3125

Rule 3

To divide an expression with the same base, copy the base and subtract the powers.

m n m-n

Example

Rule 4

To raise an expression to the nth index, copy the base and multiply the indices
aan — amn

Example

(5)°=

53><2=56

Rule 5

When dealing with a negative power, you simply change the power to positive by

changing it into a fraction with 1 s the numerator.

-m

1
a4 =
a

Example
2%=1

2
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1
4

Example
Evaluate:

(3+-3)

a) 2°x2% =2

0) &) =(})2
3

1
—~

O [ [
N—r

1
—_
|-

Il
N
=

1
—_
X

SO Ol

2\"_ 3 _9
or (3) —(2)squared 2

Fractional indices
Fractional indices are written in fraction form. In summary ifa" = b. a is called the n
root of b written as “/b.

Example
1 3
273 =2716* = (/16) = 2°= 8
=3
-1
11
4 2= -3
42
1
4
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LOGARITHM

Logarithm is the power to which a fixed number (the base) must be raised to produce
a given number. In summary the expression a" summary the expression a*m = n is
written as log, n =m.

a’" = nis the index notation while log, n = m is the logarithm notation.

Examples
Index notation Logarithm form
2° =4 log,4 =2
1
= 1
92 =3 log,3 = >
b'=m log m =n

Reading logarithms from the tables is the same as reading squares square roots and
reciprocals.

We can read logarithms of numbers between 1 and 10 directly from the table. For
numbers greater than 10 we proceed as follows:

Express the number in standard form, A X 10".Then n will be the whole number part of
the logarithms.

Read the logarithm of A from the tables, which gives the decimal part of the logarithm.
Then add it to n which is the power of 10 to form the positive part of the logarithm.

Example
Find the logarithm of:

379

Solution
379

=3.79 x 10°
Log 3.79 = 0.5786
Therefore the logarithm of 379 is 2 + 0.5786=2.5786

The whole number part of the logarithm is called the characteristic and the decimal part
is the mantissa.
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Logarithms of Positive Numbers less than 1

Example
Log to base 10 of 0.034

We proceed as follows:

Express 0.034 in standard form, i.e., A X10".
Read the logarithm of A and add ton

Thus 0.034=3.4x 10"

Log 3.4 from the tables is 0.5315

Hence 3.4 x 107%= 10""" x 10

Using laws of indices add 0.5315 + -2 which is written as 2.5315.

It reads bar two point five three one five. The negative sign is written directly above two
to show that it's only the characteristic is negative.

Example
Find the logarithm of:

0.00063

Solution
= 6.3 x10” (Find the logarithm of ~ 6.3)

-3

— 100.7993 x].O
=107 + 0.7993

= 3.7993

ANTILOGARITHMS

Finding antilogarithm is the reverse of finding the logarithms of a number. For example
the logarithm of 1000 to base 10 is 3. So the antilogarithm of 3 is 1000.In algebraic
notation, if

Log x =y then antilog of y = x.
Example
Find the antilogarithm of 2.3031

Solution
Let the number be x
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X=10"
=10
= 10" x 10*°*'(Find the antilog, press shift and log then key in the number)
=10°x2.01
- ﬁ x2.01
_201
100
=0.02010201
ple
Use logarithm tables to evaluate:
456 x 398
271
Number Standard form logarithm

456 4.56 x 10 2.6590

398 3.98 x 10’ 2.5999
5.2589

+
271 2.71 x10° 24330 -
6.697 x10°« 2.8259
=669.7

To find the exact number find the antilog of 2.8259 by letting the characteristic part to
be the power of ten then finding the antilog of 0.8259

Example
Operations involving bar

415.2x0.0761
135

Evaluate
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Solution
Number logarithm
415.2 2.6182
0.0761 2.8814 +

1.4996
135 2.1303 -

1 :
2.341 x10 1.3693
0.2341

Example

1
J0.945 =(9.45x 102

1.9754x L

= (10"

Note;

In order to divide 1 .9754 by 2 , we write the logarithm in search away that the
characteristic is exactly divisible by 2 .If we are looking for the n" root , we arrange the
characteristic to be exactly divisible by n)

1.9754=-1+0.9754
=-2+1.9754

Therefore, %(1 9754) = %(- 2 +1.9754)
=-1+0.9877

= 1.9877
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Find the antilog of 1.9877 by writing the mantissa as power of 10 and then find the

antilog of characteristic.

=9.720X 10"
= 0.9720
Example
2f0.0618
Number logarithm

'0.0618 2.7910 x %
- (3 +1.7910) x%

3.954x 10" = 1 . 5970 (find the antilog)

0.3954
End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the cubes, cubes roots,
Reciprocals indices and logarithms.

1. Use logarithms to evaluate

]3 36.15x0.02573
1,938
2. Find the value of x which satisfies the equation.
.I 6x2 - 84x-3

3. Use logarithms to evaluate (1934)* x '\/0.00324
436
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4. Use logarithms to evaluate
55.9 + (02621 x 0.01177) °

Simplify ~ 2*x 5%+ 2™
Use logarithms to evaluate
(3.256 x 0.0536)""°

oo

7. Solve for x in the equation
32%% +8 % = 64 +2"

8. Solve for x in the equations 81%* x 27* = 729
9x

9. Use reciprocal agd square tables to evaluate to 4 significant figures, the expression:
[ 1 ] + 4 .346

24.56

10. Use logarithm tables, to evaluate

[ 0.032 x 14.26}/3

0.006

11. Find the value of x in the following equation
49V 4 79 = 350

12. Use logarithms to evaluate

(0.07284)*
3v0.06195

13. Find the value of m in the following equation
(1/27™ x (81)" = 243

14. Given that P = 3' express the equation 3¥" + 2 x 3¥" = 1 in terms of P hence or otherwise
find the value of y in the equation 3@~V +2x 3 %" =1

15. Use logarithms to evaluate 55.9 +(0.2621 x 0.01177)"/°
16. Use logarithms to evaluate

[ 6.79 x 0.391 1%

Log 5

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 202



isabokemicah@gmail.com

17. Use logarithms to evaluate

3 11.23 x0.0089

79.54

18. Solve for x in the equation
X =0.0056 *

1.38x27.42

CHAPTER TWENTY SEVEN )
| |

Specific Objectives

By the end of the topic the learner should be able to:
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a.) Define gradient of a straight line

b.) Determine the gradient of a straight line through known points

c.) Determine the equation of a straight line using gradient and one known point
d.) Express a straight line equation in the formy =mx +c

e.) Interpret the equationy =mx + ¢

f.) Find the x- and y- intercepts from an equation of a line

g.) Draw the graph of a straight line using gradient and x- and y- intercepts

h.) State the relationship of gradients of perpendicular lines

i.) State the relationship of gradients of parallel lines

j-) Apply the relationship of gradients of perpendicular and parallel lines to get equations of
straight lines.

Content
a.) Gradient of a straight line

b.) Equation of a straight line

c.) The equation of a straight line of the formy =mx +c
d.) The x and y intercepts of a line

e.) The graph of a straight line

f.) Perpendicular lines and their gradient

g.) Parallel lines and their gradients

h.) Equations of parallel and perpendicular lines.

Gradient

The steepness or slope of an area is called the gradient. Gradient is the change in y axis
over the change in x axis.
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VA

Change in X

-
X

change in y co-ordinates _ Y,Y,
change in x co-ordinates  x, X,

S P

(X5, ¥4
_ Y2 S
.1::_V
- V¥
.
(s 1)

(x.0) 4
|
f

xx,

Ay

* X

Note:
If an increase in the x co-ordinates also causes an increase in the y co-ordinates the
gradient is positive.

If an increase in the x co-ordinates causes a decrease in the value of the y co-ordinate,
the gradient is negative.

If, for an increase in the x co-ordinate, there is no change in the value of the y co-
ordinate, the gradient is zero.

For vertical line, the gradient is not defined.

Example
Find the gradient.

J," A

=y

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 205



isabokemicah@gmail.com

Solution

change in y axis

Gradient = - :
change in x axis

™
w

=

Equation of a straight line.
Given two points

Example.
Find the equation of the line through the points A (1, 3) and B (2, 8)

Solution

The gradient of the required line is % =5

Take any point p (x, y) on the line. Using... points P and A, the gradient is %
X-
Therefore y-3 =5
x-1
Hencey = 5x-2
Given the gradient and one point on the line

Example

Determine the equation of a line with gradient 3, passing through the point (1, 5).

Solution

Let the line pass through a general point (x, y).The gradient of the line is g =3

Hence the equation of the line is y =3x +2

We can express linear equation in the formy = mx + c.
lllustrations.

For example 4x + 3y = -8 is equivalent to y= %x- g In the linear equation below

gradient is equal to m while c is the y intercept.

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530

206



isabokemicah@gmail.com

A
AY¥ _|AC
Ax 1 BC

*C

gradient ‘'m'=

intercept ¢ B

Using the above statement we can easily get the gradient.

Example
Find the gradient of the line whose equationis 3y -6 x + 7 =0
Solution
Write the equation in the form of y=mx + ¢
3y=6x-7
7
=2x -~
y=4X 3

M= 2 and also gradient is 2.

The y- intercept

The y — intercept of a line is the value of y at the point where the line crosses the y axis.
Which is C in the above figure. The x —intercept of a graph is that value of x where the
graph crosses the x axis.

To find the x intercept we must find the value of y when x = 0 because at every point on
the y axis x = 0 .The same is true for y intercept.

Example
Find the y intercept y = 2x + 10 on putting y = o we have to solve this equation.
2x+10=0
2x=-10
X=-5

X intercept is equal to — 5.
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y—infércbp

i -x—iﬁtercept-
(=4, 0)

9
t

=
o=}

Perpendicular lines

If the products of the gradient of the two lines is equal to — 1, then the two lines are

equal to each other.
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Example
Find if the two lines are perpendicular

y=%x+’|y=-3x-2

Solution
The gradients are

M=% and M =-3
The product is

x-3= -1

W =

The answer is -1 hence they are perpendicular.

Example
Y=2x+7

Y=-2x+5

The products are 2 x -2 = -4 hence the two lines are not perpendicular.

Parallel lines
Parallel lines have the same gradients e.qg.

y=2x+7
y =2x-9
Both lines have the same gradient which is 2 hence they are parallel

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1. The coordinates of the points P and Q are (1,-2) and (4, 10) respectively.
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A point T divides the line PQ in the ratio 2: 1
(a) Determine the coordinates of T
(b) (i) Find the gradient of a line perpendicular to PQ

(iii) Hence determine the equation of the line perpendicular PQ and passing through
T
(iv) If the line meets the y- axis at R, calculate the distance TR, to three significant
figures
2. Aline L1 passes though point (1, 2) and has a gradient of 5. Another line Lo, is perpendicular
to L1 and meets it at a point where x = 4. Find the equation for L2 in the form of y =mx + ¢
3. P(5,-4) and Q (-1, 2) are points on a straight line. Find the equation of the perpendicular
bisector of PQ: giving the answer in the form y = mx+c.
4. On the diagram below, the line whose equation is 7y — 3x + 30 = 0 passes though the
points A and B. Point A on the x-axis while point B is equidistant from x and y axes.

- axis
0 A~
X- AX1S
B
1

Calculate the co-ordinates of the points A and B

5. Aline with gradient of -3 passes through the points (3. k) and (k.8). Find the value of k and
hence express the equation of the line in the form a ax + ab = ¢, where a, b, and c are
constants.

6. Find the equation of a straight line which is equidistant from the points (2, 3) and (6, 1),
expressing it in the form ax + by = ¢ where a, b and c are constants.

7. The equation of a line */sx + 3y = 6. Find the:

(a) Gradient of the line (1 mk)

(b) Equation of a line passing through point (1, 2) and perpendicular to the given line b

8. Find the equation of the perpendicular to the line x + 2y = 4 and passes through point (2,1)
9. Find the equation of the line which passes through the points P (3,7) and Q (6,1)

10. Find the equation of the line whose x- intercepts is -2 and y- intercepts is 5

11. Find the gradient and y- intercept of the line whose equationis 4x —=3y - 9=0
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CHAPTER TWENTY EIGHT )
U J

Specific Objectives
By the end of the topic the learner should be able to:

a.) State the properties of reflection as a transformation

b.) Use the properties of reflection in construction and identification of images
and objects

c.) Make geometrical deductions using reflection

d.) Apply reflection in the Cartesian plane

e.) Distinguish between direct and opposite congruence
f.) Identify congruent triangles.

Content
a.) Lines and planes of symmetry

b.) Mirror lines and construction of objects and images
c.) Reflection as a transformation

d.) Reflection in the Cartesian plane

e.) Direct and opposite congruency

f.) Congruency tests (SSS, SAS, AAS, ASA and RHS)
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Introduction
The process of changing the position, direction or size of a figure to form a new figure
is called transformation.

Reflection and congruence

Symmetry

Symmetry is when one shape becomes exactly like another if you turn, slide or cut them
into two identical parts. The lines which divides a figure into two identical parts are
called lines of symmetry. If a figure is cut into two identical parts the cut part is called
the plane of symmetry.

How many planes of symmetry does the above figures have?
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There are two types of symmetry. Reflection and Rotational.

Reflection

A transformation of a figure in which each point is replaced by a point symmetric with
respect to a line or plane e.g. mirror line.

Properties preserved under reflection
v Midpoints always remain the same.

v" Angle measures remain the same i.e. the line joining appoint and its image is
perpendicular to the mirror line.

v/ A point on the object and a corresponding point on the image are equidistant
from the mirror line.

A mirror line is a line of symmetry between an object and its image.

a)

igures that have
otational
ymmetry

(b) Order of
otational 2 3 4 5
ymmetry

Examples

To reflect an object you draw the same points of the object but on opposite side of the
mirror. They must be equidistance from each other.
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Solution =

Exercise
Find the mirror line or the line of symmetry.

To find the mirror line, join the points on the object and image together then bisect the
lines perpendicularly. The perpendicular bisector gives us the mirror line.

Y
V'S
E
3
2
Ny
A
X
< 3 2 - 1 2 3 >
-1
2|y A
3
v E
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S Falft S 15 4 units absve
the x-axis
B (2.4)

3

(2.1 7

| [4.2)

A 1
+

3 2 4 1 2 3

A
(2.-1)

Bi2.4)
- PaintB"is 4 un_uts el o
tha x-axis

P x

A(1.4) ... A'{-1.4)
B(1,2) ... B'{-1,-2)
A C(5,2) ... C'{-5,-2)

Congruence

Figures with the same size and same shape are said to be congruent. If a figure fits into

another directly it is said to be directly congruent.

If a figure only fits into another after it has been turned then it’s called opposite

congruent or indirect congruence.
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AYAN

Figure A and B are directly congruent while C is oppositely or indirectly congruent
because it only fits into A after it has been turned.

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

CHAPTER TWENTY NINE

o ommor
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Specific Objectives
By the end of the topic the learner should be able to:

a.) State properties of rotation as a transformation
b.) Determine centre and angle of rotation

c.) Apply properties of rotation in the Cartesian plane
d.) Identify point of rotational symmetry

e.) State order of rotational symmetry of plane figure
f.) Identify axis of rotational symmetry of solids

g.) State order of rotational symmetry of solids

h.) Deduce congruence from rotation.

Content
a.) Properties of rotation

b.) Centre and angle of rotation
c.) Rotation in the cartesian plane
d.) Rotational symmetry of plane figures and solids (point axis and order)

e.) Congruence and rotation

Introduction

A transformation in which a plane figure turns around a fixed center point called center
of rotation. A rotation in the anticlockwise direction is taken to be positive whereas a
rotation in the clockwise direction is taken to be negative.

For example a rotation of 90° clockwise is taken to be negative. - 90° while a rotation of
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anticlockwise 90° is taken to be +90%

For a rotation to be completely defined the center and the angle of rotation must be
stated.

angle of
rotatlon

8]
1 20 [before rotation] R

[ [=

Center Df " : [after rotation]
rotation

[llustration
To rotate triangle A through the origin ,angle of rotation +1/4 turn.

AN

il
T

Angle of rotation /

of is 90 degrees.

Draw a line from each point to the center of rotation ,in this case it's the origin.Measure
90° from the object using the protacter and make sure the base line of the proctacter is
on the same line as the line from the point of the object to the center.The 0 mark should

start from the object.

Mark 90° and draw a straight line to the center joining the lines at the origin.The
distance from the point of the object to the center should be the same distance as the

line you drew.This give you the image point
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The distance between the object point and the image point under rotation should be the
same as the center of rotation in this case 90°

[llustration.
To find the center of rotation.
v Draw a segment connecting point's and
v Using a compass, find the perpendicular bisector of this line.

v Draw a segment connecting point's  and '.Find the perpendicular bisector of this
segment.

v" The point of intersection of the two perpendicular bisectors is the center of rotation.
Label this point

WA

Justify your construction by measuring angles 2 ‘and z . Did you obtain the same
measure? The angle between is the angle of rotation. The zero mark of protector should be on
the object to give you the direction of rotation.

Rotational symmetry of plane figures

The number of times the figure fits onto itself in one complete turn is called the order of
rotational symmetry.

Note;
The order of rotational symmetry of a figure = 360 /angle between two identical
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parts of the figure.

Rotational symmetry is also called point symmetry. Rotation preserves length, angles
and area, and the object and its image are directly congruent.

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

CHAPTER THIRTY )
U J

Specific Objectives
By the end of the topic the learner should be able to:

a.) ldentify similar figures

b.) Construct similar figures

c.) State properties of enlargement as a transformation

d.) Apply the properties of enlargement to construct objects and images
e.) Apply enlargement in Cartesian planes

f.) State the relationship between linear, area and volume scale factor

g.) Apply the scale factors to real life situations.
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Content
a.) Similar figures and their properties

b.) Construction of similar figures

c.) Properties of enlargement

d.) Construction of objects and images under enlargement
e.) Enlargement in the Cartesian plane

f.) Linear, area and volume scale factors

g.) Real life situations.

Introduction

Similar Figures
Two or more figures are said to be similar if:

v The ratio of the corresponding sides is constant.
v The corresponding angle are similar
Example 1

In the figures below, given that A ABC ~ A PQR, find the
unknowns x, yand z
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Solution

BA corresponds to QP each of them has opposite angle y and 98°.Hence y is equal to
98° BC corresponds to QR and AC corresponds to PR.

BA/QR=BC/QR=AC/PR
AC/PR=BC/QR
3/4.5=5/Z

Z=7.5cm

Note:

Two figures can have the ratio of corresponding sides equal but fail to be similar if the
corresponding angles are not the same.

Two triangles are similar if either their all their corresponding angles are equal or the
ratio of their corresponding sides is constant.

Example:

In the figure, A ABC s similar to A RPQ. Find the values of the unknowns.
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Since A ABC~ ARPQ,

2B= 2P . x=90°
Also,
AB/RP =BC/PQ
39 /y =52 /48
(48 X 39)

52
~y =36
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Also,

AC/RQ=BC/PQ

Z2/60=52/48

~Z=65
ENLARGMENT

What's enlargement?

Enlargement, sometimes called scaling, is a kind of transformation that changes the
size of an object. The image created is similar* to the object. Despite the name
enlargement, it includes making objects smaller.

For every enlargement, a scale factor must be specified. The scale factor is how many
times larger than the object the image is.

Length of side in image = length of side in object X scale factor

For any enlargement, there must be a point called the center of enlargement.

Distance from center of enlargement to point on image =

Distance from Centre of enlargement to point on object X scale factor

The Centre of enlargement can be anywhere, but it has to exist.

MathBits com =

ool

This process of obtaining triangle A’ B ‘C’ from triangle A B C is called enlargement.
Triangle ABC is the object and triangles A’ B ‘C ‘Its image under enlargement scale
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factor 2.
Hence
OA’/OA=0B’'/OB=0C'/0OC= 2...

The ratio is called scale factor of enlargement. The scale factor is called liner scale
factor

By measurement OA=1.5 cm, OB=3 cm and OC =2.9 cm. To get A’, the image of A, we
proceed as follows

OA=1.5cm
OA'/0A=2 (scale factor 2)
OA'=1.5X2
=3cm
Also OB’/0B=2
=3 X2
=6 cm

Note:

Lines joining object points to their corresponding image points meet at the Centre of
enlargement.

CENTER OF ENLARGMENT

To find center of enlargement join object points to their corresponding image points
and extend the lines, where they meet gives you the Centre of enlargement. Or Draw
straight lines from each point on the image, through its corresponding point on the
object, and continuing for a little further. The point where all the lines cross is the Centre
of enlargement.
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5 . - i)
2] e | A
== 'I." : .

-'2-1T1' 2 34 & 8 T A @ 101112 13
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SCALE FACTOR

The scale factor can be whole number, negative or fraction. Whole number scale factor
means that the image is on the same side as the object and it can be larger or the same
size,

Negative scale factor means that the image is on the opposite side of the object and a
fraction whole number scale factor means that the image is smaller either on the same
side or opposite side.

Linear scale factor is a ratio in the form a: b or a/b .This ratio describes an enlargement
or reduction in one dimension, and can be calculated using.

New length
Original length

Area scale factor is aratio in the form e: f or e/f. This ratio describes how many times
to enlarge. Or reduce the area of two dimensional figure. Area scale factor can be
calculated using.

New Area
Original Area
Area scale factor= (linear scale factor) 2

Volume scale factor is the ratio that describes how many times to enlarge or reduce the
volume of a three dimensional figure. Volume scale factor can be calculated using.

New Volume

Original Volume
Volume scale factor = (linear scale factor) 3
CONGRUENCE TRIANGLES
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When two triangles are congruent, all their corresponding sides andcorresponding

angles are equal.

TRASLATION VECTOR

Translation vector moves every point of an object by the same amount in the given
vector direction. It can be simply be defined as the addition of a constant vector to every

point.
1a
g
2
100 -3

End of topic

Translations and vectors: The translation at the
left shows a vector translating the top triangle 4
units to the right and 9 units downward. The
notation for such vector movement may be
written as:

(4,-9)

or ~ 7/

Vectors such as those used in translations are
what is known as free vectors. Any two vectors
of the same length and parallel to each other are
considered identical. They need not have the
same initial and terminal points.

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on Reflection and Congruence,
Rotation, Similarity and Enlargement.

1. Atranslation maps a point (1, 2) onto) (-2, 2). What would be the coordinates of the object
whose image is (-3, -3) under the same translation?

2. Use binomial expression to evaluate (0.96)° correct to 4 significant figures
11. In the figure below triangle ABO represents a part of a school badge. The badge has as
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symmetry of order 4 about 0. Complete the figures to show the badge.

A point (-5, 4) is mapped onto (-1,-1) by a trar?slation. Find the image of (-4, 5) under the
same translation.

A triangle is formed ba/ the coordinates A (2,1) B (4, 1) and C (1, 6). It is rotated
clockwise through 90" about the origin. Find the coordinates of this image.

The diagram on the grid provided below shows a trapezium ABCD

| EA
) . ; =
5 iEa S EIIIIIEDsoEoE! —mmnss
¥ c= 1
¥+ P-4
£ = +
= 2t HE :
T 1 _.
o z - =i = - S
! ].i."'“ fEsssaoa 5 3 o
e i =
- 4 -
AT = ! o
. - ] -
E ES
= : + = o
1 ﬂ R ass! >t =
s
T = - ==
g - - __: K
: S R - Satigatizs: 253 £
X - v i -t - -
P = 2
B
E AT : £
g ==
— - ¥
=== ¥ =
+ i’ .
» EAiM
i 4
- 4 :_ - - - |-‘\ - _; :' —-—

On the same grid
(@) () Draw the image A'B’C’'D of ABCD under a rotation of 90°

clockwise about the origin .

(i) Draw the image of A"B"C"D” of A'B'C’'D’ under a reflection in
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line y = x. State coordinates of A"B"C"D".
(b) A"B"C"D” is the image of A"B"C"D under the reflection in the line x=0.
Draw the image A”"B” C"D" and state its coordinates.
(c) Describe a single transformation that maps A” B"C"D onto ABCD.

A translation maps a point P(3,2) onto P’(5,4)
(a) Determine the translation vector

(b) A point Q' is the image of the point Q (, 5) under the same translation. Find the length of
‘P’ Q leaving the answer is surd form.

Two points P and Q have coordinates (-2, 3) and (1, 3) respectively. A translation map point
Pto P’ (10, 10)
(a) Find the coordinates of Q' the image of Q under the translation (1 mk)

(b) The position vector of P and Q in (a) above are p and q respectively given that mp

L,

on the Cartesian plane below, triangle PQR has vertices P(2, 3), Q (1,2) and R (4,1) while
triangles P" q “ R" has vertices P” (-2,3),Q" (-1,2) and R" (-4, 1)

Find the value of m and n (3mks)

—— ——T.71 TTA1- 71 p—— | B P
SO L R IIIL-"I'I.?*m '..'.';Hi?! T_*
bt R e Bpdd gEEEEE N A8 BRE EREa T TRYNI
|t o . il . b §ijd g 3. TV F =4- Jl-
BT et I R et e

i . 4 1 o - a - i
REE3 ARREE AT 3 b T 1'?" leg__f.1 s ViR EEE RS ARE ‘
BT KRB (o ST B it ol s
!L_nji A e T a3 4 lT::ﬁ-‘t""x i S
5 r : ;.-- Il s l H "-r o 2 'é—.‘——.—[
' 11+t H = e A

Describe fully a single transformation which maps triangle PQR onto triangle P"Q"R”

On the same plane, draw triangle P'Q’'R’, the image of triangle PQR, under reflection in
liney=-

Describe fully a single transformation which maps triangle P’'Q'R’ onto triangle P"Q"R

Draw triangle P"Q"R” such that it can be mapped onto triangle PQR by a positive quarter
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turn about (0, 0)

(e) State all pairs of triangle that are oppositely congruent
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CHAPTER THIRTY ONE )
U J
Specific Objectives
By the end of the topic the learner should be able to:

a.) Derive Pythagoras theorem
b.) Solve problems using Pythagoras theorem
c.) Apply Pythagoras theorem to solve problems in life situations

Content
a.) Pythagoras Theorem

b.) Solution of problems using Pythagoras Theorem

c.) Application to real life situations.

Introduction
Consider the triangle below:
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b

a+b?=¢?

Pythagoras theorem states that for a right-angled triangle, the square of the hypotenuse is
equal to the sum of the square of the two shorter sides.

Example
In a right angle triangle, the two shorter sides are 6 cm and 8 cm. Find the length of the
hypotenuse.

Solution
Using Pythagoras theorem
hyp2 =6 x8

hyp” = 36" x 64°

hyp® =100 hyp =3/100 =10

c=va®+h

i

End of topic

Did you understand everything?
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If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. The angle of elevation of the top of a tree from a point P on the horizontal ground is
24.5°.From another point Q, five metres nearer to the base of the tree, the angle of elevation of
the top of the tree is 33.2°. Calculate to one decimal place, the height of the tree.

2. A block of wood in the shape of a frustrum of a cone of slanting edge 30 cm and base
radius 10cm is cut parallel to the base, one third of the way from the base along the slanting
edge. Find the ratio of the volume of the cone removed to the volume of the complete cone

CHAPTER THIRTY TWO )
U J

Specific Objectives
By the end of the topic the learner should be able to:

a.) Define tangent, sine and cosine ratios from a right angled triangle
b.) Read and use tables of trigonometric ratios

c.) Use sine, cosine and tangent in calculating lengths and angles
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d.) Establish and use the relationship of sine and cosine of complimentary angles

e.) Relate the three trigonometric ratios

f.) Determine the trigonometric ratios of special angles 30°, 45°, 60° and 90°without using
tables

g.) Read and use tables of logarithms of sine, cosine and tangent

h.) Apply the knowledge of trigonometry to real life situations.

Content
a.) Tangent, sine and cosine of angles

b.) Trigonometric tables

c.) Angles and sides o f a right angled triangle

d.) Sine and cosine of complimentary angles

e.) Relationship between tangent, sine and cosine

f.) Trigonometric ratios of special angles 30°, 45°, 60° and 90°
g.) Logarithms of sines, cosines and tangents

h.) Application of trigonometry to real life situations.

Introduction

Tangent of Acute Angle
vertical distance
horizontal distance

The constant ratio between the is called the tangent. It's

abbreviated as tan
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Hypotenusa (H)
Cpposite (Q)

m\'_‘

Adjacent (A)

_opposite side

Tan
0 adjacent side

Sine of an Angle
The ratio of the side of angle x to the hypotenuse side is called the sine.

Sing = opposite side
hypotenuse

Cosine of an Angle
The ratio of the side adjacent to the angle and hypotenuse.

Adjacent

Cosine® =
hypotenuse

Right Trangle Trigonometry

b= yr by
. apparifa ¥ adizanf x
finf=—— == cosf=— ==
lypaienus R Ippoidr
L owmasrE agicenf X
fan = T T cas= =
wdiaca X appoese ¥
potase R ot M
gecd =" = s f = T
adfimesnt X appoa ¥
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sne: sinf = E - w
b v h_\'f'h'lf(-;u‘ e

a side adjacent 8
cosine = (X!‘i9= - = ;
¢

hvpatenise

a

side opposite 8 sin@

b
tangent : lanfl = — = — . =
a  side adjacent @ cost

i secanl : secl =
cosf 1 cosé

sinf@ wn@ 1
cosecant ; csc @ =

cotangent : cot &

sinf

Example

Hypotenusa (H)

Opposite (O)

mﬂn

M

Adjacent (A)

In the figure above adjacent length is 4 cm and Angle x= 36’. Calculate the opposite
length.

Solution

tan 36° = opposite length _ PR
adjacent lengh 4

4tan 36° = PR
Therefore PR =4x0.7265 = 2.9060 cm.
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Example

Hypotenusa (H)
Opposite (O)

m\'_‘

Adjacent (A)

In the above 0 =5cma =12 cm calculate angle sin x and cosine x.

Solution
oppo _ 5
hyph h

sin x =

But H” = 12°x5°
= 169
= [169
H=13

Therefore sin x= 5
13

=0.3846

dj

Cos X :a_
hyp

_12
13

=0.9231
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Sine and cosines of complementary angles
For any two complementary angles x and y, sin x = cos y cos x = siny e.g.
sin60° = cos 30,

Sin30° = cos 60°, sin70° = cos 20°,

Example
Find acute angles a and B if

Sin a = cos 33°

Solution
sin a = cos 33

Therefore a + 33 =90

a=57"

Trigonometric ratios of special Angles 30° 45° 60°.
These trigonometric ratios can be deducted by the use of isosceles right — angled
triangle and equilateral triangles as follows.

Tangent cosine and sine of45°.
The triangle should have a base and a height of one unit each, giving hypotenuse of./2.

&

1

. 1 0
Cos 45° = — sin45’ = ——tan45’ = 1
2 2

Tangent cosine and sine of 30" amd 60°.
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6O

The equilateral triangle has a sides of 2 units each

sin30°= L cos30°= 3 tan30° = L
2 2 B3

Sin 60° = 325 cos60’ = 5 L taneo’ £ =3

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. Given sin (90 - a) = %2, find without using trigonometric tables the value of cos a
(2mks)

.24 . .

2. If tan &= pr ,find without using tables or calculator, the value of
4

tan -e‘):l— cos 4‘%’ (3

cos & +sin

marks)

3. At point A, David observed the top of a tall building at an angle of 30°. After walking for
100meters towards the foot of the building he stopped at point B where he observed it again at
an angle of 60°. Find the height of the building

4, Find the value of 6, given that % sin® = 0.35 for 0° < 8 < 360°

5. A man walks from point A towards the foot of a tall building 240 m away. After covering
180m, he observes that the angle of elevation of the top of the building is 45°. Determine the
angle of elevation of the top of the building from A
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6. Solve for x in 2 Cos2x” = 0.6000 0°< x < 360°.

7. Wangechi whose eye level is 182cm tall observed the angle of elevation to the top of her
house to be 32° from her eye level at point A. she walks 20m towards the house

on a straight line to a point B at which point she observes the angle of elevation to the
top of the building to the 40°. Calculate, correct to 2 decimal places the ;

a)distance of A from the house

b) The height of the house
8. Given that cos A = °/13 and angle A is acute, find the value of:-

2tan A+ 3sin A

9. Given thattan 5° =3+ 5, without using tables or a calculator, determine tan 25°,
leaving your answer in the form a+b El_

10. Given that tan x = 5, find the value of the following without using mathematical tables or
calculator: 12

(a) Cos x

(b) Sin*(90-x)

11. If tan 8 =%/15, find the value of Sin6 - Cos® without using a calculator or table
CosO + Sind
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CHAPTER THIRTY THREE

L ]

Specific Objectiv‘e"s
By the end of the topic the learner should be able to:

a.) Derive the formula; Area = Y2ab sin C

b.) Solve problems involving area of triangles using the formula Area = “2ab sin C;

c.) Solve problems on area of a triangle using the formula area = Js(s -a)(s-b)(s-c)

Content
a.) Area of triangle A =7/2 ab sin C

b.) Area of a triangle A = js (s-a)(s-b)(s-c)

c.) Application of the above formulae in solving problems involving real life situations.
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Introduction
Area of a triangle given two sides and an included Angle

The area of a triangle is given by A = %bh but sometimes we use other formulas to as
follows.

Example
If the length of two sides and an included angle of a triangle are given, the area of the

triangle is given by A= zlabsine

In the figure above PQ is 5 cm and PR is 7 cm angle QPR is 50°.Find the area of the the
triangle.

Solution
Using the formulae by A= zlabsine a=5cmb=7cmand 6 =50’

Area = 21 x5 x 7 sin50°

=2.5x 7 x 0.7660
=13.40 cm’

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 242



isabokemicah@gmail.com

Area of the triangle, given the three sides.

Example
Find the area of a triangle ABC in which AB =5cm, BC =6 cm and AC =7 cm.

Solution
When only three sides are given us the formulae

A= [s(s-a)(s-b)(s-c)  Hero's formulae

S= 21 of the perimeter of the triangle

= %(a +b + c) A, b, c are the lengths of the sides of the triangle.

- %(6+7+5) =9 And A= [9(9-6)(9-7)(9-5)

= J9 x3 x2 x4

= 216
= 14.70 cm”

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. The sides of a triangle are in the ratio 3:5:6. If its perimeter is 56 cm, use the Heroes

formula to find its area (4mks)

2. The figure below is a triangle XYZ. ZY = 13.4cm, XY = 5cm and angle xyz = 57.7°

X

Bem

57.7°
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Calculate
i) Length XZ. (3mks)
iii.)  Angle XZY. (2 mks)

iv.) If a perpendicular is dropped from point X to cut ZY at M, Find the ratio MY: ZM. (3
mks)

Find the area of triangle XYZ. (2 mks)
CHAPTER THIRTY FOUR

Specific Objectives -

By the end of the topic the learner should be able to:

a.) Find the area of a quadrilateral
b.) Find the area of other polygons (regular and irregular).

Content
a.) Area of quadrilaterals

b.) Area of other polygons (regular and irregular).

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 244



isabokemicah@gmail.com

Introduction

Quadrilaterals.
They are four sided figures e.g. rectangle, square, rhombus, parallelogram, trapezium
and kite.

Area of rectangle

A=LXW
A B
D C

AB and DC area the lengths while AD and BC are the width.

Area of parallelogram
A figure whose opposite side are equal parallel.

<>
V) 1.8 m

-
25m

Area = base x height = 2.5x 1.8 = 4.5 cm’

Area of a Rhombus.

A figure with all sides equal and the diagonals bisect each other at90’. In the figure
below BC =CD =DA=AB=4 cm while AC=10 cm and BD = 12. Find the area
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Solution
Find half of the diagonal which is % x10 =5cm

AreaofABCD=%X12X5 = 30 cm?

Area of AABCD = 2 X area of ABCD
= 2 X 30cm’
= 60 cm’
Area of Trapezium

A quadrilateral with only two of its opposite sides being parallel. The area = (?)h

B 6m cC
4m
A 12m D
Example
Find the area of the above figure
Solution
Area = (6+212)4

=9x4 =36cm’
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Note:
You can use the sine rule to get the height given the hypotenuse and an angle.
sind = opposite
hypoteneus

Or use the acronym SOHCAHTOA

Rhombus

Example
In the figure above the lines market // =7 cm while / =5 cm, find the area.

Solution
Join Xto.

Find the area of the two triangles formed

% x 5 x 5x sin95° = 12.45 (Triangle one)

% x 7 x 7xsin60° = 21.21 (Triangle two)

Then add the area of the two triangles

12.45 +21.21 = 33.67 cm’
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Area of regular polygons

Any regular polygon can be divided into isosceles triangle by joining the vertices to the
Centre. The number of the polygon formed is equal to the number of sides of the

polygon.

2 x tan (36°) 2
Pentagon

Example
If the radius is of a pentagon 6 cm find its area.

Solution

Divide the pentagone into five triangles each with 72’ ie (35&)

Area of one triangle will be = % X 6 X 6 xsin72°

=17.11
There are five triangles therefore
AREA=5X17.11
= 85.55cm”
End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!
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Past KCSE Questions on the topic.

1.) The diagram below, not drawn to scale, is a regular pentagon circumscribed in a circle of
radius 10 cm at centre O

Find
(a) The side of the pentagon (2mks)
(b) The area of the shaded region (3mks)

2.) PQRS is a trapezium in which PQ is parallel to SR, PQ = 6¢cm, SR = 12cm, Z PSR = 40°
and PS = 10cm. Calculate the area of the trapezium. (4mks)

P Q

3.) Aregular octagon has an area of 101.8 cm®. calculate the length of one side of the octagon
(4marks)

4.) Find the area of a regular polygon of length 10 cm and side n, given that the sum of interior
anglesof n:n-1isintheratio4: 3.

5.) Calculate the area of the quadrilateral ABCD shown:-
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D
14cm
12
¢ c
6cm
A B
18cm
CHAPTER THIRTY FIVE

Specific Objectives -

By the end of the topic the learner should be able to:

a.) Find the area of a sector
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b.) Find the area of a segment

c.) Find the area of a common region between two circles.

Content
a.) Area of a sector

b.) Area of a segment

c.) Area of common regions between circles.

Introduction

Sector
A sector is an area bounded by two radii and an arc .A minor sector has a smaller area

compared to a major sector.
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The orange part is the major sector while the yellow part is the minor sector.

The area of a sector
The area of a sector subtending an angle 6 at the Centre of the circle is given by;

A= 8 X mr’

Example

Find the area of a sector of radius 3 cm, if the angle subtended at the Centre is given as

140° take m as %

Solution

Area A of a sector is given by;

Example

The area of the sector of a circle is 38.5 cm. Find the radius of the circle if the angle

subtended at the Centre is90".
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Solution
From A= -2 X 1, we get
360
30 x£ x r’ =385
360
2 _385x360x7
90 x 22
r’ = [49
R=7cm
Example

The area of a sector of radius 63 cm is 4158 cm .Calculate the angle subtended at the
Centre of the circle.

Solution
4158 = -9 x 22 L 63x63
360 © 7
o - 4158x360x 7
22x63x63
=120°

Area of a segment of a circle
A segment is a region of a circle bounded by a chord and an arc.
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In the figure above the shaded region is a segment of the circle with Centre O and radius
r. AB=8 cm, ON = 3 cm, ANGLE AOB =106.3 °. Find the area of the shaded part.

Solution
Area of the segment = area of the sector OAPB - area of triangle OAB
-|1063 X 3.142X5° X8X3
360
=23.19-12
=11.19 cm’

Area of a common region between two intersecting circles.

Find the area of the intersecting circles above. If the common chord AB is 9 cm.

Solution
From AAOM;

OM= [8" - 45
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= [43.75
=6.614 cm
From AAOM;
OM = |6" -4.5°
= J15.75
=3.969 cm

The area between the intersecting circles is the sum of the areas of segments AP B

andAP B. Area of segment AP B = area of sector 0 AP B -area of AO,AB

Using trigonometry, sin < AOM = AA_OM 45, 0.75
2

Find the sine inverse of 0.75 to get 48.59° hence < AO,M = 48.59"
<AOB=2X <AOM

=2X4859"=97.18°

Area of segment AP B = 2718y 312%x6> - L x9%x3.969
1”7 360 2
- 30.53-17.86
=12.67 cm’

Area of segment AP_B = area of sector O, AP,B - area of A0, AB

Using trigonometry, sin< AOM = AM _45 0.5625
A0, 8

Find the sine inverse of 0.5625 to get 34.23° hence < AO M = 34.23"
<AOB=2X <AOM
=2X34.23"

= 68.46°

Area of segment AP,B = ©10X312X8° - ZX9X6.614

= 38.24-29.76
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= 8.48 cm”
Therefore the area of the region between the intersecting circles is given by;
Area of segmnet AP B + area of segment AP,B
=12.67 + 8.48

= 21.15cm’
End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. The figure below shows a circle of radius 9cm and centre O. Chord AB is 7cm long.
Calculate the area of the shaded region. (4mks)
A B
2. The figure below shows two intersecting circles with centres P and Q of radius 8cm and

10cm respectively. Length AB = 12cm
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Calculate:
a) Z APB
(2mks)
b) Z AQB
(2mks)
c) Area of the shaded region (6mks)
3.
AZ/777Z B
The diagram above represents a circle centre o of radius 5¢cm. The minor arc AB
subtends an angle of 120° at the centre. Find the area of the shaded part. (3mks)
4. The figure below shows a regular pentagon inscribed in a circle of radius 12cm, centre O.
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Calculate the area of the shaded part.

(3mks)
5. Two circles of radii 13cm and 16cm intersect such that they share a common chord of
length 20cm. Calculate the area of the shaded part. (,«r = E]
7
(10mks)
6. Find the perimeter of the figure below, given AB,BC and AC are diameters. (4mks)
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7. The figure below shows two intersecting circles. The radius of a circle A is 12cm and
that of circle Bis 8 cm.

If the angle MBN = 72°, calculate

The size of the angle MAN

b) The length of MN

c) The area of the shaded region.

8.

In the diagram above, two circles, centres A and C and radii 7cm and 24cm respectively
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intersect at B and D. AC = 25cm.

a) Show that angel ABC = 90°

b) Calculate

i) the size of obtuse angel BAD

i) the area of the shaded part (10 Mks)

9. The ends of the roof of a workshop are segments of a circle of radius 10m. The roof is
20m long. The angle at the centre of the circle is 120° as shown in the figure below:

10cm

(a) Calculate :-
(i) The area of one end of the roof
(i) The area of the curved surface of the roof

(b) What would be the cost to the nearest shilling of covering the two ends and the
curved surface with galvanized iron sheets costing shs.310 per square metre

10. The diagram below, not drawn to scale, is a regular pengtagon circumscribed in a circle
of radius 10cm at centre O

Find;
(a) The side of the pentagon

(b) The area of the shaded region

11. Triangle PQR is inscribed in he circle PQ=7.8cm, PR = 6.6cm and QR = 5.9cm. Find:
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(a) The radius of the circle, correct to one fecimal place
(b) The angles of the triangle

(c) The area of shaded region

CHAPTER THIRTY SIX

| oo

Specific Objectives
By the end of the topic the learner should be able to:

a.) Find the surface area of a prism

b.) Find the surface area of a pyramid

c.) Find the surface area of a cone

d.) Find the surface area of a frustum

e.) Find the surface area of a sphere and a hemisphere.

Content
Surface area of prisms, pyramids, cones, frustums and spheres.
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Introduction

Surface area of a prism

A prism is a solid with uniform cross- section. The surface area of a prism is the sum of
its faces.

Cylinder
r = radius
h = height

Area of closed cylinder = 2mr” + 2mrl
Area of open cylinder =i’ + 2mrl ( area of the botton circle as the top is open)
Example

Find the area of the closed cylinderr=2.8 cmand | =13 cm
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Solution
-2 (%xz.sxz.s) " (2X¥ x 2.8 13)
= 49.28 cm”-228.8
=278.08 cm’
Note;

For open cylinder do not multiply by two, find the area of only one circle.

Surface area of a pyramid

The surface area of a pyramid is the sum of the area of the slanting faces and the area of the
base.

Surface area = base area + area of the four triangular faces (take the slanting height marked
green below)

Example

Solution

Surface area = base area + area of the four triangular faces
= (14x‘|4)+(%x14x 14)

=196 + 252
= 448 mm”
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Example

The figure below is a right pyramid with a square base of 4 cm and a slanting edge of 8 cm. Find
the surface area of the pyramid.

a=4cm e=8cm

Surface area = base area + area of the four triangular bases
_ 1
—(wa)+4(5bh)

Remember height is the slanting height

Slanting height = [8* 2
_J60

Surface area = ( 4x4) + 4(% x4x ./60)

=77.97 cm®
Surface area of a cone

Total surface area of a cone= tir” + mrl

Curved surface area of a cone =mrl
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Example
Find the surface area of the cone above
=(3.14x4x4) + (3.14x 4x5)
=50.24 +62.8
=113.04 cm’
Note;

Always use slanting height, if it's not given find it using Pythagoras theorem

Surface area of a frustum

The bottom part of a cut pyramid or cone is called a frustum. Example of frustums are bucket,

L Examples alampshade and a hopper.

’. _... 3

Frustrum

Example

Find the surface area of a fabric required to make a lampshade in the form of a frustum whose
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top and bottom diameters are 20 cm and 30 cm respectively and height 12 cm.
Solution

Complete the cone from which the frustum is made, by adding a smaller cone of height x cm.

h=12,H=xcm,r=10cm,R=15¢cm

X _ xX+12
10 15

From the knowledge of similar

15x = 10x + 120
15x-10x =120
5x =120
X =24

Surface area of a frustum = area of the curved - area of curved surface of smaller
cone

Surface of bigger cone.
L=24+12=36cm

Surface area = tRL - 1rl

= (% x15 x /362+152) - (% x10 x 24" +10%)
=1838.57 cm°-8 17.14 c¢m’
=1021 cm® 4 s.f

Surface area of the sphere

A sphere is solid that it's entirely round with every point on the surface at equal distance
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from the Centre. Surface area is = 4nr’

Example
Find the surface area of a sphere whose diameter is equal to 21 cm
Solution
Surface area = 4mr’
=4x3.14x10.5x10.5

= 1386 cm’
End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. A swimming pool water surface measures 10m long and 8m wide. A path of uniform
width is made all round the swimming pool. The total area of the water surface and the
path is 168m?

(a) Find the width of the path (4 mks)

(b) The path is to be covered with square concrete slabs. Each corner of the path is

covered with a slab whose side is equal to the width of the path. The rest of the path
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while the cost of making each smaller slab is sh.50. Calculate
(i) The number of the smaller slabs used (4 mks)
(i) The total cost of the slabs used to cover the whole path (2 mks)
2. The figure below shows a solid regular tetrapack of sides 4cm.

(a) Draw a labelled net of the solid.

(1mk)
(b) Find the surface area of the solid. (2mks)
4em
3. The diagram shows a right glass prism ABCDEF with dimensions as shown.
C
Calculate:
(a) the perimeter of the prism (2 mks)
(b) The total surface area of the prism (3 mks)
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(c) The volume of the prism (2 mks)

(d) The angle between the planes AFED and BCEF (3 mks)

The base of a rectangular tank is 3.2m by 2.8m. Its height is 2.4m. It contains water to a
depth of 1.8m. Calculate the surface area inside the tank that is not in contact with water.
(2mks)

Draw the net of the solid below and calculate surface area of its faces
(3mks)

5cm

The figure above is a triangular prism of uniform cross-section in which AF = 4cm, AB =
5cm and BC = 8cm.

(a) If angle BAF = 30°, calculate the surface area of the prism. (3 marks)
(b) Draw a clearly labeled net of the prisms. (1 mark)

Mrs. Dawati decided to open a confectionary shop at corner Baridi. She decorated its
entrance with 10 models of cone ice cream, five on each side of the door. The model has

the following shape and dimensions. Using = = 3.142 and calculations to 4 d.p.
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Fcm
"3;5(:
1§ +99%em
A
(a) Calculate the surface area of the conical part. (2mks)
(b) Calculate the surface area of the top surface. (4mks)
(c) Find total surface area of one model. (2mks)

(d) If painting 5cm? cost ksh 12.65, find the total cost of painting the models (answer to
1 s.f). (2mks)

A right pyramid of height 10cm stands on a square base ABCD of side 6 cm.

a) Draw the net of the pyramid in the space provided below. (2mks)
b) Calculate:-

() The perpendicular distance from the vertex to the side AB. (2mks)

(i) The total surface area of the pyramid. (4mks)
c) Calculated the volume of the pyramid. (2mks)

The figure below shows a solid object consisting of three parts. A conical part of radius
2 cm and slant height 3.5 cm a cylindrical part of height 4 cm. A hemispherical part of
radius 3 cm . the cylinder lies at the centre of the hemisphere.

(m=3142)
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1S Cunn

Calculate to four significant figures:

|. The surface area of the solid (5 marks)

Il. The volume of the solid (5 marks)
10. A lampshade is in the form of a frustrum of a cone. Its bottom and top diameters are
12cm and 8cm respectively. Its height is 6cm.Find;

(a) The area of the curved surface of the lampshade

(b) The material used for making the lampshade is sold at Kshs.800 per square metres.
Find the cost of ten lampshades if a lampshade is sold at twice the cost of the material

11. A cylindrical piece of wood of radius 4.2cm and length 150cm is cut lengthwise into two
equal pieces. Calculate the surface area of one piece

12. The base of an open rectangular tank is 3.2m by 2.8m. Its height is 2.4m. It contains
water to a depth of 1.8m. Calculate the surface area inside the tank that is not in contact with
water

13. The figure below represents a model of a solid structure in the shape of frustrum of a
cone with ahemisphere top. The diameter of the hemispherical part is 70cm and is equal to the
diameter of thetop of the frustrum. The frustrum has a base diameter of 28cm and slant height
of 60cm.

Calculate:
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(a) The area of the hemispherical surface

(b) The slant height of cone from which the frustrum was cut
(c) The surface area of frustrum

(d) The area of the base

(e) The total surface area of the model

14. Aroom is 6.8m long, 4.2m wide and 3.5m high. The room has two glass doors each
measuring 75cm by 2.5m and a glass window measuring 400cm by 1.25m. The walls are to be
painted except the window and doors.

a) Find the total area of the four walls
b) Find the area of the walls to be painted

c) Paint A costs Shs.80 per litre and paint B costs Shs.35 per litre. 0.8 litres of A covers
an area of Tm” while 0.5m” uses 1 litre of paint B. If two coats of each paint are to be applied.
Find the cost of painting the walls using:

i) Paint A
ii) Paint B
d) If paint A is packed in 400ml tins and paint B in 1.25litres tins, find the least number of
tins of each type of paint that must be bought.

15. The figure below shows a solid frustrum of pyramid with a square top of side 8cm and a
square base of side 12cm. The slant edge of the frustrum is 9cm

12CM

Calculate:
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(a) The total surface area of the frustrum
(b) The volume of the solid frustrum

(c) The angle between the planes BCHG and the base EFGH.

CHAPTER THIRTY SEVEN

[ ]

Specific Objectives ~
By the end of the topic the learner should be able to:

a.) Find the volume of a prism

b.) Find the volume of a pyramid

c.) Find the volume of a cone

d.) Find the volume of a frustum

e.) Find the volume of a sphere and a hemisphere.

Content
Volumes of prisms, pyramids, cones, frustums and spheres.
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Introduction
Volume is the amount of space occupied by an object. It's measured in cubic units.

Generally volume of objects is base area x height

Volume of a Prism
A prism is a solid with uniform cross section .The volume V of a prism with cross section area

A and length | is given by V = AL

Example

3 cm 10 em
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Solution
Volume of the prism = base area x length (base is triangle)
-1 x6x3x10
2
= 90cm’

Example

Find tha valamia ol A regulss haxagonal prism wilh ados
largh A H. and haight 12 i
V=Dh

_f~:'-,_s.m‘ﬂ-.
|1£l.- deeys
|=‘=-=|5 ?:LF
‘FIH-

|ﬁ_ "I-i"
:" &0

g Ly

':': —

Explanation
A cross- sectional area of the hexagonal is made up of 6 equilateral triangles whose sides are 8
ft

To find the height we take one triangle as shown above

Using sine rule we get the height

Solution

Area of cross section = 6x % x 8 x8 sin60

= 166.2828
lume =166.28 x 12
=1995.3 ft’

Volume of a pyramid

Volume of a pyramid = %Ah

Where A = area of the base and h = vertical height
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Example
Find the volume of a pyramid with the vertical height of 8 cm and width 4 cm length 12 cm.

Solution.

L]
4

12

Vqume=%x12x4 X8

= 128cm*

Volume of a sphere
3
V = 4mr
3

Volume of a cone

Volume = % area of base x height

Example
Calculate the volume of a cone whose height is 12 cm and length of the slant heigth is 13 cm

Solution
Volume = %( base area X height)
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1

= gnrzh
But, base radius r = [13%-12° = /25 =5
Therefore volume = ;— X % x25x12 cm
= 314.3cm’

Volume of a frustrum
Volume = volume of large cone — volume of smaller cone

Example
A frustum of base radius 2 cm and height 3.6 cm. if the height of the cone from which it was cut
was 6 cm, calculate

The radius of the top surface

The volume of the frustum

Solution

Triangles PST and PQR are similar

Therefore PQ _ QR _ PR
PS ST PT
Hence 6 _2
24 ST
ST=0.8cm

The radius of the top surface is 0.8 cm
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Volume of the frustum = volume of large cone — volume of smaller cone

% x3.142x4%6- % x3.142 x (0.8*)x 2.4

= 2514 -1.61= 23.53 cm’

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. Metal cube of side 4.4cm was melted and the molten material used to make a sphere. Find to

3 significant figures the radius of the sphere [rake II= i] (3mks)
7

2. Two metal spheres of diameter 2.3cm and 3.86cm are melted. The molten material is

used to cast equal cylindrical slabs of radius 8mm and length 70mm.

If '/20 of the metal is lost during casting. Calculate the number of complete slabs casted.
(4mks)

3. The volume of a rectangular tank is 256cm?®. The dimensions are as in the figure.

Ya X
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Find the value of x (3 marks)

4.
The diagram represent a solid frustum with base radius 21cm and top radius 14cm.
The frustum is 22.5cm high and is made of a metal whose density is 3g/cm3 mn =
22/7.
a)Calculate
(i) the volume of the metal in the frustrum. (5
marks)
(i) the mass of the frustrum in kg. (2
marks)
b)The frustrum is melted down and recast into a solid cube. In the process 20% of the
metal is lost. Calculate to 2 decimal places the length of each side of the cube.
(3 marks)
5. The figure below shows a frustrum
Find the volume of the frustrum (4 mks)
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4
The formula for finding the volume of a sphere is given by ¥ = —.zr . Given that V = 311
3
and 7 =3.142, find . (3 mks)
A right conical frustrum of base radius 7cm and top radius 3.5cm, and height of 6cm is

stuck onto a cylinder of base radius 7cm and height 5cm which is further attached to a
hemisphere to form a closed solid as shown below

-

Hem
Tert
- T
LA
t-‘"FF_ “qem T~ W

Find:

(a) The volume of the solid
(5mks)

(b) The surface area of the solid
(5mks)

A lampshade is made by cutting off the top part of a square-based pyramid VABCD as
shown in the figure below. The base and the top of the lampshade have sides of length

1.8m and 1.2m respectively. The height of the lampshade is 2m
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A,
?éll‘-

Calculate

a) The volume of the lampshade

(4mks)
b) The total surface area of the slant surfaces (4mks)
¢) The angle at which the face BCGF makes with the base ABCD. (2mks)
9. A solid right pyramid has a rectangular base 10cm by 8cm and slanting edge 16cm.
calculate:

(a) The vertical height
(b) The total surface area

(c) The volume of the pyramid

10. A solid cylinder of radius 6cm and height 12cm is melted and cast into spherical balls of
radius 3cm. Find the number of balls made

11. The sides of a rectangular water tank are in the ratio 1: 2:3. If the volume of the tank is
1024cm®. Find the dimensions of the tank. (4s.f)

12. The figure below represents sector OAC and OBD with radius OA and OB respectively.

Given that OB is twice OA and angle AOC = 60°. Calculate the area of the shaded region
in m? given that OA = 12cm R

Novels

<7\

Jl"'

’,""’”“ y Softcopy Notes 0714497530 281
V1A
/7L

[N




isabokemicah@gmail.com

60°

N

13. The figure below shows a closed water tank comprising of a hemispherical part
surmounted on top of a cylindrical part. The two parts have the same diameter of 2.8cm and the
cylindrical part is 1.4m high as shown:-

1.4m

(a) Taking n= 22, calculate:
7

(i) The total surface area of the tank
(i) the cost of painting the tank at shs.75 per square metre
(iii) The capacity of the tank in litres

(b) Starting with the full tank, a family uses water from this tank at the rate of
185litres/day for the first 2days. After that the family uses water at the rate of 200 liters per
day. Assuming that no more water is added, determine how many days it takes the family to
use all the water from the tank since the first day

14. The figure below represents a frustrum of a right pyramid on a square base. The vertical
height of the frustrum is 3 cm. Given that EF = FG = 6 cm and that AB =BC =9 cm
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Calculate;

a) The vertical height of the pyramid.

b) The surface area of the frustrum.

c¢) Volume of the frustrum.

d) The angle which line AE makes with the base ABCD.

15. A metal hemisphere of radius 12cm is melted done and recast into the shape of a cone
of base radius 6¢cm. Find the perpendicular height of the cone

16. A solid consists of three discs each of 1% cm thick with diameter of 4 cm, 6 cm and 8
cm respectively. A central hole 2 cm in diameter is drilled out as shown below. If the density of
material used is 2.8 g/cm®, calculate its mass to 1 decimal place

17. A right conical frustum of base radius 7 cm and top radius 3.5 cm and height 6 cm is
stuck onto a cylinder of base radius 7 cm and height 5 cm which is further attached to form a
closed solid as shown below.

Find;

a) The volume of the solid.

b) The surface area of the solid.
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18. The diagram below shows a metal solid consisting of a cone mounted on hemisphere.

The height of the cone is 1% times its radius;

— ——— — —
I —_—

Given that the volume of the solid is 31.5m cm?®, find:
(a) The radius of the cone
(b) The surface area of the solid

(c) How much water will rise if the solid is immersed totally in a cylindrical container
which contains some water, given the radius of the cylinder is 4cm

(d) The density, in kg/m® of the solid given that the mass of the solid is 144gm

19. A solid metal sphere of volume 1280 cm® is melted down and recast into 20 equal solid
cubes. Find the length of the side of each cube. Calculate
the volume of the frustum
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CHAPTER THIRTY EIGHT J

Specific Cfbjectives

By the end of the topic the learner should be able to:
a.) Expand algebraic expressions that form quadratic equations

b.) Derive the three quadratic identities

c.) Identify and use the three quadratic identities

d.) Factorize quadratic expressions including the identities
e.) Solve quadratic equations by factorization

f.) Form and solve quadratic equations.

Content
a.) Expansion of algebraic expressions to form quadratic expressions of the form

ax2 + bx + c,where a, b and c are constants
b.) The three quadratic identities:
(a+b)2.=a’ + 2ab + b’
(a-b)?=a*- 2ab + b’
(a+b)(a-b)= a*- b’
C.) Using the three quadratic identities
d.) Factorisation of quadratic expressions
e.) Solve quadratic equations by factorization

f.) Form and solve quadratic equations.
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Introduction

Expansion
A quadratic is any expression of the form ax2 + bx + ¢, a # 0. When the expression (x + 5) (3x +
2) is written in the form, 3x* + 17x + 10,it is said to have been expanded

Example
Expand (m + 2n) (m-n)

Solution
Let (m-n) be a

Then (m + 2n)(m-n) = (M+2n)a
=ma+ 2na
=m (m-n) + 2n (m-n)
=m’-mn + 2mn - 2n°
=m’+ mn-2n’
Example
Expand ( % - i)z

Solution

1 1,2 11,11
(Z';)- (4 X)( )
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The quadratic identities.
(a+b)’=(a’+ 2ab + b?)

(a-b)*=(a®-2ab + b?)
(a+b)(a-b)=(a’ -b?)

Examples
(X+2)° X “+4x+4

(X-3)* X 2-6X+9
(X+ 2a)(X -2a) x % 4x*

Factorization

To factorize the expression, ax’ + bx + c ,we look for two numbers such that their product is

ac and their sum is b. a, b are the coefficient of x while c is the constant

Example
8x° +10x + 3

Solution
Look for two number such that their product is 8 x 3 = 24.

Their sum is 10 where 10 is the coefficient of x,

The number are 4 and 6,

Rewrite the term 10x as 4x + 6x, thus 8x° + 4x + 6X + 3
Use the grouping method to factorize the expression
=4x (2x+1)+3 (2x + 1)

=(4x+3)(2x+ 1)

Example
Factorize

6x°-13x + 6

Solution
Look for two number such that the product is 6 x 6 =36 and the sum is -13.

The numbers are -4 and - 9

Therefore, 6x*-13x + 6
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= 6x°-4x-9x + 6
=2x (3x -2)-3(3x-2)
= (2x-3) (3x-2)

Quadratic Equations
In this section we are looking at solving quadratic equation using factor method.

Example
Solve x* + 3x-54=0

Solution
Factorize the left hand side

X’ +3x-54=x"-6x+9x-54=0

Note;
The product of two numbers should be - 54 and the sum 3

=x"- 6x + 9x - 54
= x(x-6)(x+9) = 0
= (x-6)(x+9) = 0
X-6=0,x+9=0
Hencex=-9orx=6

Example
Expand the following expression and then factorize it

(3x +y)*- (x- 3y)’y)"2-(x-3y)*2

Solution
(3x + y)2 -(x- 3y)2=9x2 + 6xy + y2 - (X2 - 6xy + 9y2)

=9x” + 6Xy + y’-X + 6xy + 9y’
= 8x" + 12xy -8y’

= 4 (2x° + 3xy - 2y*)(You can factorize this expression further, find two numbers whose product
is4x’y” and sum is 3xy)

The numbers are 4xy and —ay
= 4(2x% + 4xy -xy - 2y")

= 4 [ 2x(x+2y) - y(x+2y)]
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=4 (x+ 2y)(2x-y)

Formation of Quadratic Equations

Given the roots
Given that the roots of quadratic equations are x =2 and x = -3, find the quadratic equation

Ifx=2thenx-2=0
If x=-3,then x +3 =0
Therefore, (x = 2) (x +3) =0
X +x-6=0

Example
A rectangular room is 4 m longer than it is wide. If its area is 12 m*find its dimensions.

Solution
Let the width be x m .its length is then (x + 4) m.

The area of the room is x (x+4)m”
Therefore x (x +4) =12
X +4x=12
X'+ 4x-12=0
(x+ 6)(x-2)=0
(x+6) =0 (x-2) =0 thereforex =-6 or 2
-6 is being ignored because length cannot be negative
The length of the room is x +4 =2 +4
=6m

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530

289



isabokemicah@gmail.com

z z
— Xy — x

2
1. Simplify ——————
2x —2y
(3mks)
2. Solve the following quadratic equation giving your answer to 3 d.p. (3mks)
23 1
— ———120 =0.
X X
3. Simplify
(3 mks)
16x° - 4 + 2x-2

4% +2x -2 X +1

(Ax+2y) —(2y—4x)°
(2z+y)" —(y—2x)°

4, Simplify as simple as possible

5. The sum of two numbers x and y is 40. Write down an expression, in terms of x, for the
sum of the squares of the two numbers.Hence determine the minimum value of x* + y*

6. Mary has 21 coins whose total value is Kshs 72. There are twice as many five shillings
coins as there are ten shillings coins. The rest one shilling coins. Find the number of ten shilling
coins that Mary has.

7.  Four farmers took their goats to the market Mohamed had two more goats than Ali Koech
had 3 times as many goats as Mohamed. Whereas Odupoy had 10 goats less than both
Mohamed and Koech.
I.) Write a simplified algebraic expression with one variable. Representing the total number
of goats

I.) Three butchers bought all the goats and shared them equally. If each butcher got 17
goats. How many did Odupoy sell to the butchers?
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CHAPTER THIRTY NINE )

Specific Objectives”

By the end of the topic the learner should be able to:
a.) ldentify and use inequality symbols

b.) lllustrate inequalities on the number line

c.) Solve linear inequalities in one unknown

d.) Represent the linear inequalities graphically

e.) Solve the linear inequalities in two unknowns graphically
f.) Form simple linear inequalities from inequality graphs.

Contents
a.) Inequalities on a number line

b.) Simple and compound inequality statements e.g. x>aandx<b=>a<x<b
c.) Linear inequality in one unknown

d.) Graphical representation of linear inequalities

e.) Graphical solutions of simultaneous linear inequalities

f.) Simple linear inequalities from inequality graphs.
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Introduction
Inequality symbols

> Greater Than
2 Greater Than or Equal To

< Less Than

S Less Than or Equal To

Statements connected by these symbols are called inequalities

Simple statements
Simple statements represents only one condition as follows

X =3 ‘ < o 7 use epn circle

— — — ‘;‘ < oc = use clesed circle
2R SO D AR
Evamples WAD e
X>3 X<3 X<-1 Ty

-2

SERE NS B3 Bl Bt XZlo «F— >

XE =2 —
e &

X >3 X =3
- 2 J 4 o a Rl
X = 3 represents specific point which is number 3, while
x >3 does not it represents all numbers to the right of 3 meaning all the numbers greater than 3
as illustrated above. X< 3 represents all numbers to left of 3 meaning all the numbers less than
3.The empty circle means that 3 is not included in the list of numbers to greater or less than 3.

The expression x> 3 or x <3 means that means that 3 is included in the list and the circle is
shaded to show that 3 is included.

Compound statement
A compound statement is a two simple inequalities joined by “and” or “or.” Here are two
examples.

3>x and x >-3an Combined into one to form-3<x< 3
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— B ==x=<3
At

All real numbers that are greater than - 3 but less or equal to 3 that are greater than
-3 but less or equal to 3

| ] | i i + ¥ i ¥ T v Free—sfe——tfe—t ¥ | =
5 7 ] = i 3 = 1 o 1 z k] i -] L T 5

X>-6 and X<3

All real numbers that greater than - 6 but less than 3

Solution to simple inequalities

Example
Solve the inequality

x-1>2

Solution
Adding 1 to both sides gives;

X=-1+1>2+1

Therefore, x >3

Note;
In any inequality you may add or subtract the same number from both sides.

Example
Solve the inequality.

X+3<8

Solution
Subtracting three from both sides gives

X+3-3<83
X<5

Example
Solve the inequality

2x+3<5

Subtracting three from both sides gives
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2x+3-3<5-3
2x<2
Divide both sides by 2 gives % < %
x<1
Example

Solve the inequality %x- 224

Solution
Adding 2 to both sides

1x-2+2 >4+ 2
3

1)(26

3

1x><326><3
3

x>18

Multiplication and Division by a Negative Number
Multiplying or dividing both sides of an inequality by positive number leaves the inequality sign
unchanged

Multiplying or dividing both sides of an inequality by negative number reverses the sense of the
inequality sign.

Example
Solve the inequality 1-3x < 4
Solution
-3x—-1<4-1
-3x<3
-3x _ 3
—_— > JR—

-3 -3

Note that the sign is reversed X >-1
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Simultaneous inequalities

Example
Solve the following

3x-1>-4

2x+1<7

Solution
Solving the first inequality

3x-1>_4

3x>-3
X>-1

Solving the second inequality

2Xx<6

2x+1<7

Thereforex <3  The combined inequality is

Graphical Representation of Inequality

Y
i A
F
[+
Plane II 3
4
]
3 I
2 =
1
xl
F| -6 -5 -4/ -3 -2/ -1] O 1 2 3%
-1
-2
_3 = =
-4 = Piane I =
-5
-G
- W
Yl

1<x<3

Consider the following;

x<3

The line x = 3 satisfy the inequality <3,
the points on the left of the line satisfy
the inequality.

We don't need the points to the right
hence we shade it

Note:
We shade the unwanted region

The line is continues because it forms
part of the region e.g it starts at 3.for <
or >rznequalities the line must be
continuous
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For < or >thelineis not continues its dotted.This is because the value on the line does

Not satisfy the inequality.

AN B

12 3 4 567 6%

v ¥>5

il

i ”

.I-I_I-I-I-_l- T
o s e o oleewa

Linear Inequality of Two Unknown
Consider the inequality y < 3x + 2 the boundary lineisy = 3x + 2

Y

~n
¥
o3

1~
X [>Z| -6

pria rvm

Yl

If we pick any point above the line eg (-3, 3 ) then substitute in the equation y — 3x< 2 we get
12 < 2 which is not true so the values lies in the unwanted region hence we shade that region .

Intersecting Regions
These are identities regions which satisfy more than one inequality simultaneously. Draw a

region which satisfy the following inequalitiesy + x> 1 and y- % X =2
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End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. Find the range of x if 2< 3 — x <5

2. Find all the integral values of x which satisfy the inequalities:
2(2-x) <4x -9<x + 11

3. Solve the inequality and show the solution

3 — 2x £ x < 2x + 5 on the number line

3
4, Solve the inequality x =3 +x - 5<4x+6-1
4 6 8
5. Solve and write down all the integral values satisfying the inequality.
X-9<-4<3x-4
6. Show on a number line the range of all integral values of x which satisfy the following

pair of inequalities:
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3-xs1-"2x

Yo (X-5) < 7-x
7. Solve the inequalities 4x — 3 < 6x — 1 < 3x + 8; hence represent your solution on a
number line
8. Find all the integral values of x which satisfy the inequalities
2(2-x) < 4x-9< x + 11
9. Given that x + y = 8 and x2+ y2=34
Find the value of:- a) X2+2xy+y?
b) 2xy
10. Find the inequalities satisfied by the region labelled R
A A
=
2
1 -
' =2 3 L4 5 &
11. The region R is defined by x > 0,y >-2, 2y + x < 2. By drawing suitable straight line
on a sketch, show and label the region R
12. Find all the integral values of x which satisfy the inequality
3(1+ x) < 5x—11<x+45
13. The vertices of the unshaded region in the figure below are 0(0, 0) , B(8, 8) and A (8, 0).

Write down the inequalities which satjsfy the unshaded region
YO 5@ 8) ?

N
N
N
§
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14. Write down the inequalities that satisfy the given region simultaneously. (3mks)

; i mu T i T
= T PRI ¥
¥ 4 T
A !
SRN P e H Ram - !
A AT '
+ /i‘l_ T 1 T
p ,/ Ji 1 —+
A N i B
AL EyE AT
g A T T A ®:
Ry A Ry v d H L
A AR A AT A A DA A AT oA >
A 1 ]
// AL Ao A A A A 254/ azas
. H RRRY AR i
g5y B & : BHY gauEd
T B
4 A T -
e T pEEE EsEes
v /] . =3
T ] B FEERSS
A AT ~ b e
! i - ey =2 |
§4 = ¥
g + H RR) mul
1 H o M
™~
N
] T
A1 L
v [ : a 1 T

15. Write down the inequalities that define the unshaded region marked R in the figure below.
(3mks)

T I AT
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16. Write down all the inequalities represented by the regions R.

(3mks)

17. a) On the grid provided draw the graph of y = 4 + 3x — x* for the integral values of x
in the interval -2 < X < 5. Use a scale of 2cm to represent 1 unit on the x — axis and 1 cm to

represent 1 unit on the y — axis.

b) State the turning point of the graph.

c) Use your graph to solve.
()  X*+3x+4=0
(i) 4x=x°
CHAPTER FOURTY

Cunemworox

Specific Objectives"

By the end of the topic the learner should be able to:
a.) Define displacement, speed, velocity and acceleration

a.) Distinguish between:
v" distance and displacement
v speed and velocity

b.) Determine velocity and acceleration
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c.) Plot and draw graphs of linear motion (distance and velocity time graphs)
d.) Interpret graphs of linear motion

e.) Define relative speed

f.) Solve the problems involving relative speed.

Content
a.) Displacement, velocity, speed and acceleration

b.) Determining velocity and acceleration
c.) Relative speed

d.) Distance - time graph

e.) Velocity time graph

f.) Interpretation of graphs of linear motion

g.) Solving problems involving relative speed

Introduction

Distance between the two points is the length of the path joining them while displacement is the
distance in a specified direction

Speed
distance covered
time taken

Average speed =
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Example
A man walks for 40 minutes at 60 km/hour, then travels for two hours in a minibus at 80
km/hour. Finally, he travels by bus for one hour at 60 km/h. Find his speed for the whole journey

Solution
distance covered

Average speed = -
time taken

Total distance =(% X 60 )km +(2x80)km + (1 x 60)km = 260 km

Total time = % +2+1= 3% hrs

Average speed = %
=260%3 _ 26 9km/h

Velocity and acceleration
For motion under constant acceleration;

initial velocity+final velocity
2

Average velocity =

Example
A car moving in a given direction under constant acceleration. If its velocity at a certain time is
75 km /h and 10 seconds later its 90 km /hr.

Solution
change in velocity
time taken

Accelaration =

_ (90-75)km/h
10s

_ (90-75) x 1000

2
m/s
10x 60 x 60

= % m/s”
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Example

A car moving with a velocity of 50 km/h then the brakes are applied so that it stops after 20
seconds .in this case the final velocity is 0 km/h and initial velocity is 50 km/h.

Solution
o= (0-50)x1000

2
m/s
20x60x60

Acceleratio
25 2

=-—m/s

36 /

Negative acceleration is always referred to as deceleration or retardation

Distance time graph.
When distance is plotted against time, a distance time graph is obtained.

shaliarany

stoady spoed

s sleady spsad
raturning | star

Velocity—time Graph
When velocity is plotted against time, a velocity time graph is obtained.
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A Nelocity - Time Graph

weloci

wdscelergting
# by
4 B

timee

Th= distance kaveled is ares under graph.
The sccelzizlion erd d=celeraton can be found by
triding ke gradient ol e lress.

Relative Speed

Consider two bodies moving in the same direction at different speeds. Their relative speed is

the difference between the individual speeds.

Example

A van left Nairobi for kakamega at an average speed of 80 km/h. After half an hour, a car left

Nairobi for Kakamega at a speed of 100 km/h.
a.) Find the relative speed of the two vehicles.

b.) How far from Nairobi did the car over take the van

Solution

Relative speed = difference between the speeds
=100 - 80
=20 km/h

Distance covered by the van in 30 minutes

Distance = 30 x 80 = 40 km
60
. 40
Time taken for car to overtake matatu = 20
=2 hours
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Distance from Nairobi =2 x 100 =200 km

Example

A truck left Nyeri at 7.00 am for Nairobi at an average speed of 60 km/h. At 8.00 am a bus left
Nairobi for Nyeri at speed of 120 km/h .How far from nyeri did the vehicles meet if Nyeri is 160
km from Nairobi?

Solution
Distance covered by the lorry in 1 hour =1 x 60

=60 km
Distance between the two vehicle at 8.00 am = 160 — 100
= 100km
Relative speed = 60 km/h + 120 km/h

Time taken for the vehicle to meet = 100

180

hours

O U1

Distance from Nyeri = 60 x g x 60

=60+ 33.3
=93.3 km

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. A bus takes 195 minutes to travel a distance of (2x + 30) km at an average speed of

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 305



isabokemicah@gmail.com

(x -20) km/h Calculate the actual distance traveled. Give your answers in
kilometers.
2.) The table shows the height metres of an object thrown vertically upwards varies with the
time t seconds.
The relationship between s and t is represented by the equations s = at” + bt + 10 where b are
constants.

t |0 |1 2 |3 |4 |5 1|6 |7 (8 |9 |10
S 451
) Using the information in the table, determine the values of a and b ( 2 marks)

I.) Complete the table (1 mark)

(b) (i) Draw a graph to represent the relationship between s andt (3 marks)
(i) Using the graph determine the velocity of the object when t = 5 seconds

(2 marks)

3.) Two Lorries A and B ferry goods between two towns which are 3120 km apart. Lorry A
traveled at km/h faster than lorry B and B takes 4 hours more than lorry A to cover the

distance.Calculate the speed of lorry B

4.) A matatus left town A at 7 a.m. and travelled towards a town B at an average speed of 60
km/h. A second matatus left town B at 8 a.m. and travelled towards town A at 60 km/h. If the

distance between the two towns is 400 km, find;
l.) The time at which the two matatus met

[.) The distance of the meeting point from town A

5. The figure below is a velocity time graph for a car.

y

(0]
o

,ICT,High SchoolPrimary Softcopy Notes 0714497530 306

Nove lated

Velocity (m/s)




isabokemicah@gmail.com

>
0 4 20 24 X
Time (seconds)
(a) Find the total distance traveled by the car. (2 marks)
(b) Calculate the deceleration of the car. (2 marks)
6. A bus started from rest and accelerated to a speed of 60km/h as it passed a billboard. A
car moving in the same direction at a speed of 100km/h passed the billboard 45 minutes later.
How far from the billboard did the car catch up with the bus? (3mks)
7. Nairobi and Eldoret are each 250km from Nakuru. At 8.15am a lorry leaves Nakuru for
Nairobi. At 9.30am a car leaves Eldoret for Nairobi along the same route at 100km/h.
Both vehicles arrive  at Nairobi at the same time.
(a) Calculate their time of arrival in Nairobi (2mks)
(b) Find the cars speed relative to that of the lorry. (4mks)
(c) How far apart are the vehicles at 12.45pm. (4mks)
8. Two towns P and Q are 400 km apart. A bus left P for Q. It stopped at Q for one hour and

then started the return journey to P. One hour after the departure of the bus from P, a
trailer also heading for Q left P. The trailer met the returning bus % of the way from P to
Q. They met t hours after the departure of the bus from P.

(a) Express the average speed of the trailer in terms of t
(b) Find the ration of the speed of the bus so that of the trailer.

0. The athletes in an 800 metres race take 104 seconds and 108 seconds respectively to
complete the race. Assuming each athlete is running at a constant speed. Calculate the
distance between them when the faster athlete is at the finishing line.

10. A and B are towns 360 km apart. An express bus departs form A at 8 am and maintains
an average speed of 90 km/h between A and B. Another bus starts from B also at 8 am
and moves towards A making four stops at four equally spaced points between B and A.
Each stop is of duration 5 minutes and the average speed between any two spots is 60
km/h. Calculate distance between the two buses at 10 am.

11. Two towns A and B are 220 km apart. A bus left town A at 11. 00 am and traveled
towards B at 60 km/h. At the same time, a matatu left town B for town A and traveled at
80 km/h. The matatu stopped for a total of 45 minutes on the way before meeting the
bus. Calculate the distance covered by the bus before meeting the matatu.

12. A bus travels from Nairobi to Kakamega and back. The average speed from Nairobi to
Kakamega is 80 km/hr while that from Kakamega to Nairobi is 50 km/hr, the fuel
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consumption is 0.35 litres per kilometer and at 80 km/h, the consumption is 0.3 litres
per kilometer .Find

i) Total fuel consumption for the round trip
i) Average fuel consumption per hour for the round trip.

The distance between towns M and N is 280 km. A car and a lorry travel from M to N.
The average speed of the lorry is 20 km/h less than that of the car. The lorry takes 1Th 10
min more than the car to travel from M and N.

If the speed of the lorry is x km/h, find x (5mks)

The lorry left town M at 8: 15 a.m. The car left town M and overtook the lorry at 12.15

p.m. Calculate the time the car left town M.
A bus left Mombasa and traveled towards Nairobi at an average speed of 60 km/hr.
after 21/2 hours; a car left Mombasa and traveled along the same road at an average
speed of 100 km/ hr. If the distance between Mombasa and Nairobi is 500 km,
Determine

(@) () The distance of the bus from Nairobi when the car took off (2mks)
(i) The distance the car traveled to catch up with the bus
(b) Immediately the car caught up with the bus

(c) The car stopped for 25 minutes. Find the new average speed at which the car
traveled in order to reach Nairobi at the same time as the bus.

A rally car traveled for 2 hours 40 minutes at an average speed of 120 km/h. The car
consumes an average of 1 litre of fuel for every 4 kilometers.

A litre of the fuel costs Kshs 59

Calculate the amount of money spent on fuel

A passenger notices that she had forgotten her bag in a bus 12 minutes after the bus
had left. To catch up with the bus she immediately took a taxi which traveled at 95 km/hr.
The bus maintained an average speed of 75 km/ hr. determine

(@) The distance covered by the bus in 12 minutes

(b) The distance covered by the taxi to catch up with the bus

The athletes in an 800 metre race take 104 seconds and 108 seconds respectively to
complete the race. Assuming each athlete is running at a constant speed. Calculate the
distance between them when the faster athlete is at the finishing line.

Mwangi and Otieno live 40 km apart. Mwangi starts from his home at 7.30 am and
cycles towards Otieno’s house at 16 km/ h Otieno starts from his home at 8.00 and
cycles at 8 km/h towards Mwangi at what time do they meet?
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19. A train moving at an average speed of 72 km/h takes 15 seconds to completely cross a
bridge that is 80m long.

(a) Express 72 km/h in metres per second

(b) Find the length of the train in metres

CHAPTER FOURTY ONE )

Specific Objectives"

By the end of the topic the learner should be able to:
a.) Define statistics

b.) Collect and organize data

c.) Draw a frequency distribution table

d.) Group data into reasonable classes

e.) Calculate measures of central tendency

f.) Represent data in form of line graphs, bar graphs, pie-charts, pictogram,histogram and
frequency polygons

g.) Interpret data from real life situations.

Content
a.) Definition of statistics

b.) Collection and organization of data

c.) Frequency distribution tables (for grouped and ungrouped data)
d.) Grouping data

e.) Mean, mode and median for ungrouped and grouped data

f.) Representation of data: line graph, Bar graph, Pie chart, Pictogram, Histogram,
Frequency polygon interpretation of data.
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Introduction

This is the branch of mathematics that deals with the collection, organization, representation
and interpretation of data. Data is the basic information.

Frequency Distribution table
A data table that lists a set of scores and their frequency

Trequency distribution teble

it rtala taste that Hata x sl ol scores and Thir frequency.

SCOre tally frequency ()
] e
2 [HHINI 9
3 (M 6
a W] 7
5 |l 3
6 |l 2
Tally

In tallying each stroke represent a quantity.

Frequency
This is the number of times an item or value occurs.

Mean
This is usually referred to as arithmetic mean, and is the average value for the data
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[ Tara valus Tally Frequenc Frequency = Data value
2 i 3 5 '
% II 2 f
4 - 5 20
5 I 3 15
& [l 4 24
7 itk | & 42
3 I 3 24
2 I 4 36

| SUh 30 173
total marks scored Yx

The mean x) = =
(%) total number of students  }'f

_173
30

= 5.767

Mode
This is the most frequent item or value in a distribution or data. In the above table its 7 which is
the most frequent.

Median

To get the median arrange the items in order of size. If there are N items and N is an odd

number, the item occupying(nz;l)“‘.

If N is even, the average of the items occupying g

Grouped data
Then difference between the smallest and the biggest values in a set of data is called the range.
The data can be grouped into a convenient number of groups called classes. 30 — 40 are called
class boundaries.

The class with the highest frequency is called the modal class. In this case its 50 < m < 60, the
class width or interval is obtained by getting the difference between the class limits. In this case,
30 - 40 =10, to get the mid-point you divide it by 2 and add it to the lower class limit.
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Frequency | Midpoint
* Frogquency
[ 245

30 s rt < 40 35

40 5 m < 50 £5 i1 270

50 5 m =< B0 55 8 440

B0 s m <70 G5 4 260
Totals: 25 1,215

The mean mass in the table above is }:f = 25, Y'fx = 1215

Mean 1215 =48.6
25

Representation of statistical data
The main purpose of representation of statistical data is to make collected data more easily
understood. Methods of representation of data include.

Bar graph
Consist of a number of spaced rectangles which generally have major axes vertical. Bars are
uniform width. The axes must be labelled and scales indicated.

Students' Favorite Juices

et
=

o om

Number of Students

Ll

o

Red COrange Yellow Purple
Juices

The students’ favorite juices are as follows
Red 2

Orange 8

Yellow 10

Purple 6
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Pictograms
In a pictogram, data is represented using pictures.

Consider the following data.
The data shows the number of people who love the following animals

Dogs 250, Cats 350, Horses 150, fish 150

-HEkEs

~ T
“LTEEZETER

=
ame I

Pie chart

A pie chart is divided into various sectors .Each sector represent a certain quantity of the item
being considered .the size of the sector is proportional to the quantity being measured .consider
the export of US to the following countries. Canada $ 13390, Mexico $ 8136, Japan $5824,
France $ 2110 .This information can be represented in a pie chart as follows

amount of export <360

Canada angle _
total population

13390 360 = 163.62°
29460
Mexico 8136\ 360 = 99.42°
29460
Japan o824 360 = 71.16" France 2110 ' 360 = 25.78"
29460 29460
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U.S. Exports

Japan
5824

France $2410

Line graph

Data represented using lines

i Facts | Got Comect = ol

Ruoad Race Resulis

Number of Runners

L R B L e e B R L B e e e B e L I e e B B e e e B R e i B R R B R R R i o |
i 15 20 25 M 35 40 4%
Diistance (miles)

e [y | [E] [TTEd | | Dy d

Histograms
Frequency in each class is represented by a rectangular bar whose area is proportional to the
frequency .when the bars are of the same width the height of the rectangle is proportional to

the frequency .

Note;
The bars are joined together.

The class boundaries mark the boundaries of the rectangular bars in the histogram
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FPerqueney Himegram

Fraqiey
- -

L M Kl i LLEi
Scure Class Tntenoals

Histograms can also be drawn when the class interval is not the same

The below information can be represented in a histogram as below

Marks 10- 14 15-24 25-29 30-44
No.of 5 16 4 15
students

Note ;
When the class is doubled the
frequency is halved
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Frequency polygon
It is obtained by plotting the frequency against mid points.

Road Race Resulis

Number of Runners

II:II CON B U R ] L I e T I I I L e T o e I R B I o B I B B | 1 e
5 5 b = k] 45
Distance (miles)

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. The height of 36 students in a class was recorded to the nearest centimeters as follows.

148 159 163 158 166 155 155 179 158 155 171 172
156 161 160 165 157 165 175 173 172 178 159 168 160
167 147 168 172 157 165 154 170 157 162 173

(a) Make a grouped table with 145.5 as lower class limit and class width of 5.
(4mks)

2. Below is a histogram, draw.
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il
o
1
T

>
a
[ |

Frequency density
N w w
o © O

S 4 \Q ¥ + 1 P

AMMINSN
MW

»
o

P LY

7 b

5 5 55 >

o
al -

Length Frequency
11.5=x<13.5
13.5=x<15.5
ﬁér salafjrgsb“i 155<x<17.5 pent
follows: 17.5=x<23.5
Food 40%
Transport 10%
Education 20%
Clothing 20%
Rent 10%

Draw a pie chart to represent the above information

4. The examination marks in a mathematics test for 60 students were as follows;-

60 54 34 83 52 74 61 27 65 22
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70 71 47 60 63 59 58 46 39 35

69 42 53 74 92 27 39 41 49 54

25 51 71 59 68 73 90 88 93 85

46 82 58 85 61 69 24 40 88 34

30 26 17 15 80 90 65 55 69 89

Class | Tally Frequency | Upper class
limit

10-29
30-39
40-69
70-74
75-89
90-99

From the table;
(a) State the modal class

(b) On the grid provided , draw a histogram to represent the above information

5. The marks scored by 200 from 4 students of a school were recorded as in the table
below.
Marks 41-50 |51-55 |56-65 |66-70 |71-85
Frequency | 21 62 55 50 12

a.) On the graph paper provided, draw a histogram to represent this information.
b.) On the same diagram, construct a frequency polygon.
c.) Use your histogram to estimate the modal mark.

6. The diagram below shows a histogram representing the marks obtained in a certain test:
- A

7L
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N l}U dated KASNEB,ICT,High School,Pri Soft N 0714497530 318

5

v Dens

A




isabokemicah@gmail.com

(a) If the frequency of the first class is 20, prepare a frequency distribution table for the
data

(b) State the modal class

(c) Estimate: (i) The mean mark
(i) The median mark
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CHAPTER FOURTY TWO J

Specific Objecﬁves

By the end of the topic the learner should be able to:
a.) ldentify an arc, chord and segment

b.) Relate and compute angle subtended by an arc at the circumference;

c.) Relate and compute angle subtended by an arc at the centre and at the circumference
d.) State the angle in the semi-circle

e.) State the angle properties of a cyclic quadrilateral

f.) Find and compute angles of a cyclic quadrilateral.

Content
a.) Arc, chord and segment.

b.) Angle subtended by the same arc at the circumference

c.) Relationship between angle subtended at the centre and angle subtended on the
circumference by the same arc

d.) Angle in a semi-circle
e.) Angle properties of a cyclic quadrilateral

f.) Finding angles of a cyclic quadrilateral.
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Introduction

Arc, Chord and Segment of a circle
Arc

Any part on the circumference of a circle is called an arc. We have the major arc and the minor
Arc as shown below.

MAJGH SECREENT

e

Chord

A line joining any two points on the circumference. Chord divides a circle into two regions
called segments, the larger one is called the major segment the smaller part is called the minor
segment.

Angle at the centre and Angle on the circumference
The angle which the chord subtends to the centre is twice that it subtends at any point on the
circumference of the circle.
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ANGLE AT THL
CIRCUNFERENCE

ANGLE AT Tml

CENTRE

Angle in the same segments
Angles subtended on the circumference by the same arc in the same segment are equal. Also
note that equal arcs subtend equal angles on the circumference

A

M

Cyclic quadrilaterals
Quadrilateral with all the vertices lying on the circumference are called cyclic quadrilateral

Angle properties of cyclic quadrilateral
v' The opposite angles of cyclic quadrilateral are supplementary hence they add up t0180°.

v If a side of quadrilateral is produced the interior angle is equal to the opposite exterior
angle.
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l:l"
ﬁb

[ v

a’

Y

Example
In the figure below < ADE = 120° find < ABC

T N
4 Ty
| )
| \J
I:"-.\ ’,-"'Jﬂ ; E

Solution
Using this rule, If a side of quadrilateral is produced the interior angle is equal to the opposite
exterior angle. Find < ABC = 120°

Angles formed by the diameter to the circumference is always 90°

90°

diameter

Summary
v Angle in semicircle = right angle
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v" Angle at centre is twice than at circumference
v" Angles in same segment are equal

v Angles in opposite segments are supplementary

Example

1.) In the diagram, O is the centre of the circle and AD is parallel to BC. If angle ACB =50°
and angle ACD =20°

Calculate; (i) ZOAB
(i) ZADC

Solution j) « AOB =2 2 ACB
= 100°
< OAB =180 - 100 Base angles of Isosceles A
2
=40’
(i) .BAD =180° - 70°
=110

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!
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Past KCSE Questions on the topic.

1. The figure below shows a circle centre O and a cyclic quadrilateral ABCD. AC = CD,
angle

ACD is 80° and BOD is a straight line. Giving reasons for your answer, find the size of :-

(i) Angle ACB

(i) Angle AOD
(iii) Angle CAB
(iv) Angle ABC
(v) Angle AXB

2 In the figure below CP= CQ and <CQP = 160°. If ABCD is a cyclic quadrilateral, find <
BAD.
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In the figure below AOC is a diameter of the circle centre O; AB = BC and < ACD = 25°
EBF is a tangent to the circle at B.G is a point on the minor arc CD.

(@) Ce?lculate the size of
(i) < BAD
(i) The Obtuse < BOD
(iii}) < BGD

(b) Show the < ABE = < CBF. Give reasons

In the figure below PQR is the tangent to circle at Q. TS is a diameter and TSR and QUV
are straight lines. QS is parallel to TV. Angles SQR = 40° and angle TQV = 55°

R
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Find the following angles, giving reasons for each answer

(a) QST
(b) QRS
(c) QVT
d) UTv
4. In the figure below, QOT is}? diameter. QTR = 48°, TQR = 76" and SRT = 37"

Calculate
(@) <RST
(b)  <SUT
(c) Obtuse <ROT

5. Inthe figure below, points O and P are centers of intersecting circles ABD and
BCD respectively. Line ABE is a tangent to circle BCD at B. Angle BCD = 42°

’ ; 42¢
A
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(@) Stating reasons, determine the size of
(i) <CBD
(i) Reflex <BOD

(b) Show that A ABD is isosceles

The diagram below shows a circle ABCDE. The line FEG is a tangent to the circle at point
E. Line DE is parallel to CG, <DEC=28and < AGE = 32°

F
Calculate:
(@) <AEG
(b) < ABC

7. Inthe figure below R, T and S are points on a circle centre OPQ is a
tangent to
the circle at T. POR is a straight line and £ QPR = 20°

328
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Find the size of £ RST

CHAPTER FOURTY THREE _

-

Specific Objectives

By the end of the topic the learner should be able to:
a.) Define vector and scalar

b.) Use vector notation

c.) Represent vectors both single and combined geometrically
d.) Identify equivalent vectors

e.) Add vectors

f.) Multiply vectors by scalars

g.) Define position vector and column vector

h.) Find magnitude of a vector

i.) Find mid-point of a vector

j-) Define translation as a transformation.

Content
a.) Vector and scalar quantities

b.) Vector notation

c.) Representation of vectors

d.) Equivalent vectors

e.) Addition of vectors

f.) Multiplication of a vector by a scalar
g.) Column vectors

h.) Position vectors
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i.) Magnitude of a vector
j-) Midpoint of a vector

k.) Translation vector.

Introduction
A vector is a quantity with both magnitude and direction, e.g. acceleration velocity and force. A
quantity with magnitude only is called scalar quantity e.g. mass temperature and time.

Representation of vectors
A vector can be presented by a directed line as shown below:

B

A

The direction of the vector is shown by the arrow.

Magnitude is the length of AB

Vector AB can be written as AB or AB
Magnitude is denoted by |AB|

A is the initial point and B the terminal point

Equivalent vectors
Two or more vectors are said to be equivalent if they have:

v Equal magnitude
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v" The same direction.

Vector Representation

* Equal Vettors - Twe vectars are equal if they have the same
magnitude AND the same direction as n (a). The line of action
may be different as shown.

= Negagve Veclors - Two vecton sre negatives of aach olher if
they have the same magnitude and opposite directions as in (b).

Addition of vectors

A movement on a straight line from point A to B can be represented using a vector. This
movement is called displacement

-

Consider the displacement from u followed by v

v

- -

The resulting displacement is writtenas u + v

Zero vector

A

Consider a diplacement from A to B and back to A .The total displacement is zero denoted by O
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This vector is called a Zero or null vector.
AB+BA=0
Ifa+b=0 ,b=-aora=-b

Multiplication of a vector by a scalar
Positive Scalar

If AB= BC =CD=a
A B C D>

AD=a+a+a=3a
Negative scalar
Subtraction of one vector from another is performed by adding the corresponding negative
Vector. That is, if we seek a - bwe form a+ (-b).
DA =(-a) + (-a) + (-a)
=-3a
The zero Scalar
When vector a is multiplied by o, its magnitude is zero times that of a. The result is zero vector.
a.0=0.a=0
Multiplying a Vector by a Scalar

If kis any positive scalar and a is a vector then ka is a vector in the same direction as a but k
times longer. If kis negative, ka is a vector in the opposite direction to a andk times longer.

More iluStrationS......cooeeeee e
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A vector is represented by a directed line segment, which is a
segment with an arrow at one end indicating the direction of
movement. Unlike a ray, a directed line segment has a specific
length.

The direction is indicated by an arrow pointing from thetail(the
initial point) to the head (the terminal point). If the tail is at
point A and the head is at point B, the vector from Ato Bis
written as:

RSN 3
notation: AB

(Vectors may also be labeled as a single bold face letter, such -

as vector v.)

The length (magnitude) of a vector v is written |v]. Length is
always a non-negative real number.

As you can see in the diagram at the right, the length of a vector
can be found by forming a right triangle and utilizing the
Pythagorean Theorem or by using the Distance Formula.

The vector at the right translates 6 units to the right and 4 units

Y
upward. The magnitude of the vector is - 13 from the
Pythagorean Theorem, or from the Distance Formula:

AR, =J8-2P+(7-37 =213

The direction of a vector is determined by the angle it makes
with a horizontal line.

In the diagram at the right, to find the direction of the vector (in
degrees) we will utilize trigonometry. The tangent of the angle
formed by the vector and the horizontal line (the one drawn
parallel to the x-axis) is 4/6 (opposite/adjacent).
4
tan =<4 = —
6

-1 —I' -y -
tan : ‘ — ‘ =~ 33.7°
b 6 r
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A free vector is an infinite set of parallel directed line segments and can be thought of as a
translation. Notice that the vectors in this translation which connect the pre-image vertices to
the image vertices are all parallel and are all the same length.

You may also hear the terms "displacement" vector or "translation" vector when working with
translations.

Position vector:
To each free vector (or translation), there corresponds a position vector which is the image of
the origin under that translation.

Unlike a free vector, a position vector is "tied" or "fixed" to the origin. A position vector describes
the spatial position of a point relative to the origin.

TRANSLATION VECTOR

Translation vector moves every point of an object by the same amount in the given vector
direction. It can be simply be defined as the addition of a constant vector to every point.

10 Translations and vectors: The translation at the left
shows a vector translating the top triangle 4 units to
the right and 9 units downward. The notation for
such vector movement may be written as:

i _I_
)

or ., A

\'.

(4.-9)

Vectors such as those used in translations are what
is known as free vectors. Any two vectors of the
same length and parallel to each other are
considered identical. They need not have the same
- initial and terminal points.

Example
The points A (-4,4),B(-2,3),C(-4,1)and D (-5, 3) are vrtices of a quadrilateral. If the
quadrilateral is given the translation T defined by the vector % draw the quadrilateral ABCD and

its image under T

Solution

0A' = ('4] " (5) - G),soAlis(l,l)
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OB' = (2] + (_53) = (g), soB'is (3,0)

oo (1) (3

OD1=('5)+(_53]=[12),50D1is(0,0)

(12],soclis(1,—2)

Summary on vectors

Components of a Vector in 2

dimensions:
To get from A to B you would move:

2 units in the x direction (x-
component)

4 units in the y direction (y-
component)

B

2

X

— (-3 -3
Similarly: ¢ D =[ J or v:( ] 4
2 2

ﬁ .2-dimensional column vector is of the form
A

)

—
The components of the vector are
these moves in the form of a column
vector.
—_ 2 2
thus AH={JOI’ u=(}
4
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Magnitude of a Vector in 2 dimensions:

We write the magnitude of u as | u|

u :(1] then |L||:-.I||J|'E+J.-’E
¥

The magnitude of a vector is the length
of the directed line segment which
represents it.

Use Pythagoras’ Theorem

to calculate the length of the vector.

The magnitude of vector uis |ul (the length of PQ)

The length of PQ is written as |p_ca|
Q

i |E‘ =8 +4°

' and so |E|:'~.1|82+4E —s0 =820

Examples:

1. Draw a directed line segment
3
1

representing [ ]

2. ;{3 and P is (2, 1), find co-

ordinates of Q

3. Pis(1,3)and Qis (4, 1) find =&

Solutions: .

2. Qis(2+4,1+3)—>Q(6,4)

Vector:

A quantity which has magnitude and
direction.

Scalar:

A quantity which has magnitude only.

Examples:
Displacement, force, velocity, acceleration.
Examples:

Temperature, work, width, height, length, time of day.
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End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

10 —14
Giventhat4p—3q=[5Jand p+2q=( ; ]find
1

c) () pand q (3 mks)

(II) | p+Zg | (3 mks)
(b) Show that A (1,-1), B (3, 5) and C (5, 11) are collinear (4 mks)
1 6 -3

i : ; 1
Given the columnvectors a=|—2|b=|—-3|c=| 2 |andthat p =2a——b +¢
3
1 o 3

(c) (i) Express p as a column vector

(2mks)
(d) (i) Determine the magnitude of p (1mk)
Given the points P(-6, -3), Q(-2, -1) and R(6, 3) express PQ and QR as column vectors.
Hence show that the points P, Q and R are collinear. (3mks)

The position vectors of points xandy are x=2/+ j—3k and y =3/+2 j —2k

respectively. Find x y as a column vector (2 mks)

1 —4 3
Giventhata=(J. =( J.C=( Jand P=2a+b —3c. frrnd ‘p|
- 2 . 5 . -7 - - . . i
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6.

7.

10.
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The position vectors of A and B are ZS[ar]d 87{ erectively. Find the coordinates of M

which divides AB in the ratio 1:2.

The diagram shows the graph of vectors £F , FG and GH .

Find the column vectors;

(a) EH (Tmk)
(b) I £+ | (2mks)
04 =2i—4k and 0B =—2i+ j—k . Find |A_B ‘ (2mks)

Find scalars m and n such that
"t
3 2

Given thatp p=2i—-j+kandqg=i+j+2k, determine

(@) [p+aql (1 mk)
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(b) [mp-2q| (2mks)

MATHEMATICS (121)

PAPER TWO
ALTERNATIVE A
INTRODUCTION

v" Questions in this paper will mainly test topics from Form 3 and 4. However knowledge
and skills acquired in form 1 and form 2 will be required

v' The time allocated for this paper is 2 ¥ hours

v' The paper consist of a total of 100 marks
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v" The paper shall consist of two section: : Section 1 and Il

Section |
This section will have 50 marks and sixteen (16) compulsory short- answer questions

Section |l

This section will have 50 marks and a choice of eight (8) open ended question, for candidates to
answer any five (5).The students should note that any attempted questions in this section will
be marked if they are not cancelled

CHAPTER FOURTY FOUR )
Specific Objecﬁ'{/es
By the end of the topic the learner should be able to:

(a) Factorize quadratic expressions;
(b) Identify perfect squares;

(c) Complete the square;
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(d) Solving quadratic equations by completing the square;

(e) Derive the quadratic formula;

(f) Solve quadratic equations using the formula;

(g) Form and solve quadratic equations from roots and given situations;
(h) Make tables of values from a quadratic relation;

(i) Draw the graph of a quadratic relation;

(j) Solve quadratic equations using graphs;

(k) Solve simultaneous equations (one linear and one quadratic) analytically and
graphically;

(1) Apply the knowledge of quadratic equations to real life situations.

Content
(a) Factorization of quadratic expressions

(b) Perfect squares
(c) Completion of the squares

(d) Solution of quadratic equations by completing the square

-b+ /b2-4ac

2a

(e) Quadratic formulax =-b +

(f) Solution of quadratic equations using the formula.
(g) Formation of quadratic equations and solving them
(h) Tables of values for a given quadratic relation

(i) Graphs of quadratic equations

(j) Simultaneous equation - one linear and one quadratic

(k) Application of quadratic equation to real life situation.
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Perfect square
Expressions which can be factorized into two equal factors are called perfect squares.
Completing the square

Any quadratic expression can be simplified and written in the form ax” x bx + ¢ where a, b and ¢

are constant and a is not equal to zero. We use the expression (g)2 = C to make a perfect
square.

We are first going to look for expression where coefficient of x =1
Example
What must be added to x’+ 10 x to make it a perfect square?
Solution

e Let the number to be added be a constant c.

e Thenx’+ 10x + c is a perfect square.

e Using (g)2 =C

e (10/2)=c
e C=25 (25must be added)

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 342



isabokemicah@gmail.com

Example
What must be added to x’+ _ + 36 to make it a perfect square
Solution

e Letthe term to be added be bx where b is a constant

e Then x’+ bx +36 is a perfect square.

Using (g)2 =36

=36

N|TT N|T

=+6 b=12xo0r-12x

We will now consider the situations where a# 1 and not equal to zerond not equal to zero

4x*-12x + 9 = (2x- 6)°

9%’ -6x + 1= (3x + 1)°

In the above you will notice that (g)2 = ac . We use this expression to make perfect squares

where ais not one and its not zero.

Example

What must be added to 25x*+ _ + 9 to make it a perfect square?
Solution

e Let the term to be added be bx.

e Then, 25x°+ bx + 9 is a perfect square.

e Therefore (g)2 = 25x 9re (b/2)*2=25x 9.
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b.>
e () =225
e

e sob=30or-30The term to be added is thus30 or - 30.
Example
What must be added to _ - 40x + 25 to make it a perfect square?
Solution

e Let the term to be added be ax’

e Then ax’ 40x + 25 is a perfect square.

e Using (g)2 = ac

. (?)2 - 25a

e 400 =25a

e a=16 the term to be added is 16x*

Solutions of quadratic equations by completing the square methods
Example

Solve x* + 5x+ 1 = 0 by completing the square.

solution

X' +5x+1=0 Write original equation.
x* + 5x = -1 Write the left side in the form x*+ bx.

X+ 10x + ( g)2= ( g)z -1 Add (g)2 to both sides

X+ 10x+ 22= 21
4 4

2
( x+g) = 2T}Take square roots of each side and factorize the left side
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5 21
+ = =+ |==Solve for x.
X 2 4

s 4-5283Simp|ify

417 9.583
or
2 2

Therefore x =-0.2085 or 4.792

The method of completing the square enables us to solve quadratic equations which

Cannot be solved by factorization.
Example
Solve 2x” + 4x+ 1 = 0 by completing the square
Solution
2x° + 4x =1 make cooeffiecient of x* one by dividing both sides by 2
X+ 2x =-1/2
X 42X+ 1 =—%+1
Adding 1 to complete the square on the LHS

1
+1) ==
(x+1y=1

1
+1=2V=
x 2

x=-1 % J0.5
=-1 + 0.7071071
.2929 or-1.7071

The quadratic formula

-b+ [b*-4ac
2a

Example

Using quadratic formula solve 2x°-5x-3 = 0
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Solution
Comparing this equation to the general equation ,ax” + bx + c = 0 we geta=2 b =-5 ¢ =-5

Substituting in the quadratic formulae

-b+ lb2-4ac

2a

-5+ [25 -4 (2)(-3)

2(2)

5 +./49

4

vl
I+

7

X=30r—l
2

Formation of quadratic equations

Peter travels to his uncle’'s home,30 km away from his place. He travels for two thirds of the
journey before the bicycle developed mechanical problems an he had to push it for the rest of
the journey. If his cycling speed is 10 km\h faster than his walking speed and he completes the
journey in 3 hours 30 minutes, determine his cycling speed .

Solution

Let Peters cycling speed be x km\ h, then his walking speed is (x-10 ) km/h.

Time taken in cycling = (% of30] + X

Time taken in walking = (30 — 20)+(x-10)

_ 10
x-10
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Totaltime:(£+ 10 )h
X x+10

Therefore |22+ 10 | -3l
x x-10 3

20, 10 }_10
x x-10

60(x-10) + 30 (x) = 10(x) (x-10)

10x* - 190x + 600 = 0

x*-19x+60=0

_ 19+,/361-240
2
x=150r4

If his cycling speed is 4 km/h , then his walking speed is (4 -10 ) km/h, which gives - 6
km/h.Thus,

4 is not a realistic answer to this situation.therefore his cycling speed is 15 km/h.

Example

A posite two digit number is such that the product of the digit is 24.When the digits are reversed
, the number formed is greater than than the original number by 18. Find the number

Solution

Let the ones digit of the number be y and the tens digit be x,
Then,xy=24..........1

When the number is reversed, the ones digit is x and the tens digit is y.
Therefore;

(10y +x) — (10x +y) = 18

9y-9x =18
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V-X=Z2V =X+ 2ireereieennnn 2=X+2 i 2
2 in equation 1 gives;
x(x+2) = 24

X +2x-24 =0

_ -2t {42-96

2

Xx=4o0r-6
Since the required number is positive x =4 andy =4+ 2 =6

Therefore the number is 46

Graphs of quadratic functions

A quadratic function has the form y = ax2 + bx + ¢ where a # 0. The graph of a quadratic
function isU-shaped and is called a parabola. For instance, the graphs of y = x’and y = -x’e
Shown below. The origin (0, 0) is the lowest point on the graph of y = x> and the highest point
on the graph of y=-x* . The lowest or highest point on the graph of a quadratic function is called
the vertex.

The graphs of y = x* and y =-x* are symmetric about the y-axis, called the axis of symmetry. In
general, the axis of symmetry for the graph of a quadratic function is the vertical line through
the vertex..

\.rertex (maximum value)

upward

1
Lo\
1
=~ Axis of — ‘L‘_':
symmetry |
]

\.

vertex (mmlmum value)

|

|

|

|

|

{ :

\ *'J- )l

1

' Oper

r
s
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The graph of y =x" faces downwards or open upwards and y =-x* faces upwards or open

downwards.

Example

Draw the graph of y=-2x* + 5x-1

Solution

Make a table showing corresponding value of x andy.

X -1

0

1

2

Y -8

-1

2

1

Note ; To get the values replace the value of x in the equation to get the corresponding value of

X

E.gy=-2(-1)°+5(-1)-1=-8

y=-2(07+5(0)-1=-1

r=%
koo

Example

232 4 5 &

\‘2. 1) s
1

Draw the graph of y= x*- 7x + 2

X 0 1 2 3 5 7
y 2 -4 -8 -10 -8 2
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pEX-Tx+2

ap |

]

4 5 67 & 51010 1213 |

Graphical solutions of simultaneous equations

We should consider simultaneous equation one of which is linear and the other one is quadratic.

Example
Solve the following simultaneous equations graphically:
y= x*-2x +1
y= X’ - 2X

Solution

Corresponding values of x and y

We use the table to draw the graph as shown below, on the same axis the line y = 5-2x is drawn.
Points where the line y =5 -2x and the curve y = x°- 2x + 1 intersect give the solution. The points
are (-2,9) and (2,1).Therefore, when x =-2,y =9 and when x = 2, y= 1
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End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

The table shows the height metres of an object thrown vertically upwards varies with the
time t seconds

The relationship between s and t is represented by the equations s = at” + bt + 10 where
b are constants.

t (01T |2 (3 |4 |5 1|6 |7 |8 |9 |10
S 45.1
(a) (i) Using the information in the table, determine the values of aand b
(2 marks)
(ii) Complete the table (1 mark)

(b)(i) Draw a graph to represent the relationship between s and t (3 marks)
(i) Using the graph determine the velocity of the object when t = 5 seconds
(a) Construct a table of value for the functiony = x* - x - 6 for-3s x < 4
(b) On the graph paper draw the graph of the function
Y=x*-x-6for-3sxs<4

(c) B%/ drawing a suitable line on the same grid estimate the roots of the equation
X" +2x—-2=0

(a) Draw the graph of y= 6+x-x, taking integral value of x in-4 < x < 5. (The
grid is provided. Using the same axes draw the graph of y = 2 — 2x
(b) From your graphs, find the values of X which satisfy the simultaneous
equationsy =6 +x -X°

y=2-2x
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(c) Write down and simplify a quadratic equation which is satisfied by the
values of x where the two graphs intersect.

4. (a) Complete the following table for the equationy = x> — 5x* + 2x + 9

X -2 1.5 -1 0 1 2 3 4 |5

x° -3.4 -1 0 1 27 64 | 125

-5x [ -20 113 |-5 0 -1 -20 -45

2x -4 -3 0 2 4 6 8 |10

9 9 9 9 9 9 9 9 9 |99
-8.7 9 7 -3

(b) On the grid provided draw the graph of y = x> - 5x* + 2x + 9 for-2<x< 5

(c) Using the graph estimate the root of the equation x* — 5x*+ 2 + 9 = 0 between x =
2andx =3

(d) Using the same axes draw the graph of y = 4 — 4x and estimate a solution to the

equation x> — 5x* + 6x + 5 =0

5. (a) Complete the table below, for function y = 2x* + 4x -3
X 4 |-3 |-2 -1 0 T |2
2x° 32 8 2 [0 |2
4x - 3 -11 -3 5
y -3 3 [13

b On the grid provided, draw the graph of the function y=2x* + 4x -3 for
( gridp grap y

-4 < x < 2 and use the graph to estimate the rots of the equation 2x*+4x — 3=0to
1 decimal place. (2mks)

(c) In order to solve graphically the equation 2x* +x -5 =0, a straight line must be
drawn to intersect the curve y = 2x* + 4x — 3. Determine the equation of this
straight line, draw the straight line hence obtain the roots.

2x* + x - 5to 1 decimal place.

6. (@) (i) Complete the table below for the functiony = x* + x* = 2x  (2mks)

X 3 |25 2 [-15 [-1 ]-05 0 [05 1 ]2 |25
X 15.63 -0.13 1
NG 4 0.25 6.25
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y 1.87 0.63 16.88

(i) On the grid provided, draw the graph of y = x* + x* — 2x for the values of x
inthe interval - 3<x<2.5

(ili)  State the range of negative values of x for which y is also negative

(b) Find the coordinates of two points on the curve other than (0, 0) at which x-
coordinate and y- coordinate are equal

The table shows some corresponding values of x and y for the curve represented by Y =
Ya x3 -2

-3 2 |- 0 1 23
Y |88 |4 |23 |-2 |[-1.8 |0 |48

On the grid provided below, draw the graph of y = % x* -2 for -3 < x <3. Use the graph to
estimate the value of x wheny =2

A retailer planned to buy some computers form a wholesaler for a total of Kshs
1,800,000. Before the retailer could buy the computers the price per unit was reduced by
Kshs 4,000. This reduction in price enabled the retailer to buy five more computers using
the same amount of money as originally planned.

(@) Determine the number of computers the retailer bought

(b) Two of the computers purchased got damaged while in store, the rest were sold
and the retailer made a 15% profit Calculate the profit made by the retailer on
each computer sold

The figure below is a sketch of the graph of the quadratic functiony = k

(x+1) (x-2) _— +

¥ T g
Find the value of k /‘E 0 1 ' 2"~, 3 x-aXis

| \
(a) Draw the graph of y= x* - 2x + 1 for values -2 < x <4
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(b) Use the graph to solve the equations x* — 4= 0 and line y = 2x +5
(@) Draw the graph of y = x* + x* — 2x for -3< x < 3 take scale of 2cm to
represent 5 units as the horizontal axis

(b) Use the graph to solve x> + x > = 6 -4 = 0 by drawing a suitable linear graph on the
same axes.

Solve graphically the simultaneous equations 3x — 2y =5and 5x +y =17
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CHAPTER FOURTY TWO

-

Specific Objectives

By the end of the topic the learner should be able to:

(a) Perform various computations using a calculator;

(b) Make reasonable approximations and estimations of quantities incomputations and
measurements;

(c) Express values to a given number of significant figures;
(d) Define absolute, relative, percentage, round-off and truncation errors;
(e) Determine possible errors made from computations;

(f) Find maximum and minimum errors from operations.

Content
(a) Computing using calculators

(b) Estimations and approximations
(c) Significant figures

(d) Absolute, relative, percentage, round-off (including significant figures)and truncation
errors

(e) Propagation of errors from simple calculations

(f) Maximum and minimum errors.

Approximation

Approximation involves rounding off and truncating numbers to give an estimation

Rounding off
In rounding off the place value to which a number is to be rounded off must be stated. The digit
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occupying the next lower place value is considered. The number is rounded up if the digit is
greater or equal to 5 and rounded down if it's less than 5.

Example
Round off 395.184 to:
a. The nearest hundreds
b. Four significant figures
c. The nearest whole number

d. Two decimal places

Solution
a. 400
b. 395.2
c. 395
d. 395.18
Truncating

Truncating means cutting off numbers to the given decimal places or significant figures,
ignoring the rest.

Example
Truncate 3.2465 to
a. 3 decimal places
b. 3 significant figures
Solution
a. 3.246
b. 3.24

Estimation

Estimation involves rounding off numbers in order to carry out a calculation faster to get an
approximate answer .This acts as a useful check on the actual answer.

Example
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152 x 269
32

Estimate the answer to

Solution

The answer should be close to 1503# = 1350

The exact answer is 1277.75. 1277.75 writen to 2 significant figures is 1300 which is close to
the estimated answer.

ACCURACY AND ERROR
Absolute error

The absolute error of a stated measurement is half of the least unit of measurement used.
When a measurement is stated as 3.6 cm to the nearest millimeter ,it lies between 3.55 cm and
3.65 cm.The least unit of measurement is milliliter, or 0.1 cm.The greatest possible error is 3.55
-3.6=-0.050r3.65-3.6 =+ 0.05.

To get the absolute error we ignore the sign. So the absolute error is 0.05 thus,|-0.05| =| +0.05|=
0.05.When a measurement is stated as 2.348 cm to the nearest thousandths of a centimeters

(0.007) then the absolute error is %x 0.001 = 0.0005.

Relative error
absolute

Relative error =
actual measurements

Example

An error of 0.5 kg was found when measuring the mass of a bull.if the actual mass of the bull
was found to be 200kg.Find th relative error

Solution

absolute _ 05

Relative error = = kg = 0.0025
actual measurements 200

Percentage error
Percentage error = relative error x 100%

absolute error

= x100%
actual measurment
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Example
The thickness of a coin is 0.20 cm.
a. The percentage error

b. What would be the percentage error if the thickness was stated as 0.2 cm ?

Solution

The smallest unit of measurement is 0.01

Absolute error = %x 0.01 = 0.005

Percentage error = MxlOO%
0.20

=25%

The smallest unit of measurement is 0.1

Absolute error = %x 0.1 = 0.05cm

Percentage error = 00—025 x 100%

=25%

Rounding off and truncating errors
An error found when a number is rounded off to the desired number of decimal places or

significant figures, for example when a recurring decimal 1. 6 is rounded to the 2 significant
figures, it becames 1.7 the rounde off error is;

1716 =751
10330

Note;

1.6 converted to a fractiong.

Truncating error

The error introduced due to truncating is called a truncation error.in the case of 1.6 truncated to
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2 S.F., the truncated erroris; |1.6-1. 6| = |1£ - 1§| =1
10 3 15

Propagation of errors
Addition and subtraction

What is the error in the sum of 4.5 cm and 6.1 cm, if each represent a measure measurement.
Solution

The limits within which the measurements lie are 4.45, i.e. ., 4.55 or 4.5 + 0.005 and 6.05 to 6.15,
i.e. 6.1+0.05.

The maximum possible sum is 4.55 + 6.15 =10.7cm

The minimum possible sum is 4.45 + 6.05 =10.5 cm

The working sumis 4.5+ 6.1 =10.6

The absolute error = maximum sum — working sum

=110.7 - 10.6 |

=0.10

Example

What is the error in the difference between the measurements 0.72 g and 0.31 g?
Solution

The measurement lie within 0.72 + 0.005 and 0.31 + 0.005 respectively the maximum possible
difference will be obtained if we substract the minimum value of the second measurement from
the maximum value of the first, i.e ;

0.725-0.305cm

The minimum possible difference is 0.715 — 0.315 = 0.400.the working difference is 0.72 — 0.31
=0.41 , which has an absolute error of |0.420 -0.41| or |0.400 - 0.41| = 0.10. Since our working
difference is 0.41, we give the absolute error as 0.01 (to 2 s.f)

Note:
In both addition and subtraction, the absolute error in the answer is equal to the sum of the
absolute errors in the original measurements.

Multiplication
Example
A rectangular card measures 5.3 cm by 2.5 cm. find

a. The absolute error in the rea of the card
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b. The relative error in the area of the cord
Solution

a.) The length lies within the limits 5.3 + 0.05 cm

b.) The length lies within the limits 2.5 + 0.05 cm
The maximum possible area is 2.55 x 5.35 =13.6425 cm’
The minimum possible area is 2.45 x 5.25 =12.8625 cm’
The working area is 5.3 x 2.5 = 13.25 cm”
Maximum area — working area = 13.6425 — 1325 = 0.3925.
Working area - minimum area = 13.25 — 12.8625 = 0.3875
We take the absolute error as the average of the two.

0.3925+0.3875
2

=0.3900

Thus, absolute error =

The same can also be found by taking half the interval between the maximum area and the
minimum area

%( 13.6425-12.8625) = 0.39

The relative error in the areais :

0.39

=22 -, 2S.F
5= =0039 (t02SF)

Division
Given 8.6 cm + 3.4 cm.Find:
a. The absolute error in the quotient

b. The relative error in the quotient

Solution

a. 8.6 cm has limits 8.55 cm and 8.65 cm. 3.4 has limits 3.35 cm and 3.45 cm.The
maximum possible quotient will be given by the maximum possible value of the
numerator and the smallest possible value of the denominator, i.e.,
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865 _ 5 58 (t0 3 5.f)

3.35

The minimum possible quotient will be given by the minimum possible value of the

numerator ad the biggest possible value of the denominator, i.e.

865 _ 5 48 (t0 3 s.f)
3.45
. . . . 8.6 _
The working quotient is; 34 2.53 (to 3 .f.)

The absolute error in the quotient is;

253x2.48 1y 410
2 2

= 0.050 (to 2 s.f) s.f)

b. Relative error in the working quotient ;

0.05 _ 5
253 253
=0.0197

=0.020 (to 2 s.f)

Alternatively

Relative error in the numerator is % =0.00581

Relative error in the denominator is 03%5 =0.0147

Sum of the relative errors in the numerator and denominator is
0.00581 + 0.0147 = 0.02051s
=0.021t0 2S.F

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!
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Past KCSE Questions on the topic.

—

(a) Work out the exact value of R = 1

0.003146 - 0.003130

(b) An approximate value of R may be obtained by first correcting each of the
decimal in the denominator to 5 decimal places

(i) The approximate value
(i) The error introduced by the approximation

The radius of circle is given as 2.8 cm to 2 significant figures

(a) If C is the circumference of the circle, determine the limits between which /xlies

(b) By taking [1 to be 3.142, find, to 4 significant figures the line between which the
circumference lies.

The length and breadth of a rectangular floor were measured and found to be 4.1 m and

2.2 m respectively. If possible error of 0.01 m was made in each of the measurements,

find the:

(a) Maximum and minimum possible area of the floor
(b) Maximum possible wastage in carpet ordered to cover the whole floor
In this question Mathematical Tables should not be used

The base and perpendicular height of a triangle measured to the nearest centimeter

are 6 cm and 4 cm respectively.

Find
(a) The absolute error in calculating the area of the triangle
(b) The percentage error in the area, giving the answer to 1 decimal place

By correcting each number to one significant figure, approximate the value of 788 x
0.006. Hence calculate the percentage error arising from this approximation.

A rectangular block has a square base whose side is exactly 8 cm. Its height measured
to the nearest millimeter is 3.1 cm

Find in cubic centimeters, the greatest possible error in calculating its volume.

Find the limits within the area of a parallegram whose base is 8cm and height is 5 cm
lies. Hence find the relative error in the area

Find the minimum possible perimeter of a regular pentagon whose side is 15.0cm.
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Given the number 0.237
(i) Round off to two significant figures and find the round off error
(i) Truncate to two significant figures and find the truncation error

The measurements a = 6.3, b= 15.8, c= 14.2 and d= 0.00173 have maximum possible
errors of 1%, 2%, 3% and 4% respectively. Find the maximum possible percentage error in
2/h correct to 1sf.
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CHAPTER FOURTY THREE

Specific Objectives -

By the end of the topic the learner should be able to:

(a) Define and draw the unit circle;

(b) Use the unit circle to find trigonometric ratios in terms of co-ordinates of points for 0
<9< 360°%

(c) Find trigonometric ratios of negative angles;
(d) Find trigonometric ratios of angles greater than 360° using the unit circle;

(e) Use mathematical tables and calculators to find trigonometric ratios of angles in the
range 0 < 9 < 360°

(f) Define radian measure;

(g) Draw graphs of trigonometric functions; y = sin x, y = cos x and y ~ tan x using
degrees and radians;

(h) Derive the sine rule;
(i) Derive the cosine rule;
() Apply the sine and cosine rule to solve triangles (sides, angles and area),

(k) Apply the knowledge of sine and cosine rules in real life situations.

Content
(a) The unit circles

(b) Trigonometric rations from the unit circle
(c) Trigonometric ratios of angles greater than 360° and negative angles

(d) Use of trigonometric tables and calculations
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(e) Radian measure

(f) Simple trigonometric graphs

(g) Derivation of sine and cosine rule
(h) Solution of triangles

(i) Application of sine and cosine rule to real situation.

The unit circle
It is circle of unit radius and centre O (0, 0).
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1
YA {cos, sin)

From 0°-90° is the first quadrant
From 90°- 180" is the second quadrant
From 180° - 270" is the third quadrant
From 270°- 360" is the forth quadrant

An angle measured anticlockwise from positive direction of x — axis is positive. While an angle
measured clockwise from negative direction of x — axis is negative.

- m L
IT;]-"?“ 2 |-E'G;|3_I

In general, on a unit circle

l.  cos 0’ = x co- ordinate of p.

ll.  sin 8°=y co-ordinate of p.
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y co-ordinate of p _ sin@
x co-ordinate of p°  cos@

. tan 0°=

Trigonometric ratios of negative angles
In general

. sinfi(-0") = -sin®

. cosi(-0%) = cos®

.  tan (-0") = -tan®
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The Unit Circle

Positive: sin, csc Positive: sin, cos, tan, sec, csc, cot
Negative: cos, tan, sec, cot Negative: none

‘1,V3 0(°

(-1,0)lm 180°

2 D70° (3%

Positive: tan, cot (0‘ = ] ) Positive: cos, sec
egative: sin, cos, sec, cs¢ gative: sin, tan, csc,
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Use of calculators

Example

Use a calculator to find
. Tan30°

Solution

Key in tan

Key in 30
e Screen displays 0.5773502
e Therefore tan 30° = 0.5774
To find the inverse of sine cosine and tangent
e Key in shift
e Then either sine cosine or tangent
e Key in the number

Note;
Always consult the manual for your calculator. Because calculators work differently

Radians
One radian is the measure of an angle subtended at the centre by an arc equal in length to the
radius of the circle.
Because the circumference of a circle is 2mr, there are 2n radians in a full circle. Degree
measure and radian measure are therefore related by the equation 360° = 2m radians, or 180° =
n radians.
The diagram shows equivalent radian and degree measures for special angles from 0° to 360°
(0 radians to 2m radians).You may find it helpful to memorize the equivalent degree and radian
measures of special angles in the first quadrant. All other special angles are just multiples of
these angles.

1207 :.-“- ;_r B :
el —— |'7" |.4
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Example

Convert 125into radians

Solution
0
f1¢= 399 _ 5799
2T
125

Therefore 125°=—=2_=21821t04S.F
57.29

Example

Convert the following degrees to radians, giving your answer in terms .

60°

Solution
360° = 2"
Therefore
60° = (2 x 60)°
360
=3

Example

What is the length of the arc that that subtends an angle of 0.6 radians at the centre of a circle
of radius 20 cm.

Solution
1°is subtended by 20 cm
therefore 0.6° is subtended by 20x0.6 cm = 12 cm

Simple trigonometric graphs
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Graphs of y=sin x

The graphs can be drawn by choosing a suitable value of x and plotting the values of y against
theCorresponding values of x.

Range; | ,
l=y=x1 Ii '

.'\\'
Period: 2x

The black portion of the graph represents one period of the function and is called one cycle
of the sine curve.

Example
Sketch the graph of y = 2 sin x on the interval [-, 47).
Solution:

Note that y = 2 sin x = 2(sin x) indicates that the y~values for the key points will have twice the
magnitude of those on the graph of y = sin x.

X /2 i 3n 21

Y=2sin X 2 0 -2 0

To get the values of y substitute the values of x in the equation y =2sin x as follows
y=2 sin (360) because 2 nt is equal to 360°

Note;
¢ You can change the radians into degrees to make work simpler.

e By connecting these key points with a smooth curve and extending the curve in both
directions over the interval  [-m, 47, you obtain the graph shown in below.
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Example

y=§in x

Sketch the graph of y = cos x for 0° < x < 360°using an interval of30°

Solution:
The values of x and the corresponding values of y are given in the table below

0

0

0

0

X 0° 30 60’ 90 120 150 180 210 240
1 0.866 | 0.5 0 -0.5 - -1 - -0.5

Y=cos 0 0.866 0.866

X 0 0

X 270" 300° 330’ 360"

Y=cosx |0 0.5 0.8660

v

Maximum Intercept Minimum
1 I

1 (1, 0)

Intercept
I

el

Py

(0. 0)

T

Quarter
period

Period
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Definition of Amplitude of Sine and Cosine Curves

The amplitude of vy = @ sinxand ¥ = a cos x represents half the distance
between the maximum and minimum values of the function and is given by

Amplitude = |al.

Graph of tangents
Note;
e Asthevalue of x approaches 90° and 270° tan x becames very large
e Hence the graph of y =tan x approaches the lines x =90° and 270° without touching them.

e Such lines are called asymptotes
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1 |
15
+5
+4
13
€12
11
= I I I I ==
-B.3 47 AN 16 16 A a7 B3
| T
+2
| +2
+4
+5
Solution of triangles
Sin rule
If a circle of radius R is circumscribed around the triangle ABC ,then a_ __b _ _c =2R.

sinA  sinB  sinC
The sine rule applies to both acute and obtuse —angled triangle.

A
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Example
Solve triangle ABC, given that CAB =42.9°, c= 14.6 cmand a=11.4cm

Solution

To solve a triangle means to find the sides and angles not given

C

a_ __¢c
sinA sinC
114  14.6

sin 42.9 sin C

Sin ¢ =1465in42.9 _ 5554
114

Therefore ¢ =60.69°

Note;

The sin rule is used when we know
e Two sides and a non-included angle of a triangle
e All sides and at least one angle

e All angles and at least one side.
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Cosine rule
A
C b
B
o [
a’=b* + ¢*-2bccos A ORb* = a° + ¢*- 2 accos B
Example

Find AC in the figure below, if AB= 4 cm, BC = 6 cm and ABC =78’

Solution
Using the cosine rule
b® + ¢*-2 accos B
b’ =a’+ c*- 2 accos B
b’ =4>+6°-2x4x6cos 78"

=16+ 36 — 48 cos 78°

=52 -9.979

=42.02cm
Note;

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530

376



isabokemicah@gmail.com

The cosine rule is used when we know

Two sides and an included angle

All three sides of a triangle

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1.

2.

3.

Solve the equation
Sin56=-1for0°<0=<180°
2 2
Given that sin 6 = /3 and is an acute angle find:

(a) Tan 6 giving your answer in surd form
(b) Sec’6
Solve the 1

equation 2 sin’(x-30°) = cos 60° for — 180° < x < 180°

4.

Given that sin (x + 30)° = cos 2x*for 0% 0° < x <90° find the value of x. Hence find the
value of cos “3x".

Given that sina =1 where a is an acute angle find, without using
V5
Mathematical tables
(a) Cos a in the form of avb, where a and b are rational numbers
(b) Tan (90° - a).
Give that x° is an angle in the first quadrant such that 8 sin®x + 2 cos x -5=0
Find:
a) Cos x

b) tan x
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7. Given that Cos 2x° = 0.8070, find x when 0° < x < 360°
8 The figure below shows a quadrilateral ABCD in which AB =8 cm, DC = 12 cm, < BAD =
45° < CBD = 90° and BCD = 30°.
Find:

(a) The length of BD
(b) The size of the angle ADB

The diagram below represents a school gate with double shutters. The shutters are such
opened through an angle of 63°.

The edges of the gate, PQ and RS are each 1.8 m

AN
N
A0

_ ! 714497530 378
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Calculate the shortest distance QS, correct to 4 significant figures

10..The figure below represents a quadrilateral piece of land ABCD divided into three
triangular plots. The lengths BE and CD are 100m and 80m respectively. Angle ABE =
30°ZACE = 45° and £ ACD = 100° A

130°

Bt 1110l 11—t C /

(a) Find to four significant figures:
(i) The length of AE
(i) The length of AD

(iii)  The perimeter of the piece of land

(b) The plots are to be fenced with five strands of barbed wire leaving an entrance of 2.8 m
wide to each plot. The type of barbed wire to be used is sold in rolls of lengths 480m.
Calculate the number of rolls of barbed wire that must be bought to complete the
fencing of the plots.

11. Given that x is an acute angle and cos x = 2V 5, find without using mathematical
5

tables or a calculator, tan (90 - x)°.

12.  Inthe figure below ZA = 62°, /B = 41° BC = 8.4 cm and CN is the bisector of ZACB.
C
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Calculate the length of CN to 1 decimal place.

13. In the diagram below PA represents an electricity post of height 9.6 m. BB and RC
represents two storey buiIdings of heights 15.4 m and 33.4 m respectively. The angle of
depression of A from B is 5.5° While the angle of elevation of C from B is 30.5° and BC =
35m.

C

Em

114 m

(@) Calculate, to the nearest metre, the distance AB
(b) By scale drawing find,
() The distance AC in metres
(i) Z BCA and hence determine the angle of depression of A from C

More questions

1. Solve the equation: (2 mks)
Sin %x =—%foru" <x <180°
2. (a) Complete the table below, leaving all your values correct to 2 d.p. for the functions y
=cos x and y = 2cos (x + 30)° (2 mks)
X° 0° 60° |120° |180° |240° |300° |360° |420° |480° |540°
cosX 1.00 -1.00 0.50
2cos(x+30) | 1.73 -1.73 0.00
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(b) For the function y = 2cos(x+30)°

State:
(i) The period (1 mk)
(i) Phase angle (1 mk)

(c) On the same axes draw the waves of the functions y = cos x and y = 2cos(x+30)° for
0° < x < 540 ° . Use the scale Tcm rep 30° horizontally and 2 cm rep 1 unit vertically

(4 mks)

(d) Use your graph above to solve the inequality 2 cos(x+ 30%) < cos x (2 mks)
3. Find the value of x in the equation.

Cos(3x-180°) = v3 in the range 0°< x < 180° (3 marks)

2
4, Given that tan &= -~ and e is an acute angle, find without using tables cos (90 -e)
60

(2mks)
5. Solve for e if - sin (2x + 30) = 0.1607, 0 <e= 360° (3mks)
6. Given that Cos 0 = °/13 and that 270°<6< 360° , work out the value of Tan 6 + Sin 6 without using a

calculator or mathematical tables. (3 marks)
7. Solve for x in the range 0°< x < 180°
(4mks)

-8 sin’x — 2 cos x = -5.
8. Iftanx®="%/sand x is a reflex angle, find the value of 5sin x + cos x without using a
calculator or mathematical tables
9. Find 0 given that 2 cos 30 -1 = 0 for 0°<6< 360°

10. Without a mathematical table or a calculator, simplify: Cos300° x Sin120°giving your
answer in

Co0s330° — Sin 405°rationalized surd form.
11. Express in surds form and rationalize the denominator.
1
Sin 60° Sin 45° - Sin 45°

12. Simplify the following without using tables;
Tan 45 + cos 45sin 60
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CHAPTER FOURTY FOUR

>

Specific Objectives
By the end of the topic the learner should be able to:
(a) Define rational and irrational numbers,

(b) Simplify expressions with surds;

(c) Rationalize denominators with surds.

Content
(a) Rational and irrational numbers

(b) Simplification of surds

(c) Rationalization of denominators.
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Rational and irrational numbers

Rational numbers

A rational number is a number which can be written in the form £, where p and q are integers
q

and g# 0.The integer’'s p and g must not have common factors other than 1.

1 3 . .
Numbers such as 2, > Zﬁare examples of rational numbers .Recurring numbers are also
rational numbers.

Irrational numbers

Numbers that cannot be written in the form B .Numbers such as J2/3 areirrational numbers.
q

Surds
Numbers which have got no exact square roots or cube root are called surds e.g. 2

828 16 or 36

The product of a surd and a rational number is called a mixed surd. Examples are ;
23,47 and %ﬁ

Order of surds
ﬁ ,\/g are surds of order two
i/f ,i/6— are surds of order three
f/f ,UE are surds of order four
Simplification of surds

A surd can be reduced to its lowest term possible, as follows ;

Example
Simplify
a) J18
b) J72
Solution

Ji8 = fox2
JoxJ2 =32

J48 = [16x 3
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J16 %3 =43

Operation of surds

Surds can be added or subtracted only if they are like surds (that is, if they have the same value
under the root sign).
Example 1

Simplify the following.
i. 3vV2+5V2
i. 8v5-2V5

Solution

i. 3v2+5v2=8v2
i. 8v5-2V5=6V5
Summary

J2 + 2 Leta=2
Therefore 2 +2=a+a
=2a
But a=.2
Hence 2 + 2 =22

Multiplication and Division of surds
Surds of the same order can be multiplied or divided irrespective of the number under the root
sign.

Law 1: va x vb = vab| When multiplying surds together, multiply their values together.

e.g.1 v3xv12=v (3x12)=v36 = 6
e.g.2 v7x v5 = V¥35

This law can be used in reverse to simplify expressions...

e.g.3 V12 = v2xV6 or v4xv3=2v3
Law 2:va++vb or % = Y(a/b) | When dividing surds, divide their values (and vice versa).
e.g.1 V12 = V(12+3) = v4 = 2
v3
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V6 _ V3
e.g.2 V8~ Va

Law 3: v (@°) or (Vva)® =a |When squaring a square-root, (or vice versa), the symbols cancel

Each other out, leaving just the base.
e.g.1 v12% = 12
e.g.2 VI XV7=V7°=7

Note:

If you add the same surds together you just have that number of surds. E.g.

V2 +V2++v2=3V2
If a surd has a square number as a factor you can use law 1 and/or law 2 and work backwards
to take that out and simplify the surd. E.g. v500 =v100xv5=10v5

Rationalization of surds

Surds may also appear in fractions. Rationalizing the denominator of such a fraction means
finding an equivalent fraction that does NOT have a surd on the bottom of the fraction (though it
CAN have a surd on the top!).

If the surd contains a square root by itself or a multiple of a square root, to get rid of it, you must
multiply BOTH the top and bottom of the fraction by that square root value.

e.g. 6 X V7 = 6v7
~7— X V7 B a—
e.g.2 6+v2 xV3 = 6v3+v2xV3 = 6v3 + V6
2V3 X V3 2xv3x+v3 6

i.e.2 x W

If the surd on the bottom involves addition or subtraction with a square root, to get rid of the
square root part you must use the ‘difference of two squares’ and multiply BOTH the top and
bottom of the fraction by the bottom surd’s expression but with the inverse operation.

e.g.3 7 x(2-v2) = 1121-7w/2 = 14-7J2

2+V2 x(2-V2) 227(@— 2

Notes on the ‘Difference of two squares’...

Squaring... (2+v2)(2+V2) =2(2+V2)+v2(2+V2)
(ops the same) = 4 +2V2 +2V2+V2V2
=4 Y42 —+7 =6+ v2 (still asurd)
Multiplying... (2++v2)(2-v2) =2(2-v2)+v2(2-v2)
(opposite ops) = 4 -2V2+2V2-V2V2
%_J
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4 (cancelout) - 2 = 2 (notasurd)

In essence, as long as the operation in each brackets is the opposite, the middle terms will
always cancel each other out and you will be left with the first term squared subtracting the
second term squared.

ie. (5+VvN)(5-v7) > 5*-(7)?*=25-7=18

Example
Simplify by rationalizing the denominator

Solution

206+ 3)s B(E 5 )
ol JerB)- 3Jar B )

_ J12+/6+/18+V9
-~ J36+/18-/18-V9

= J4—X\/§+\/E+J§Xﬁ+ﬁ
6-3

_ 2J§+J€+3ﬁ+3
3

Note

If the product of the two surds gives a rational number then the product of the two surds gives
conjugate surds.

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!
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Past KCSE Questions on the topic.

1. Without using logarithm tables, find the value of x in the equation

Log x° + log 5x = 5 log2 - log 2
5

2. Simplify (1+v3)(1-v3)
Hence evaluate _1  to3s.f. giventhat v3=1.7321
1++v3
3. If v14 - v14 = av7+bv2

V7-V2 vV7+vV2

Find the values of a and b where a and b are rational numbers.

4 Find the value of x in the following equation 49**" + 7% = 350
Find x if 3 log 5 + log x* = log 1/125
6. Simplify as far as possible leaving your answer inform of a surd
1 - 1
v14 -2+vV3 V14 +2 V3

7. Given that tan 75° = 2 + v3, find without using tables tan 15° in the form p+qvm,

where p, g and m are integers.

8. Without using mathematical tables, simplify
I I
63 + 72
{32 + |28
9. Simplify 3 + 1 leaving the answer in the form a + b V¢, where a, b and ¢

V5-2 <5 are rational numbers
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CHAPTER FOURTY FIVE

-

Specific Objectives

By the end of the topic the learner should be able to:

(a) Derive logarithmic relation from index form and vice versa;
(b) State the laws of logarithms;

(c) Use logarithmic laws to simplify logarithmic expressions and solvelogarithmic
equations;

(d) Apply laws of logarithms for further computations.

Content
(a) Logarithmic notation (eg. an=b, log ab=n)

(b) The laws of logarithms: log (AB) = log A + log B, log(A*B) =log A-logBand LogAn =
nxlogA.

(c) Simplifications of logarithmic expressions
(d) Solution of logarithmic equations

(e) Further computation using logarithmic laws.
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(Read as log base @ of ¥ equalst).

In general

y:ax@ log , ¥ = x

Where < means “implies and is implied by” i.e. it works both ways!

Note this means that, going from exponent form to logarithmic form:

0% =100 = 109y 000)=2 | 4972 =2gg1=  logq(0.01) =2
1[][':1:} |Dq mﬂ]zlj 25:32:> log 5 (32) =5
: log 4(3) =+ B logg(4) =2
92 =3 = el =3 83 =4 = @98 =73
And in going from logarithmic form to exponent form:
log 1 (10)=T= 49" =10 109 10 (0001 ==5=" 44=3 — g ooy
log (1) =0 = EI:I=_I ||:|q3|:8'|:|:.4:> 34231
l0g 100 (10) = 5 = mu‘zl:m ‘g 5(54’5]:%: 5%=5~f§

Laws of logarithms
Product and Quotient Laws of Logarithms:

log, (M = Njy=log, M +log N
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M
log, [?] =log, M —log N The Quotient Law

Example.

log, 9 +log, 8—1log, 2

=log,(72)—log, 2

72
= Iﬂga[—J:Iﬂg“BE]
2

=2

The Power Law of Logarithms:
log, M "= nlog, M

Example.

2log 5 + 2log 2
=log5 +log2°
=log25+log 4
=log100=log, 100

=2

Logarithm of a Root

1

N e n
log, x" ==log, x or log, ¥x =
n m

log, x
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PROOF OF PROPERTIES

isabokemicah@gmail.com

5

Property

Proof

Reason for Step

1. logpb=Tandlogs1=0

b'=b andb’=1

Definition of logarithms

2.(product rule)

logb Xy = logbx + logb y

a. Let logpx=mandlogsy =n
b. x=b™ andy=b"

c. xy=bM+b"

d. xy=b™*"

e. logbxy=m+n

f logb xy = logb x + logb y

a. Setup
b. Rewrite in exponent form
. Multiply together

c
d. Product rule for exponents

®

Rewrite in log form

bl

Substitution

3. (quotient rule)
X
logb ; =logbx - logb y

a. Let logpx=mandlogsy =n
b. x=b™ andy=b"

b m

X
¥ b"

e.logh . =m-n
gb},

X

—h

logo ¥ logs x - logs y

a. Given: compact form

b. Rewrite in exponent form

c. Divide

d. Quotient rule for exponents

e. Rewrite in log form

)

Substitution

4. (power rule)
logbx" = n logs x

. Let m=logbx sox=b"

a
b. x"=b™

O

. logox" =mn

o

. logb x" = n logs x

a. Setup

b. Raise both sides to the nth
power

c. Rewrite as log

d. Substitute

5. Properties used to solve
log equations:
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a. ifb*=b’ thenx =y a. This follows directly from the
properties for exponents.

) b. i logbx-logpy=0
b. if logb x = logp y, then x b. i Subtract from both sides

= y X
—=0
ii. logp ii. Quotient rule

X

ji. ¥ 1°

¥ iii. Rewrite in exponent form

iv. ¥ 1sox=y

iv. b’ =1

Solving exponential and logarithmic equations

By taking logarithms, and exponential equation can be converted to a linear equation and solved.
We will use the process of taking logarithms of both sides.

Example.
a) 4 =12
log 4 = log12

x¥logd =log12

_Iug12

X x=1792

log 4

Note;

A logarithmic expression is defined only for positive values of the argument. When we solve a
logarithmic equation it is essential to verify that the solution(s) does not result in the logarithm
of a negative number. Solutions that would result in the logarithm of a negative number are
called extraneous, and are not valid solutions.
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Example.

Solve for x:

log, (x+1)+lag. (x—3)=1 7 (the one becomes an exponent : 5")
log, (x+1)(x—3)=5

¥ —2x—3—-5=0
x —2x—8=0

jx—4)(x+2y=0 —x=4, x=—2 extraneous)

Verify:

log,(4+1)+log, (4 —3) =1 log,(—2+1)+log, (—2—3) =1

log, 5+log.1=1 log . (—1) +log, (—5) not possible
140 =1

Solving equations using logs

Examples
(i) Solve the equation 10 * = 3.79
The definition of logs saysif y =a“then log ; ¥y=x or y=a" < x=log , y

Hence 10" =3.79 = v =log.,, 3.79 =0.57864 (to 5 decimal places
10

0.57864

Check 10 = 3.79000 (to 5 decimal places)

In practice from 10 * = 3.79 we take logs to base 10 giving

log 1, 10 1= log (3.79)
¥log 45 (10) = log (3.79)
x = 0.57864

(ii) Solve the equation 3°* = 56

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530

393



isabokemicah@gmail.com

log 15 37 1= log 4y (56)
2xlog g (3) =log 5 (56
log ;4 (86 )
x= — 0 = 366403 .

log 45 (3]

¥ =1.83201 ...

Check 3° =27, 3" =81, wewant 3°" so the value of 2x lies between 3and 4 or3 <2 x <4
which means ¥ lies between 1.5 and 2. This tells us that * =1.83201... is roughly correct.

(iii) Solve the equation 4* =3 "'

41 =31+1
xlog qp 4 = (x+1)log 4y 3
= xlog 5 3+1log p 3
xlog gp 4 — xlog p 3 =log g 3
xlog o 4—log g 31 =log 4 3

log 3
x = -1 = 3.8188 ..

log 1 4 —log 4 3

X g3 L 4 e |
Check GFF _ g4 BIBE L a5 _ oo very close!
Note you could combine terms, giving,
log 14 3 log .o 3
X = ik = —— = 3.8188 ..

log i 4 =109 10 3 Jag 4, %1

x+6 _ o 5-2x

(iv) Solve the equation 4 3
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x+6 5—-2x

- =3

(x+6ilog 4 =(5—2Zx)log 3
Take logs of both sides xlog 4 +6log 4 =5log 3 —2xlog 3
Expand brackets xlog 4+ 2xlog 3=51log 3 —6log 4
Collect terms x¥(log 4+ Zlog 31 =5log 3 —6log 4
_5|l:|l_;| 3—6log 4
~ log 4 +2log 3

Factorise the left hand side ¥ = 0.78825

divide

(Note you get the same answer by using the In button on your calculator.)

Check 4 x¥+6 — 4—3.?3325 +6 :45.211?5 — 1373 368 and

5-2x  ,5-2(—7BBIS ) _ . G.57649B

3 =3 3 =1373 368

Notice that you could combine the log-terms in

5log 3 — 6log 4 og 3% + 4%

¥ = ———1{0 give ¥ = "
log 4 +2log 3 log (4 %37}

It does not really simplify things here but, in some cases, it can.

(v) Solve the equation 73"~y =2(5" ")
703 r—1 | = EI:521c+1 |
log 7 +i{x—Tilog 3=log 2+ (Zx+1)log &
Take logs of both sides log 7+ xlog 3—log 3=log 2+ 2xlog 5+log 5
Expand brackets ¥log 3—2xlog 5 =log 2+log 5—log 7 +log 3
Collect terms x(log 3 = 2log 5) = log (22222,

3 20
| _—| _
xngl:zﬁl—ng(?l

Factorize left hand side log (22
915 0.632023

X = = = —0.686371
log i%, — 0920819

simplify
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divide
Check
x-1 17 77 . 17 .2
LHS = 73" )= 7 %3 %—E—E (taking 3" 3" =9)
3
RHS = 2{52x+]|=23{5_ﬂ'4=iﬁiﬁ1 (taking 53'11'?::53'5:\!'?:22 )
0.4 Jg

The values of LHS and RHS are roughly the same. A more exact check could be made using a
calculator.

Logarithmic equations and expressions
Consider the following equations

log,81 =x andlog, 8 =3

The value of x in each case is established as follows

log.81 = x
Therefore 3" =81
3% = 3
X =4
log 8 =3
x’=8
x' =2
x=2
Example
Solve log 2
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Solution
Letlog,2 = t. then 6'= 2

Introducing logarithm to base 10 on both sides

log 6' = log 2
tlog 6 = log 2
t= log2

log6
¢ = 0.3010
0.7782
t=0.3868

Therefore log 2 = 0.3868

Example

2% +3(29-4=0

Taking logs on both sides cannot help in getting the value of x, since 2* + 3(2") cannot be
combined into a single expression. However if we let 2*=y then the equation becomes

quadratic iny.
Solution
Thus, let 2" = y.....cccoee..... (1)
Therefore y* + 3y-4 = 0..vveeveeveveren. (2)
y+4)(y-1)=0
y= -4ory=14ory=1
ting for y in equation (1);
Let2*=-4 orlet2*=1
There is no real value of x for which 2* =-4 hence 2" =1
x=0
Example

Solve for x in (log,x)* = 3 - log, x*
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Solution
Letlog, X = tunnrineiins (D
Therefore t* = 3-2t

t* + 2t-3 = 0 solve the quadratic equation using any method

t*+3t-t-3=0
t(t+3)-1(t-3) = 0
(t-1)(t+3)=0
t=1lort= -3ort=-3
ting for t in the equation (1).
log, x=1 or log x=-3

10' = 10r10°=x

x=10 orL
1000
Note;
log =
%8 log. b
End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. Solve for (log,x)* - % log,x = 3/2
2. Find the values of x which satisfy the equation 5> - 6 (5) + 5 =0
3. Solve the equation
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Log (x + 24) — 2 log 3 = log (9-2x)
4. Find the value of x in the following equation 49**" + 7*¥ = 350

Find x if 3 log 5 + log x* = log 1/125

6. Without using logarithm tables, find the value of x in the equation
Log x° + log 5x = 5log2 — log 2
5
7.  Given that P = 3’ express the questions 37 ™" + 2 x 3%" = 1 in terms of P
8. Hence or otherwise find the value of y in the equation: 3% + 2 x 3% =1

CHAPTER FOURTY SIX

>

Specific Objectives

By the end of the topic the learner should be able to:
(a) Define principal, rate and time in relation to interest;

(b) Calculate simple interest using simple interest formula;

(c) Calculate compound interest using step by step method;

(d) Derive the compound interest formula;

(e) Apply the compound interest formula for calculating interest;

(f) Define appreciation and depreciation;

(g) Use compound interest formula to calculate appreciation and depreciation;
(h) Calculate hire purchase;

(i) Calculate income tax given the income tax bands.

Content
(a) Principal rate and time

(b) Simple interest
(c) Compound interest using step by step method
(d) Derivation of compound interest formula

(e) Calculations using the compound interest formula
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(f) Appreciation and depreciation
(g) Calculation of appreciation and depreciation using the compound interestformula
(h) Hire purchase

(i) Income tax.

Simple interest

Interest is the money charged for the use of borrowed money for a specific period of time. If
money is borrowed or deposited it earns interest, Principle is the sum of money borrowed or
deposited P, Rate is the ratio of interest earned in a given period of time to the principle.

The rate is expressed as a percentage of the principal per annum (P.A).When interest is
calculated using only the initial principal at a given rate and time, it is called simple interest (l).

Simple interest formulae

principle x rate x time
100

Simple interest =

Example

Franny invests ksh 16,000 in a savings account. She earns a simple interest rate of 14%, paid

annually on her investment. She intends to hold the investment for 1 % years. Determine the

future value of the investment at maturity.

Solution
| _PRT
100
- sh. 16000 x =+ 3
100 *2
- sh 3360

Amount =P + |
=sh.16000 + sh 3360
=sh.19360

Example

Calculate the rate of interest if sh 4500 earns sh 500 after 1% years.
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Solution
From the simple interest formulae

| =PRT
100

__100X1I
PXT

P =sh 4500
I =sh 500

1
T=1Zyears
2 Y

Therefore R -100x 500 50;)

4500 x =
2
R7.4%
Example

Esha invested a certain amount of money in a bank which paid 12% p.a. simple interest. After 5
years, his total savings were sh 5600.Determine the amount of money he invested initially.

Solution

Let the amount invested be sh P

T =5 years
R=12%p.a.
A =sh 5600
ButA=P+1
_ 12
Therefore 5600 =P + P X—— X5
100
=P+0.60P
=16P
Therefore p = 5600
1.6
=sh 3500
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Compound interest

Suppose you deposit money into a financial institution, it earns interest in a specified period of
time. Instead of the interest being paid to the owner it may be added to (compounded with) the
principle and therefore also earns interest. The interest earned is called compound interest. The
period after which its compounded to the principle is called interest period.

The compound interest maybe calculated annually, semi-annually, quarterly, monthly etc. If the
rate of compound interest is R% p.a and the interest is calculated n times per year, then the rate

of interest per period is (%)%

Example

Moyo lent ksh.2000 at interest of 5% per annum for 2 years. First we know that simple interest
for 1% year and 2" year will be same

i.e. =2000x 5x 1/100 = Ksh. 100
Total simple interest for 2 years will be = 100 + 100 = ksh. 200

In Compound Interest (C I) the first year Interest will be same as of Simple Interest (SI) i.e.
Ksh.100. But year Il interest is calculated on P + Sl of 1% year i.e. on ksh. 2000 + ksh. 100 = ksh.
2100.

So, year Il interest in Compound Interest becomes
=2100 x 5x 1/100 = Ksh. 105

So it is Ksh. 5 more than the simple interest. This increase is due to the fact that Sl is added to
the principal and this ksh. 105 is also added in the principal if we have to find the compound
interest after 3 years. Direct formula in case of compound interest is

A=P(1+-—)
(+ 100’

Where A = Amount

P = Principal

R = Rate % per annum
T=Time

A=P+Cl

P(1+—)'=P+Cl
100
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Types of Question:
Type |: To find Cl and Amount

Type II: To find rate, principal or time
Type lll: When difference between Cl and Sl is given.
Type IV: When interest is calculated half yearly or quarterly etc.

Type V: When both rate and principal have to be found.

Type 1

Example

Find the amount of ksh. 1000 in 2 years at 10% per annum compound interest.
Solution.

A =P (1+1/100)'

=1000 (1 + 10/100)?

=1000x 121/100

=ksh. 1210

Example

Find the amount of ksh. 6250 in 2 years at 4% per annum compound interest.
Solution.

A=P(1+r/100)"

= 6250 (1 + 4/100)*

=6250 x 676/625

= ksh. 6760

Example

What will be the compound interest on ksh 31250 at a rate of 4% per annum for 2 years?

Solution.
Cl=P(1+r/100)"-1

=31250 { (1 + 4/100) - 1}
=31250 (676/625- 1)

=31250 x 51/625 = ksh. 2550
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Example

A sum amounts to ksh. 24200 in 2 years at 10% per annum compound interest.
Find the sum ?

Solution.

A =P (1+r/100)"

24200 = P (1 + 10/100)*

=P (11/10)

=24200 x 100/121

= ksh. 20000

Type ll

Example.

The time in which ksh. 15625 will amount to ksh. 17576 at 45 compound interest is?
Solution

A =P (1+1/100)"

17576 = 15625 (1 + 4/100)"

17576/15625 = (26/25)"

(26/25)t = (26/25)3

t =3 years

Example

The rate percent if compound interest of ksh. 15625 for 3 years is Ksh. 1951.
Solution.

A=P+Cl

= 15625 + 1951 = ksh. 17576

A =P (1+1/100)"

17576 = 15625 (1 +r/100)°

17576/15625 = (1 +r/100)°

(26/25)3 = (1 +r/100)*
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26/25=1+r/100
26/25-1=r/100
1/25=r/100

r=4%

Type IV
1. Remember

When interest is compounded half yearly then Amount = P (1 + R/2)*

100
l.e. in half yearly compound interest rate is halved and time is doubled.

2. When interest is compounded quarterly then rate is made % and time is made 4 times.
Then A = P [(1+R/4)/100]*

3. When rate of interest is R1%, R2%, and R3% for 1%, 2" and 3" year respectively; then A = P (1
+R1/100) (1 + R2/100) (1 +r3/100)

Example

Find the compound interest on ksh.5000 at 205 per annum for 1.5 year compound half yearly.
Solution.

When interest is compounded half yearly

Then Amount = P [(1 +R/2)/100]*

Amount = 5000 [(1 + 20/2)/100]**

= 5000 (1 + 10/100)°

=5000 x 1331/1000

= ksh 6655

Cl = 6655 - 5000 = ksh. 1655

e.g.

Find compound interest ksh. 47145 at 12% per annum for 6 months, compounded quarterly.

Solution.
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As interest is compounded quarterly
A =[P(1 + R/4)/100)]*

A =47145[(1 + 12/4)/100] ***

= 47145 (1 + 3/100)*

=47145x 103/100 x 103/100

= ksh. 50016.13

Cl =50016.13 - 47145

= ksh. 2871.13

Example

Find the compound interest on ksh. 18750 for 2 years when the rate of interest for 1% year is 45
and for 2" year 8%.

Solution.

A =P (1+R1/100) (1 + R1/100)
= 18750 * 104/100 * 108/100
=ksh. 21060

Cl = 21060 - 18750

= ksh. 2310

Type V

Example

The compound interest on a certain sum for two years is ksh. 52 and simple interest for the
same period at same rate is ksh.50 find the sum and the rate.

Solution.

We will do this question by basic concept. Simple interest is same every year and there is no
difference between Sl and Cl for 1** year. The difference arises in the 2™ year because interest
of 1% year is added in principal and interest is now charged on principal + simple interest of 1
year.

So in this question
2 year Sl = ksh. 50
1 year Sl = ksh. 25
Now ClI for 1% year = 52 - 25 = Rs.27
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This additional interest 27 -25 = ksh. 2 is due to the fact that 1*' year Sl i.e. ksh. 25 is added in
principal. It means that additional ksh. 2 interest is charged on ksh. 25. Rate % = 2/25 x 100 =
8%

Shortcut:

Rate % = [(CI - SI)/ (S1/2)] x 100
=[(2/50)/2] x 100

2/25x 100

=8%
P=SIx100/RxT=50x100/8 x 2
= ksh. 312.50

Example

A sum of money lent Cl amounts in 2 year to ksh. 8820 and in 3 years to ksh. 9261. Find the
sum and rate %.

Solution.

Amount after 3 years = ksh. 9261

Amount after 2 years = ksh. 8820

By subtracting last year's interest ksh. 441
It is clear that this ksh. 441 is SI on ksh. 8820 from 2" to 3" year i.e. for 1 year.
Rate % = 441 x 100/8820 x 1

=5%

Also A =P (1+r/100)"

8820 = P (1 + 5/100)”

= P (21/20)?

P = 8820 x 400/441

= ksh. 8000

Appreciation and Depreciation
Appreciation is the gain of value of an asset while depreciation is the loss of value of an asset.

Example
An iron box cost ksh 500 and every year it depreciates by 10% of its value at the beginning of
that that year. What will its value be after value 4 years?
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Solution

Value after the first year = sh (500 —% x 500)

= sh 450
Value after the second year = sh (450 11—(;)0 x 450)
= sh 405

Value after the third year = sh (405 % x 405)

= sh 364.50
Value after the fourth year = sh (364.50 % x 364.50)

=sh 328.05

In general if P is the initial value of an asset, A the value after depreciation for n periods and r
the rate of depreciation per period.

r in

A=P (1 -—
100
Example

A minibus cost sh 400000.Due to wear and tear, it depreciates in value by 2 % every month. Find
its value after one year,

Solution

A=P (I - —)"
(- T00)

Substituting P= 400,000, r =2, and n =12 in the formula;
A =sh.400000 (1- 0.02)"

=sh.400, 000(0.98)"

=sh.313700
Example

The initial cost of a ranch is sh.5000, 000.At the end of each year, the land value increases by
2%.What will be the value of the ranch at the end of 3 years?

Solution
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The value of the ranch after 3 years =sh 5000, 000(1 +%)3

= sh. 5000000(1.02)°
= sh 5,306,040

Hire Purchase
Method of buying goods and services by instalments. The interest charged for buying goods or
services on credit is called carrying charge.

Hire purchase = Deposit + (instalments x time)
Example

Aching wants to buy a sewing machine on hire purchase. It has a cash price of ksh 7500.She
can pay a cash price or make a down payment of sh 2250 and 15 monthly instalments of sh.550
each. How much interest does she pay under the instalment plan?

Solution

Total amount of instalments = sh 550 x 15

=sh 8250

Down payment (deposit) =sh 2250

Total payment = sh (8250 + 2250)
=sh 10500

Amount of interest charged = sh (10500-7500)
=sh3000

Note;

Always use the above formula to find other variables.
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Income tax

Taxes on personal income is income tax. Gross income is the total amount of money due to the
individual at the end of the month or the year.

Gross income = salary + allowances / benefits

Taxable income is the amount on which tax is levied. This is the gross income less any special
benefits on which taxes are not levied. Such benefits include refunds for expenses incurred
while one is on official duty.

In order to calculate the income tax that one has to pay, we convert the taxable income into
Kenya pounds K£ per annum or per month as dictated by the by the table of rates given.

Relief

e Every employee in kenya is entitled to an automatic personal tax relief of sh.12672 p.a
(sh.1056 per month)

e An employee with a life insurance policy on his life, that of his wife or child, may make a
tax claim on the premiums paid towards the policy at sh.3 per pound subject to a
maximum claim of sh .3000 per month.

Example

Mr. John earns a total of K£12300 p.a.Calculate how much tax he should pay per annum.Using
the tax table below.

Income tax KE per annum Rate (sh per
pound)

1-5808 2

5809 - 11280 3

11289 - 16752 4

16753 - 22224 5

Excess over 22224 6

Solution

His salary lies between £ 1 and £12300.The highest tax band is therefore the third band.
For the first £ 5808, tax due is sh 5808 x 2 =sh 11616

For the next £ 5472, tax due is sh 5472 x 2 = sh 16416

Remaining £ 1020, tax due sh. 1020 x4 =sh 4080 +

Total tax due sh 32112
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Less personal relief of sh.1056 x 12 = sh.12672-
Sh 19440

Therefore payable p.a is sh.19400.

Example

Mr. Ogembo earns a basic salary of sh 15000 per month.in addition he gets a medical
allowance of sh 2400 and a house allowance of sh 12000.Use the tax table above to calculate
the tax he pays per year.

Solution
Taxable income per month = sh (15000 + 2400 + 12000)
=sh.29400

Converting to K£ p.a = KE 29400 x %

= KE 17640
Tax due
First £ 5808 = sh.5808 x 2 = sh.11616
Next £ 5472 = sh.5472 x 3 = sh.16416
Next £ 5472 = sh.5472 x 4 = sh.21888
Remaining £ 888 = sh.888 x 5 = sh 4440 +
Total tax due sh 54360

Less personal relief sh 12672 -

Therefore, tax payable p.a sh41688

PAYE

In Kenya, every employer is required by the law to deduct income tax from the monthly earnings
of his employees every month and to remit the money to the income tax department. This
system is called Pay As You Earn (PAYE).

Housing

If an employee is provided with a house by the employer (either freely or for a nominal rent) then
15% of his salary is added to his salary (less rent paid) for purpose of tax calculation. If the tax
payer is a director and is provided with a free house, then 15% of his salary is added to his
salary before taxation.
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Example

Mr. Omondi who is a civil servant lives in government house who pays a rent of sh 500 per
month. If his salary is £9000 p.a, calculate how much PAYE he remits monthly.

Solution

Basic salary £ 9000
. 15
Housing £ — x 9000 = £1350
100

Less rent paid = £300
£1050 +
Taxable income £ 10050

Tax charged,;

First £ 5808, the tax due is sh.5808 x 2 = sh 11616

Remaining £ 4242, the tax due is sh 4242 x 3 = sh 12726 +
Sh 24342

Less personal relief Sh 12672
Sh 11670

PAYE = sh 11670

=sh 972.50
Example

Mr. Odhiambo is a senior teacher on a monthly basic salary of Ksh. 16000.0n top of his salary
he gets a house allowance of sh 12000, a medical allowance of Ksh.3060 and a hardship
allowance of Ksh 3060 and a hardship allowance of Ksh.4635.He has a life insurance policy for
which he pays Ksh.800 per month and claims insurance relief.

i Use the tax table below to calculate his PAYE.

Income in £ per month Rate %
1-484 10
485-940 15
941-1396 20
1397 -1852 25
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Excess over 1852

30

i.  Inaddition to PAYEE the following deductions are made on his pay every month

a) WCPS at 2% of basic salary
b) HHIF ksh.400

c) Co - operative shares and loan recovery Ksh 4800.

Solution

a) Taxable income = Ksh (16000 + 12000 +3060 +4635)

= ksh 35695
Converting to KE - KE£35695
20
= KE 1784.75

Tax charged is:

First £ 484 = £484 x 19 = £ 48.40
100
Next £ 456 = £456 x %50 - £ 68.40

Next £ 456 = £456 x ~2 = £ 91.20
100

Remaining £ 388 = £388 x 12750 - £ 97.00.

Total tax due = £305.00
=sh 6100

Insurance relief = sh % x3=sh120

Personal relief =sh 1056 +

Total relief sh 1176

Tax payable per month is sh 6100
Sh 1176 -
Sh 4924
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Therefore, PAYE is sh 4924.

Note;
For the calculation of PAYE, taxable income is rounded down or truncated to the nearest whole
number.

If an employee’s due tax is less than the relief allocated, then that employee is exempted from
PAYEE

b) Total deductions are

Sh (ﬁx 16000 + 400 + 4800 + 800 + 4924 ) = sh 11244

Net pay = sh (35695 — 11244)
= sh 24451

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. A business woman opened an account by depositing Kshs. 12,000 in a bank on 1% July
1995. Each subsequent year, she deposited the same amount on 1% July. The bank
offered her 9% per annum compound interest. Calculate the total amount in her account
on

(@)  30™June 1996
(b)  30™ June 1997

2. A construction company requires to transport 144 tonnes of stones to sites A and
B. The company pays Kshs 24,000 to transport 48 tonnes of stone for every 28
km. Kimani transported 96 tonnes to a site A, 49 km away.
(a) Find how much he paid
(b) Kimani spends Kshs 3,000 to transport every 8 tonnes of stones to site.

Calculate his total profit.

(c) Achieng transported the remaining stones to sites B, 84 km away. If she made
44% profit, find her transport cost.
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The table shows income tax rates

Monthly taxable pay | Rate of tax Kshs in 1 KE
1-435 2
436 - 870 3
871-1305 4
1306 — 1740 5
Excess Over 1740 6

A company employee earn a monthly basic salary of Kshs 30,000 and is also given
taxable allowances amounting to Kshs 10, 480.

(@) Calculate the total income tax

(b) The employee is entitled to a personal tax relief of Kshs 800 per month.
Determine the net tax.

(c) If the employee received a 50% increase in his total income, calculate the
corresponding percentage increase on the income tax.

A house is to be sold either on cash basis or through a loan. The cash price is Kshs.750,
000. The loan conditions area as follows: there is to be down payment

of 10% of the cash price and the rest of the money is to be paid through a loan
at 10% per annum compound interest.
A customer decided to buy the house through a loan.
a) (i) Calculate the amount of money loaned to the customer.
(i) The customer paid the loan in 3 year’s. Calculate the total amount
paid for the house.
b) Find how long the customer would have taken to fully pay for the house
if she paid a total of Kshs 891,750.

A businessman obtained a loan of Kshs. 450,000 from a bank to buy a matatu valued at
the same amount. The bank charges interest at 24% per annum compound quarterly

a) Calculate the total amount of money the businessman paid to clear the loan in 1
Y2 years.
b) The average income realized from the matatu per day was Kshs. 1500. The

matatu worked for 3 years at an average of 280 days year. Calculate the total
income from the matatu.
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During the three years, the value of the matatu depreciated at the rate of 16% per
annum. If the businessman sold the matatu at its new value, calculate the total
profit he realized by the end of three years.

A bank either pays simple interest as 5% p.a or compound interest 5% p.a on deposits.
Nekesa deposited Kshs P in the bank for two years on simple interest terms. If she had
deposited the same amount for two years on compound interest terms, she would have
earned Kshs 210 more.

Calculate without using Mathematics Tables, the values of P

(a)

(b)

(ii)

(iii)

A certain sum of money is deposited in a bank that pays simple interest at

a certain rate. After 5 years the total amount of money in an account is Kshs 358
400. The interest earned each year is 12 800

Calculate
() The amount of money which was deposited (2mks)
(i) The annual rate of interest that the bank paid (2mks)

A computer whose marked price is Kshs 40,000 is sold at Kshs 56,000 on hire
purchase terms.

Kioko bought the computer on hire purchase term. He paid a deposit of 25% of
the hire purchase price and cleared the balance by equal monthly installments of
Kshs 2625. Calculate the number of installments  (3mks)

Had Kioko bought the computer on cash terms he would have been allowed a
discount of 12 %2 % on marked price. Calculate the difference between the cash
price and the hire purchase price and express as a percentage of the cash price

Calculate the difference between the cash price and hire purchase price and
express it as a percentage of the cash price.

The table below is a part of tax table for monthly income for the year 2004

Monthly taxable income Tax rate percentage
In (Kshs) (%) in each shillings
Under Kshs 9681 10%

From Kshs 9681 but under 18801 | 15%

From Kshs 18801 but 27921 20%

In the tax year 2004, the tax of Kerubo’'s monthly income was Kshs 1916.

Calculate Kerubo's monthly income

The cash price of a T.V set is Kshs 13, 800. A customer opts to buy the set on hire
purchase terms by paying a deposit of Kshs 2280.
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If simple interest of 20 p. a is charged on the balance and the customer is required to
repay by 24 equal monthly installments. Calculate the amount of each installment.

A plot of land valued at Ksh. 50,000 at the start of 1994.

Thereafter, every year, it appreciated by 10% of its previous years value find:
(@) The value of the land at the start of 1995

(b) The value of the land at the end of 1997

The table below shows Kenya tax rates in a certain year.

Income K £ per annum | Tax rates Kshs per K £

1-4512

4513-9024

9025- 13536

18049 - 22560

2
3
4
13537 -18048 5
6
6.

Over 22560 5

In that year Muhando earned a salary of Ksh. 16510 per month. He was entitled to a
monthly tax relief of Ksh. 960

Calculate
(a) Muhando annual salary in K £
(b) (i) The monthly tax paid by Muhando in Ksh

A tailor intends to buy a sewing machine which costs Ksh 48,000. He borrows the money
from a bank. The loan has to be repaid at the end of the second year. The bank charges
an interest at the rate of 24% per annum compounded half yearly. Calculate the total
amount payable to the bank.

The average rate of depreciation in value of a water pump is 9% per annum. After three
complete years its value was Ksh 150,700. Find its value at the start of the three year
period.

15. A water pump costs Ksh 21600 when new, at the end of the first year its value
depreciates by 25%. The depreciation at the end of the second year is 20% and
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thereafter the rate of depreciation is 15% yearly. Calculate the exact value of the

water pump at the end of the fourth year.

CHAPTER FOURTY SEVEN

| CIRCLES, CHORDS AND TANGENTS

Specific Objectives

By the end of the topic the learner should be able to:

(a) Calculate length of an arc and a chord;

(b) Calculate lengths of tangents and intersecting chords;

(c) State and use properties of chords and tangents;

(d) Construct tangent to a circle,

(e) Construct direct and transverse common tangents to two circles;
(f) Relate angles in alternate segment;

(9) Construct circumscribed, inscribed and escribed circles;

(h) Locate centroid and orthocentre of a triangle;

(i) Apply knowledge of circles, tangents and chords to real life situations.

Content
(a) Arcs, chords and tangents

(b) Lengths of tangents and intersecting chords

(c) Properties of chords and tangents

(d) Construction of tangents to a circle

(e) Direct and transverse common tangents to two circles
(f) Angles in alternate segment

(g) Circumscribed, inscribed and escribed circles
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(h) Centroid and orthocentre

(i) Application of knowledge of tangents and chords to real life situations.

Length of an Arc

The Arc length marked red is given by ;

Example

Find the length of an arc subtended by an angle of 250° at the centre of the circle of radius 14
cm.

Solution

Length of an arc = 9 X 2mr
360

=250 92241426111 cm

360 7

Example

The length of an arc of a circle is 11.0 cm.Find the radius of the circle if an arc subtended an
angle of 90°at the centre .

Solution

Arc length = 9 2mr bute =90°

360
Therefore 11 =30 X2X a2 XTr
360 7

r=7.0cm
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Example

Find the angle subtended at the centre of a circle by an arc of 20 cm, if the circumference of the
circle is 60 cm.

Solution

= ime‘ =20
360

But 2mtr = 60 cm=60 cm
0
ore,— x 60 =20
360

0=20x 360
9 =120°
Chords

Chord of a circle: A line segment which joins two points on a circle. Diameter: a chord which
passes through the center of the circle. Radius: the distance from the center of the circle to the
circumference of the circle

Perpendicular bisector of a code
A perpendicular drawn from the centre of the circle to a chord bisects the chord.

f /\

Note;
e Perperndicular drawn from the centre of the circle to chord bisects the cord ( divides it
into two equal parts)
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¢ A straight line joining the centre of a circle to the midpoint of a chord is perpendicular to
the chord.

The radius of a circle centre O is 13 cm.Find the perpendicular distance from O to the chord, if
ABis 24 cm.

Solution
OC bisects chord AB at C
Therefore, AC =12 cm
In AAOC ,0C* = AO*- AC’
=13*-12* =25
Therefore
,OM =25 =5cm

Parallel chords

Any chord passing through the midpoints of all parallel chords of a circle is a diameter

Stucture of parallel chord

Example

In the figure below CD and AB are parallel chords of a circle and 2 cm apart. If CD = 8 cm and
AB= 10 cm, find the radius of the circle
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Solution
e Draw the perpendicular bisector of the chords to cut them at Kand L .
e Join OD and OC
e Intriangle ODL,
e DL=4cmandKC=5cm
e LetOK=Xcm
e Therefore (x + 2°) + 4* =1
In triangle OCK;
o X'+ 5=y

Therefore (x + 2°) + 4* = x* + 5°

X +4x+ 20)+4°=x"+5

4x + 20 = 25x+20=25

X= 1l 11/4
4

Using the equation x° + 5°=r°
2 5 2 2
=(2)+5
r (4) +

=§+25
16

_ 425
16

r= 25 _5154¢m
/16

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 422



isabokemicah@gmail.com

2 A hermsphencal pol is used Tor a hanging baskel. The width ol the surface ol the sol 15 30cm.
The maximum depth ol the seil i1s 10 em. Find the radius of the pot.

?

-j - a4 L? /7(r—10)(r‘-lo)

; Foll
10am,/ = 5"+ (o)

c
re
c 7= 225 + #%20r 4100
20r =
20

v n

"_/_ lr-f' o 25

a S ?O
r=\16.25 em

Intersecting chords

In general DE _ EB . DExEC = EB xAE
AE EC

A

9]
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Example

In the example above AB and CD are two chords that intersect in a circle at Given that AE = 4 cm,

CE =5 cm and DE = 3 cm, find AB.

Solution
Let EB=xcm
4 xx =5x3
4x =15
x=3.75cm

Since AB = AE + EB

AB=4+375

=7.75¢cm

Equal chords.
e Angles subtended at the centre of a circle by equal chords are equals
e If chords are equal they are equidistant from the centre of the circle

)]

A C

B D

Secant
A chord that is produced outside a circle is called a secant

BC_ €D R BCxCA = CD xEC

EC CA

Example
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Find the value of AT in the figure below. AR=4cm,RD=5cmand TC =9 cm.
Solution
AC x AT = AOx AR
(x+9)x=(5+4)4
X"+ 9x = 36

X' +9x-36 =0
(x+12)(x-3)=0
Therefore,x=-120rx=3

x can only be a positive number not negative hence x = 3 cm

Tangent and secant
Tangent

A line which touches a circle at exactly one point is called a tangent line and the point where it
touches the circle is called the point of contact

Secant

A line which intersects the circle in two distinct points is called a secant line (usually referred to
as a secant).The figures below A shows a secant while B shows a tangent .

A B
Construction of a tangent
e Draw a circle of any radius and centre O.
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e Join O to any point P on the circumference
e Produce OP to a point P outside the circle
e Construct a perpendicular line SP through point P

e Theline is a tangent to the circle at P as shown below.

P 7**
A 7
P
¥
0

e The radius and tangent are perpendicular at the point of contact.
e Through any point on a circle, only one tangent can be drawn

e A perpendicular to a tangent at the point of contact passes thought the centre of the
circle.

Example

In the figure below PT =15cm and PO = 17 cm, calculate the length of PQ.

Solution

s

OT? = OP*- PT?
=17%-15° P
= 64
OT=8cm
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Properties of tangents to a circle from an external point
If two tangents are drawn to a circle from an external point

e They are equal
e They subtend equal angles at the centre

e The line joining the centre of the circle to the external point bisects the angle between
the tangents

T

EF and EG are tangent to ©C.

EF=EG s s

Example

The figure below represents a circle centre O and radius 5 cm. The tangents PT is 12 cm long.
Find:a) OP  b.) Angle TPT'

Solution
a.) Join OtoP
OP* = 0C*- PC? (pythagoras theorem)
OP’ = 5%+ 12°
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=25+ 144
=169
Therefore,0OP = 13 cmcm
b.) TPT' = 2 TPO( PO bisect < TPT")
<OTP =90°
ATPO is arightangled atT

cos <TPO=12 = 0.9231
13

Therefore, <TPO = 22.62°
Hence <TPT" =22.62° x2

=45.24°

Two tangent to a circle
Direct (exterior) common tangents Transverse or interior common tangents

Tangent Problem

The common-tangent problem is named for the single tangent segment that’s tangent to two
circles. Your goal is to find the length of the tangent. These problems are a bit involved, but they
should cause you little difficulty if you use the straightforward three-step solution method that
follows.

The following example involves a common external tangent (where the tangent lies on the same
side of both circles). You might also see a common-tangent problem that involves a common
internal tangent (where the tangent lies between the circles). No worries: The solution technique
is the same for both.

Given the radius of circle Ais 4 cm and the radius of circle Z is 14 cm and the distance between
the two circles is 8 cm.

Here's how to solve it:
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- -

N A

1.)Draw the segment connecting the centers of the two circles and draw the two radii to the
points of tangency (if these segments haven't already been drawn for you).

Draw line AZ and radii AB and ZY.

The following figure shows this step. Note that the given distance of 8 cm between the circles is
the distance between the outsides of the circles along the segment that connects their centers.

f \
[}
jFI— Z |

=
B~ f

I/;'\'\T"f_-_-f- ) 14 /
L/ o S
B ¥

2.) From the center of the smaller circle, draw a segment parallel to the common tangent till it
hits the radius of the larger circle (or the extension of the radius in a common-internal-tangent

problem).
77N
T II|

4
!
|

You end up with a right triangle and a rectangle; one of the rectangle’s sides is the common
tangent. The above figure illustrates this step.

3.)You now have a right triangle and a rectangle and can finish the problem with the
Pythagorean Theorem and the simple fact that opposite sides of a rectangle are congruent.
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The triangle’s hypotenuse is made up of the radius of circle A, the segment between the circles,
and the radius of circle Z. Their lengths add up to 4 + 8 + 14 = 26. You can see that the width of
the rectangle equals the radius of circle A, which is 4; because opposite sides of a rectangle are
congruent, you can then tell that one of the triangle’s legs is the radius of circle Z minus 4, or 14
-4=10.

You now know two sides of the triangle, and if you find the third side, that'll give you the length
of the common tangent.

You get the third side with the Pythagorean Theorem:

x> +10* =26°

x> +100 = 676
x> =576
x=24

(Of course, if you recognize that the right triangle is in the 5: 12 : 13 family, you can multiply 12
by 2 to get 24 instead of using the Pythagorean Theorem.)Because opposite sides of a
rectangle are congruent, BY is also 24, and you're done.

Now look back at the last figure and note where the right angles are and how the right triangle
and the rectangle are situated; then make sure you heed the following tip and warning.

Note the location of the hypotenuse. In a common-tangent problem, the segment connecting
the centers of the circles is always the hypotenuse of a right triangle. The common tangent is
always the side of a rectangle, not a hypotenuse.

In a common-tangent problem, the segment connecting the centers of the circles is never one
side of a right angle. Don’t make this common mistake.

HOW TO construct a common exterior tangent line to two circles

In this lesson you will learn how to construct a common exterior tangent line to two circles in a
plane such that no one is located inside the other using a ruler and a compass.

Problem 1
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For two given circles in a plane such that no one is located inside the other, to construct the
common exterior tangent line using a ruler and a compass.

Solution

We are given two circles in a plane such that no one is located inside the other (Figure 1a).

We need to construct the common exterior tangent line to the circles using a ruler and a
compass.

First, let us analyze the problem and make a sketch (Figures 1a and 1b). Let AB be the
common tangent line to the circles we are searching for.

Let us connect the tangent point A of the first circle with its center P and the tangent point B
of the second circle with its center Q (Figure 1a and 1b).

Then the radii PA and QB are both perpendicular to the tangent line AB (lesson A tangent
line to a circle is perpendicular to the radius drawn to the tangent point under the topic Circles
and their properties ). Hence, theradii PA and QB are parallel.

Figure 1a. To the Problem 1

Figure 1b. To the solution of the Problem 1
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Figure 1c. To the construction step 3

Next, let us draw the straight line segment CQ parallel to AB through the point Q till the
intersection with the radius PA at the point C (Figure 1b). Then the straight line CQ is parallel
to AB. Hence, the quadrilateral CABQ is a parallelogram (moreover, it is a rectangle) and has
the opposite sides QB and CA congruent. The point C divides the radius PA in two
segments of the length r, (CA) and r -r, (PC). Itis clear from this analysis that the straight
line QC is the tangent line to the circle of the radius r -r, with the center at the point P
(showninred in Figure 1b).

It implies that the procedure of constructing the common exterior tangent line to two circles
should be as follows:

1) draw the auxiliary circle of the radius r -r, at the center of the larger circle (shown in red
in Figure 1b);

2) construct the tangent line to this auxiliary circle from the center of the smaller circle
(shown in red in Figure 1b). In this way you will get the tangent point C on the auxiliary circle

of the radiusr, -r, ;
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3) draw the straight line from the point P to the point C and continue it in the same
direction till the intersection with the larger circle (shown in blue in Figure 1b). The intersection
point A is the tangent point of the common tangent line and the larger circle. Figure 1c
reminds you how to perform this step.

4) draw the straight line QB parallel to PA till the intersection with the smaller circle
(shown in blue in Figure 1b).

The intersection point B is the tangent point of the common tangent line and the smaller
circle;

5) the required common tangent line is uniquely defined by its two points A and B.

Note that all these operations 1) - 4) can be done using a ruler and a compass. The problem
is solved.

Problem 2

Find the length of the common exterior tangent segment to two given circles in a plane, if they
have the radii r, and r, and the distance between their centers is d.

No one of the two circles is located inside the other.

Solution
Let us use the Figure 1b from the solution to the previous Problem 1.
This Figure is relevant to the Problem 2. It is copied and reproduced

in the Figure 2 on the right for your convenience.

- figure 2
i
[ \ I, Itis clear from the solution of the Problem 1 above that the
ke ./ 4 common
'\\\ /I exterior tangent segment |AB| is congruent to the side |CQ| of
.‘"--\ S e r.___.-'"' the

quadrilateral (rectangle) CABQ.

From the other side, the segment CQ is the leg of the right-angled
triangle DELTAPCQ. This triangle has the hypotenuse's measure d and
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the other leg's measure r, -r, . Therefore, the length of the common

exterior tangent segment |AB| is equal to

|AB| = /dz-(rl- r,)’

Note that the solvability condition for this problemis d >r, -r,.

It coincides with the condition that no one of the two circles lies inside the other.

Example 1

Find the length of the common exterior tangent segment to two given circles in a plane, if their
radiiare 6 cm and 3 cm and the distance between their centers

is 5cm.

Solution
Use the formula (1) derived in the solution of the Problem 2.

According to this formula, the length of the common exterior tangent segment to the two given
circles is equal to

J5%(6-3)" = 5°-3" =259

=4cm

Answer.

The length of the common exterior tangent segment to the two given circles is 4 cm

Contact of circles
Two circle are said to touch each other at a point if they have a common tangent at that point.

Point T is shown by the red dot.
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Internal tangent externally tangent

e The centers of the two circles and their point of contact lie on a straight line

e When two circles touch each other internally, the distance between the centers is equal
to the difference of the radiii.e. PQ= TP-TA

¢ When two circles touch each other externally, the distance between the centers is equal
to the sum of the radiii.e. OR =TO +TR
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Transverse (Interior) Common Tangents
In figure 7.46, P and Q are centres of two circles with radii r, and r, respectively.
Given that r, > 1,, construct the transverse common tangents to both circles.

Fig. 7.46

Procedure

(i)  With centre P, construct a circle whose radius PR is equal tog, +T,.

(ii) Join P to Q and bisect PQ to get point C.

(i) With centre C and radius PC, draw arcs to cut the circle whose radius is
r,+r,atR and S. JoinQtoR and Q to S.

(iv) Draw the lines PR and PS to cut the circle whose radius isr, at M and N
respectively.

(v) Draw line QX parallel to PS and line QY parallel to PR.

(vi) Draw lines MY and NX. These are the required transverse (interior)
common tangents.

Note: :
PR=r +T1, (construction).
PM =r, (given)
~RM=PR-PM=(r, +1,) -1,
= ]‘2
s RM =QY
But RM is parallel to QY (construction)
-. MRQY is a parallelogram (opposite sides equal and parallel).
QR is tangent to circle radius PR (construction).
ZPRQ = 90° (radius L tangent).
But ZYQR = 90° (interior £s of a parallelogram).
. MRQY is a rectangle.
o ZPMY = ZQYM = 90°
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Alternate Segment theorem

The angle which the chord makes with the tangent is equal to the angle subtended by the same
chord in the alternate segment of the circle.

Angle a=Angle b
Note;

The blue line represents the angle which the chord CD makes with the tangent PQ which is
equal to the angle b which is subtended by the chord in the alternate segment of the circle.

Illustrations

e Angles=Anglet

e Anglea=Angeb we use the alternate segment theorm <
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Tangent — secant segment length theorem
If a tangent segment and secant segment are drawn to a circle from an external point, then the
square of the length of the tangent equals the product of the length of the secant with the
length of its external segment.

(TV)? = TW.TX

Example

In the figure above ,TW=10 cm and XW =4 cm. find TV

Solution

(TV)? = TW.TX
(TV)* = 10 x6 (tx = tw-xw)

=J16

TV =4 cm

Circles and triangles

Inscribed circle

Construct any triangle ABC.

Construct the bisectors of the three angles

The bisectors will meet at point |

Construct a perpendicular from O to meet one of the sides at M
With the centre | and radius IM draw a circle

The circle will touch the three sides of the triangle ABC

Such a circle is called an inscribed circle or in circle.

The centre of an inscribed circle is called the incentre
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Circumscribed circle
e Construct any triangle ABC.
e Construct perpendicular bisectors of AB, BC, and AC to meet at point O.
e With O as the centre and using OB as radius, draw a circle

e The circle will pass through the vertices A, B and C as shown in the figure below

Escribed circle

e Construct any triangle ABC.

e Extend line BA and BC

e Construct the perpendicular bisectors of the two external angles produced
e Let the perpendicular bisectors meet at O

e With O as the centre draw the circle which will touch all the external sides of the
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triangle

Note;
Centre O is called the ex-centre

AO and CO are called external bisectors.

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. The figure below represents a circle a diameter 28 cm with a sector subtending an angle
of 75° at the centre.
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Find the area of the shaded segment to 4 significant figures

(a) <PST
2. The figure below represents a rectangle PQRS inscribed in a circle centre 0 and radius 17
cm.PQ=16cm.
P ,f" / =
i7
: I |
f
/
Q L
Calculate

(a) The length PS of the rectangle
(b) The angle POS
(c) The area of the shaded region
3. In the figure below, BT is a tangent to the circle at B. AXCT and BXD are

straight lines. AX=6 cm,CT =8 cm,BX=4.8cmand XD =5cm.

Find the length of
(a) XC
(b) BT

4. The figure below shows two circles each of radius 7 cm, with centers at X and Y. The
circles touch each other at point Q.
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Given that <AXD = <BYC = 120° and lines AB, XQY and DC are parallel, calculate the area of:
a) Minor sector XAQD (Take 1t%/7)
b) The trapezium XABY
c) The shaded regions.

5. The figure below shows a circle, centre, O of radius 7 cm. TP and TQ are tangents to the
circle at points P and Q respectively. OT =25 cm.

=

ength of the chord PQ

Calcula

6. The figure below shows a circle centre O and a point Q which is outside the circle

Using a ruler and a pair of compasses, only locate a point on the circle such that angle
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OPQ =90°

7. In the figure below, PQR is an equilateral triangle of side 6 cm. Arcs QR, PR and PQ arcs
of circles with centers at P, Q and R respectively.

Calculate the area of the shaded region to 4 significant figures

8. In the figure below AB is a diameter of the circle. Chord PQ intersects AB at N. A tangent
to the circle at B meets PQ produced at R.

P

A
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Given that PN = 14 cm, NB = 4 cm and BR = 7.5 cm, calculate the length of:

(@) NR
(b) AN
CHAPTER FOURTY EIGHT
[ |

Specific Objectives

By the end of the topic the learner should be able to:
(a) Define a matrix;

(b) State the order of a matrix;

(c) Define a square matrix;

(d) Determine compatibility in addition and multiplication of matrices;
(e) Add matrices;

(f) Multiply matrices;

(g) Identify matrices;

(h) Find determinant of a 2 x 2 matrix;

(i) Find the inverse of a 2 x 2 matrix;
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(j) Use matrices to solve simultaneous equations.

Content
(a) Matrix

(b) Order of a matrix

(c) Square matrix

(d) Compatibility in addition and multiplication of matrices
(e) Multiplication of a matrix by a scalar

(f) Matrix multiplication

(9) Identify matrix

(h) Determinant of a 2 x 2 matrix

(i) Inverse of a 2 x 2 matrix

(j) Singular matrix

(k) Solutions of simultaneous equations in two unknowns.

0]
Introduction

A matrix is a rectangular arrangement of numbers in rows and columns. For instance, matrix A
below has two rows and three columns. The dimensions of this matrix are 2 x 3 (read “2 by 3”).
The numbers in a matrix are its entries. In matrix A, the entry in the second row and third column

is 5.
6 2 -1
A= Ly o 5!
Some matrices (the plural of matrix) have special names because of their dimensions or entries.

Order of matrix

Matrix consist of rows and columns. Rows are the horizontal arrangement while columns are
the vertical arrangement.

Order of matrix is being determined by the number of rows and columns. The order is given by
stating the number of rows followed by columns.

Note;

If the number of rows is m and the number of columns n, the matrix is of order mxn.
E.g. If a matrix has m rows and n columns, it is said to be order mxn.
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0 3 6
e.g. 3 4 7 0] isamatrix of order 3x4.
1 9 2 5
i 0 -2
e.g. 2 1 5 |isamatrix of order 3.
-1 3
(2 3 4], ,
e.g. is a 2x3 matrix.
_1 —8 5:|
[ 2
e.g. 7 | is a 3x1 matrix.
-3

Elements of matrix

The element of a matrix is each number or letter in the matrix. Each element is locating by
stating its position in the row and the column.

2 0D 3 &
For example, giventhe 3 x4 matrix |3 4 7 0
1T 9 2 5

e The element 1 is in the third row and first column.

e The element 6 is in the first row and forth column.
Note;
A matrix in which the number of rows is equal to the number of columns is called a square
matrix.

1 0 -2

2 1 5

-1 3 0
[a, a, - a, Iscalleda rowmatrixor row vector.
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Is called a column matrix or column vector.

7 | Is a column vector of order 3x1.

[-2 —3 —4]isarow vector of order 1x3.

Two or more matrices re equal if they are of the same order and their corresponding elements
are equal. Thus, if [a C] -3 4] then, a = 3, b =4 and d=5.
c d [1 5

Addition and subtraction of matrices

Matrices can be added or subtracted if they are of the same order. The sum of two or more
matrices is obtained by adding corresponding elements. Subtraction is also done in the same
way.

Example
ifA=[2 5 andB:[1 3]find:
0o 7 6 2
1) A+B 2)A-B
Solution
0o 7 6 2 0+6 7+2 6 Ol
2_)A_B=[2 5]+[1 3]:[2-1 5-3]=[1 2
0o 7 6 2 0-6 7-2 -6 5l
Example
3 2 1 2 4 1 8 0 2 [3-2+8 2-4+0 1-1+2
0 4 5|- 2 0]t+tf1 3 5|=(0-1+1 4-2+3 5-0+5
1 3 2 5 9 6 2 1 6 1-5+2 3-9+1 2-6+6
[0 -2 2
=10 5 10
-2 -5 2
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Note;
After arranging the matrices you must use BODMAS

HERE

The matrix above cannot be added because they are not of the same orderLzL ;] is of order 2 x

1
5
6

2 while

]is of order 3 x1

Matrix multiplication
To multiply a matrix by a number, you multiply each element in the matrix by the number.

Example
3[-2 0]
(4 -7
solution
_[23® 0(3) :[—6 0]
4(3) -7(3)] l12 -21
Example
1 -2 -4 5
210 3|+ |6 -8
-4 5 -2 6
Solution
-2 4 -4 5
0 -6(+]|6 -8
8 -10 -2 6
-6 9
=6 -14
6 -4
Example

A woman wanted to buy one sack of potatoes, three bunches of bananas and two basket of
onion. She went to kikuyu market and found the prices as sh 280 for the sack of potatoes ,sh 50
for a bunch of bananas and sh 100 for a basket of onions. At kondelee market the
corresponding prices were sh 300, sh 48 and sh 80.

a.) Express the woman'’s requirements as a row matrix
b.) Express the prices in each market as a column matrix

c.) Use the matrices in (a) and (b) to find the total cost in each market
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Solution

a.) Requirements in matrix formis (1 3 2)

280
50
100

b.) Price matrix for Kikuyu market is

300
48
80

c.) Total cost in shillings at Kikuyu Market is;

Price matrix for kondelee market

280
50
100

(132)| 50 |= (1 x 280 + 3 x 50 +2 x 100) = (630)

Total cost in shillings at Kondelee Market is;

300
(132)[48|=(1x300+3x48+2x80)=(604)
80
The two results can be combined into one as shown below
280 300
(132)50 48|=(630 604)
100 80

Note;
The product of two matrices A and Bis defined provided the number of columns in A is equal to
the number of rows in B.
If Ais an mx nmatrix and Bis an nx p matrix, then the product ABis an ma p matrix.
AXB=AB
mX Xp=mX p
Each time a row is multiplied by a column

Example
23 1 3
Find ABifA=|1 -4|and B=[' ]
L 2 4
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Solution

Because A is a 3 x 2 matrix and B is a 2 x 2 matrix, the product AB is defined and is a 3 x 2
matrix. To write the elements in the first row and first column of AB, multiply corresponding
elements in the first row of A and the first column of B. Then add. Use a similar procedure to
write the other entries of the product.

2 3 ;
AB=1 -4 [ 4]
6 0

(26D +G)(2) (2B +(3)(4)
=MD +(2) M)+ (4HE)
(-6)(-1) +(0)(-2)  (6)(3) +(0)(4)

-4 6
7 -13

-6 18

Identity matrix

For matrices, the identity matrix or a unit matrix /s the matrix that has 1's on the main diagonal
and O's elsewhere. The main diagonal is the one running from top left to bottom right .It is also
called leading or principle diagonal. Examples are;

0 0
|=[0 0] 1= [o o]
0 0
2 X 2 identity matrix 3 x 3 identity matrix

If Ais any nx nmatrix and /is the nx nidentity matrix, then /A= Aand A/= A.

Determinant matrix
The determinant of a matrix is the difference of the products of the elements on the diagonals.

Examples

The determinant of A, det A or |A| is defined as follows:

(a) If N=2, det 4= : b,

a._
Iz

Example

Find the determinant ; 2]
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Solution

Subtract the product of the diagonals
1x5-2x3=5-6=-1
Determinant is -1

Inverse of a matrix
Two matrices of order n x n are inverse of each other if their product (in both orders) is
theidentity matrix of the same order n x n. The inverse of A is written as A™

Example

ShowthatB=[3 '1]A=[2 1
-5 2 5 3

Solution
ag=[3 12 1
-5 2115 3

[2 X3+1x-5 2x-1+1+2
[5x3+3%x-5 5x-1+3x2

= 1 0 =1
0 1
-5 2115 3
= (1) 2 =1 AB=BA-=I. Hence, A is the inverse of B
Note;

To get the inverse matrix
¢ Find the determinant of the matrix. If it is zero, then there is no inverse
e [fitis non zero, then;
e Interchange the elements in the main diagonal
e Reverse the signs of the element in the other diagonals

e Divide the matrix obtained by the determinant of the given matrix

In summary
The inverse of the matrix A = [a 3] is
C

1_17d -b]sz[d _b] _ _
A |A|[—e al ad-cb lLe a provided ad-cb # 0
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Example

Find the inverse of A=[3 1]
4 2

Solution
A.lzi[z -1 =1[2 _ 2
6-41-4 31 21-4 3 3
2
Check

You can check the inverse by showing that AA™

1 1

F ':M Jooa AR

Solutions of simultaneous linear equations using matrix

Using matrix method solve the following pairs of simultaneous equation
X+ 2y =44

3x-5y=1

Solution

5 56)=0)

(; 25) is the cooeffients matrix of the simulteneou equations

[é) is the constants matrix

We need to calculate the inverse of A = (?1) 25)

ameet Uik 3

HenceA'Bz-i('5 '2)(4)
11\-3 1)1
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Hence the value of x = 2 and the value of y = 1 is the solution of the simultaneous equation

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1. A and B are two matrices. If A= 1 2 find B giventhat A=A +B
4 3
2. GiventhatA=1 3 ,B=3 1 ,C=p 0 andAB =BC, determine the value of P
53 5 -1 0 q

3. A matrix A is given by A = xg 0 }
y

a) Determine A®

b) If A” = T 0 determine the possible pairs of values of x and y
4 (@)  Find the inverse of the matrix 9 [8 ]
7 6
(b) In a certain week a businessman bought 36 bicycles and 32 radios for total of

Kshs 227 280. In the following week, he bought 28 bicycles and 24 radios for a
total of Kshs 174 960. Using matrix method, find the price of each bicycle and
each radio that he bought
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(c) In the third week, the price of each bicycle was reduced by 10% while the price of
each radio was raised by 10%. The businessman bought as many bicycles and as
many radios as he had bought in the first two weeks.

Find by matrix method, the total cost of the bicycles and radios that the
businessman bought in the third week.

Determine the inverse T of the matrix [1 2]
1 -1

Hence find the coordinates to the point at which the two lines x + 2y=7 and x-y=1

Given that A = [0 -1 ] and B = {1 0 ]
3 2 2 -4
Find the value of x if
() A-2x=2B
(i) 3x-2A=3B
(i)  2A-3B=2x
Find the non- zero value of k for which k »[1 2 s zjn inverse.
4k 2k

A clothes dealer sold 3 shirts and 2 trousers for Kshs. 840 and 4 shirts and 5 trousers
for Kshs 1680. Form a matrix equation to represent the above information. Hence find
the cost of 1 shirt and the cost of 1 trouser.

CHAPTER FOURTY NINE

>

By the end of the topic the learner should be able to:
a) Rewrite a given formula by changing its subject

b) Define direct, inverse, partial and joint variations

c¢) Determine constants of proportionality

d) Form and solve equations involving variations

e) Draw graphs to illustrate direct and inverse proportions
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f) Use variations to solve real life problems

Content
a.) Change of the subject of a formula

b.) Direct, inverse, partial and joint variation
c.) Constants of proportionality

d.) Equations involving variations

e.) Graphs of direct and inverse proportion

f.) Formation of equations on variations based on real life
situations

Formulae
A Formula is an expression or equation that expresses the relationship between certain
quantities.

For ExampleA = nir’ is the formula to find the area of a circle of radius r units.

From this formula, we can know the relationship between the radius and the area of a circle. The
area of a circle varies directly as the square of its radius. Here m is the constant of variation.

Changing the subject of a formulae

Terminology
In the formula
C=nd
Subject: C Rule: multiply by diameter

The variable on the left, is known as the subject: What you are trying to find.
The formula on the right, is the rule, that tells you how to calculate the subject.
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So, if you want to have a formula or rule that lets you calculate d, you need

to make d, the subject of the formula.

This is changing the subject of the formula from Cto d.

So clearly in the case above where
C=nd

We get C by multiplying mby the diameter

To calculate d, we need to divide the Circumference Cby

So d= ¢ and now we have d as the subject of the formula.
T

Method:

A formula is simply an equation, that you cannot solve, until you replace the letters with their

values (numbers). It is known as a literal equation.

To change the subject, apply the same rules as we have applied to normal equations.

1. Add the same variable to both sides.

2. Subtract the same variable from both sides.
3. Multiply both sides by the same variable.

4. Divide both sides by the same variable.

5. Square both sides

6. Square root both sides.

Examples:

Make the letter in brackets the subject of the formula
x+p=qlx]

(subtract p from both sides)

X=q-p

y-r=slyl
(add r to both sides)
y=s+r

P=RS[R]
(divide both sides by S)

s=P
R

A_
ﬁ_l‘ [A]
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(multiply both sides by B)
A=LB

2w+ 3=y [w]

(subtract 3 from both sides)
2w=y-3

(divide both sides by 2)

Wzﬂ
2

_1
P—§Q [Q]

(multiply both sides by 3- get rid of fraction)
3P=Q

-2
T=cklK]

(multiply both sides by 5- get rid of fraction)
5T=2k
(divide both sides by 2)

57T= k  Note that: 52—Tis the same asg T

A=mr’r[r]
(divide both sides by p)

A_p (square root both sides) jg =r
T T

1,
L —Zh t[h]

(multiply both sides by 2)
2L=h-t

(add t to both sides)
2L+t=h

Example

Make d the subject of the formula G= I%

Solution
Squaring both sides
G = 9%
d-1
Multiply both sides by d-1
G(d-1) =d-x
Expanding the L.H.S
dG*- G'=d-x
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Collecting the terms containing d on the L.H.S

dG*-d =G*-x
Factorizing the L.H.S
d(G*-1) =G*-x
Dividing both sides by
(G*-1)
d= G*-x
G*-1
Variation

In a formula some elements which do not change (fixed) under any condition are called
constants while the ones that change are called variables. There are different types of variations.

« Direct Variation, where both variables either increase or decrease together

+ Inverse or Indirect Variation, where when one of the variables increases, the other one
decreases

o Joint Variation, where more than two variables are related directly

e Combined Variation, which involves a combination of direct or joint variation, and
indirect variation

Examples

o Direct: The number of money | make varies directly (or you can say varies proportionally)
with how much | work.

o Direct: The length of the side a square varies directly with the perimeter of the square.

e Inverse: The number of people | invite to my bowling party varies inversely with the
number of games they might get to play (or you can say is proportional to the inverse of).

e Inverse: The temperature in my house varies indirectly (same as inversely) with the
amount of time the air conditioning is running.

e Inverse: My school marks may vary inversely with the number of hours | watch TV.

Direct or Proportional Variation

When two variables are related directly, the ratio of their values is always the same. So as one
goes up, so does the other, and if one goes down, so does the other. Think of linear direct
variation as a “y=mx” line, where the ratio of yto xis the slope (m). With direct variation, the y
intercept is always 0 (zero); this is how it's defined.

Direct variation problems are typically written:
- [y= kx  where K is the ratio of yto x (which is the same as the slope or rate).
Some problems will ask for that k value (which is called the constant of variation or constant of

proportionality ); others will just give you 3 out of the 4 values for xand y and you can simply set
up a ratio to find the other value.
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Remember the example of making ksh 1000 per week (y = 10x)? This is an example of direct
variation, since the ratio of how much you make to how many hours you work is always

constant.

Direct Variation Word Problem:

The amount of money raised at a school fundraiser is directly proportional to the number of
people who attend. Last year, the amount of money raised for 100 attendees was $2500. How
much money will be raised if 1000 people attend this year?

Solution:

Let’s do this problem using both the Formula Method and the Proportion Method:

Formula method

y =hx
2500 =k100
k=25

y =25x
y =25(1000)
y =25000

Proportional method

$5 58

attendees - attendees
2500 ¥

100 ~ 1000
100y = 2500000

y =25000

Explanation

Since the amount of money is directly proportional (varies directly) to the number who
attend, we know that y = kx, where y = the amount of money raised and x = the number of
attendees. (Since the problem states that the amount of money is directly proportional to
the number of attendees, we put the amount of money first, or as the y).

We need to fill in the numbers from the problem, and solve for k. We see that k=25. So we
have y = 25x. We plug the new x, which is 1000

We get the new y = 25000. So if 1000 people attend, $25,000 would be raised!

Explanation
We can set up a propertion with the ¥'s on top {amount of money}, and the x's on bottom
{number of attendees),
We can then cross multiply to get the mew amount of money (y).

We getthe new y= 25000. 5o if 1000 people attend, 525,000 will be raised!

Direct Square Variation Word Problem

Again, a Direct Square Variation is when yis proportional to the square of x, or ¥ = kx?,

Example

If waries directly with the square ofx, and if y=4 when x= 3, what is y when x= 2?
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Solution:

Let’s do this with the formula method and the proportion method:

Formulae method notes
y =k’ y=—x' Since y is directly proportional (varies directly) to the square of x, we know that
. _ -fi|.2.|z y =kx*. Plug in the first numbers we have for x and y to see that k = 16 .
4=k3 ¥ g\ . 16
k:i 16 So we have y = —x*. We plug the new x, which is 2, and get the new y, which is — .
9 Aary s 3
Proportional method Notes
y‘-_z = 'yz . We can set up a proportion with the y's on top, and x* on the bottom.
() (%)
4 vy We can plug in the numbers we have, and then cross multiply to get the new y.
¥ 27
16
_4-2" 16 We then get the newy = —.
VY=—=4 9
3 9
Example

The length (I) cm of a wire varies directly as the temperature T c.The length of the wire is 5 cm
when the temperature is 65°c.Calculate the length of the wire when the temperature is 69°c.

Solution

laT

Therefore | =Kt

Substituting | =5 when T= 65’c.

5=k x 65
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Therefore | -1 T
13

When t = 69

L=2Lx69=5-2 cm
13 13

Direct variation graph

Inverse or Indirect Variation

Inverse or Indirect Variation is refers to relationships of two variables that go in the opposite
direction. Let's supposed you are comparing how fast you are driving (average speed) to how
fast you get to your work.The faster you drive the earlier you get to your work. So as the speed
increases time reduces and vice versa .

So the formula for inverse or indirect variation is:

- [y -k or K=xy where k is always the same number or constant.
X

(Note that you could also have an Indirect Square Variation or Inverse Square Variation, like we

saw above for a Direct Variation. This would be of the form -, [y =£2 ork=x’y )
X

Inverse Variation Word Problem:
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So we might have a problem like this:

The value of yvaries inversely with x and y = 4 when x = 3. Find x
AIv

k
y=— or xy=k
X y = 250/x

Inverse or Indirect Variation

X1Y1=X3¥,

In our case, k = 250:

xy =250 or y= E o
4 (30, 8.33)

e [ 35,7.14
\ mes { ! (40, 6.25) =

- X

when y=6.

The problem can also be written as follows:

Let =3, ¥ =4 and Y2=6. Let yvary inversely as x. Find"*.

Solution:

We can solve this problem in one of two ways, as shown. We do these methods when we are
given any three of the four values for xand y.

k
Y, = L Since x and y vary inversely, we know that xy =k, or y=—.
X, x
k
4= 3 We firstfill in the x and y values with x, and y,, from the problem. Remember that the
k=12 variables with the same subscript ( x,, y, ) stay together. We then solve for k, which is 12.
12 We then put the y,valuein for y (if the x, value were given, you'd put that in for x, and
Y =— solve fory,). We then solve for x,, which is 2.
X
12
6=— The formula way may take a little more time, but you may be asked to do it this way,
% 12
6x. =17 x. =2 especially if you need to find k, and the equation of variation, which is y =—.
x, =12; x, = x
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Product Rule Method:

We know that when you multiply the x’s and y's (with the same subscript) we geta
XY, =XV, constant, which is k. You can see that k = 12 in this problem.

So we can just substitute in all the numbers that we are given and solve for the number

(4)= x (
(3)(4)=x,(6) we want —in this case, x,.

12=6x,

X, =2 This way is easier than the formula method, but, again, you will probably be asked to

know both ways.

Inverse Variation Word Problem:

For the club, the number of tickets Moyo can buy is inversely proportional to the price of the
tickets. She can afford 15 tickets that cost $5 each. How many tickets can she buy if each cost

$3?

Solution:

Let’s use the product method:

We know that when you multiply the ¥'s and y's we get a constant, which is k. So the
number of tickets Allie can buy times the price of each ticket isk. We can let the x's be
the price of the tickets.

XY, =Xy,

(5)(15)=x;(3)
So we can just substitute in all the numbers that we are given and solve for the number

75=3x,
. =25 we want. So we see that Allie can buy 25 tickets that cost $3. This makes sense, since
: we can see that she only can spend $75 (which is k!)
Example

If 16 women working 7 hours day can paint a mural in 48 days, how many days will it take 14
women working 12 hours a day to paint the same mural?

Solution:
The three different values are inversely proportional; for example, the more women you have,

the less days it takes to paint the mural, and the more hours in a day the women paint, the less
days they need to complete the mural:
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Since each woman is working at the same rate, we know that when we multiply the
number of women (x) by the number of the hours a day(y) by the number of days

R they work (z), it should always be the same (a constant). (Try it yourself with some

easy numbers).
(16)(7)(48)=(14)(12)z,
5376 =168z, So we can just substitute in all the numbers that we are given and solve for the
2,=32 number we want (days). So we see that it would take 32 daysfor 14 women that
work 12 hours a day to paint the mural. In this case, our kis 5376, which represents
the number of hours it would take one woman alone to paint the mural.

Joint Variation and Combined Variation

Joint variation is just like direct variation, but involves more than one other variable. All the
variables are directly proportional, taken one at a time. Let’s do a joint variation problem:

Supposed x varies jointly with y and the square root of z When x=-18 and y = 2, then z= 9.
Find ywhen x=10and z= 4.

x= kyy’; Again, we can set it up almost word for word from the word problem. For
-18 =k(2 )JS_ the words “varies jointly”, just basically use the “=" sign, and everything else
—18 =6k will fall in place.
k =—3 - s M s s -]
Solve for k first by plugging invariables we are given at first; we getk=-3.
x= kl-"waZ_; x =-3}'~E Now we can plug in the new values of x and z to getthe new y.
10=-3yf4; 10=-3y(2)
10 5 So y will be —; . Really not that bad!
y:— = ——
—6 3

Combined variation involves a combination of direct or joint variation, and indirect variation.
Since these equations are a little more complicated, you probably want to plug in all the
variables, solve for k, and then solve back to get what’s missing. Here is the type of problem
you may get:

(a) yvaries jointly as x and w and inversely as the square of z. Find the equation of variation
when y=100, x=2, w=4,and z= 20.

(b) Then solve for ywhen x=1, w=5,and z=4.

Solution:
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o0 K] _ 8k
(20f 400
8k =100(400)

(100)(400)

k= = 5000

_ 5000(1)(5)
y=—p

25000
y=—"

Example

y =——— (answer to a)
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Now this looks really complicated, and you may get “word problems”
like this, but all we do is fill in all the variables we know, and then solve

for k. We know that “the square of z” is a fancy way of saying z°.
Remember that what follows the “varies jointly as” is typically on the
top of any fraction (this is like a direct variation), and what follows
“inversely as” is typically on the bottom of the fraction. And always put
k on the top.

Now that we have the k, we have the answer to (a) above by plugging it
in the original equation.

Now we can get the new y when we have “new” x, w, and z values.

So, for the second part of the problem, when x=1, w=5, andz=4,

=1562.5 (answertob) | ,=15625 (Just plug in).

The volume of wood in a tree (V) variesdirectly as the height (h) and inversely as the square of
the girth (g). If the volume of a tree is 144 cubic meters when the height is 20 meters and the
girth is 1.5 meters, what is the height of a tree with a volume of 1000 and girth of 2 meters?

Solution:
y _ Kiheight)
(girth)?
kh
V =?
B k{20) B 20k
(L.5F 2.25
20k =144(2.25)
2 244)2.25) _, -,
14 =E£; 1000 = 15'1,2}1
g 2
2
h= % =246.91
16.2

We can set it up almost word for word from the word
problem. For the words “varies directly”, just basically use
the “=" sign, and everything else will fall in place.
Remember to put everything on top for direct variation
(including k), unless the problem says “inversely as”; those
go on bottom.

Solve for k first; we getk = 16.2.

Now we can plug in the new values to get the new height.

So the new height is 246.1 meters.
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Example

The average number of phone calls per day between two cities has found to be jointly
proportional to the populations of the cities, and inversely proportional to the square of the
distance between the two cities. The population of Charlotte is about 1,500,000 and the

population of Nashville is about 1,200,000, and the distance between the two cities is about 400
miles. The average number of calls between the cities is about 200,000.

(a) Find the k and write the equation of variation.

(b) The average number of daily phone calls between Charlotte and Indianapolis (which has a
population of about 1,700,000) is about 134,000. Find the distance between the two cities.

Solution:

It may be easier if you take it one step at a time:

Math's Explanation
kif 1P We can set it up almost word for word from the word problem.
== d’ — Remember to put everything on top for “jointly proportional”

{including kj since these are direct variaticns, and everything on

k(15000007 1200000 te . o
200000 = — By : bottom for “inversely proporticonal”.
400¢
(200000 (400 T Salve for kfirst; we getk =.01778.
k=—o = 778

(15000001 12000001
) N ' Now we can plug in the new values to getthe distance between

01778( 8, 1A
C =¢ < answer to (3} the cities {d). We can actually cross multiply to get d°, and then
d take the positive square root get .
01778/ 150000011 1700000 | So the distance between Charlotte and Indianapolis is about
134000 = - — 531.7 mil
d-’ 4 mMiles.

134000d" =.01778(15000001( 1700000

In reality, the distance between these two cities is 585.6 miles,
d=581.7 miles < answerto{b)

so we weren't too far off!

Example

A varies directly as B and inversely as the square root of C. Find the percentage change in A
when B is decreased by 10 % and C increased by 21%.

Solution

A change in B and C causes a change in A
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B
N e (2)
1
[
B, = —0 B
1100
= 0.9B
¢ - 121
1100
=1.21C
Substituting B, and C, in equation (2)
0.9B
A =K
! J1.21C
09|, B
= 2 |K—
1( JE)
= i A
11

A A
Percentage change in A = TA -100%

ZA
=4 —-100%

2
=182 9
TR

Therefore A decreases 18% %

Partial variation

The general linear equation y =mx +c, where m and ¢ are constants, connects two variables x
and y.in such case we say that y is partly constant and partly varies as x.

Example

A variable y is partly constant and partly varies as if x = 2 when y=7 and x =4 when y =11, find
the equation connecting y and x.

Solution

The required equation is y = kx + ¢ where k and c are constants
Substituting x =2,y =7 and x =4,y =11 in the equation gives;

7 =2K4C e (1)

11 = 4K +C oo (2)

Subtracting equation 1 from equation 2 ;
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4=2k

Therefore k =2

Substituting k =2 in the equation 1
C=7-4

C=3

Therefore the equation required is y=2x +3

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. The volume Vcm?® of an object is given by

V=2nr3LE2 ]
3 sc?

Expressintermofr,sand V

2. Make V the subject of the formula
T=1m -V
2
3. Given that y =b — bx” make x the subject
cx’ - a
4, Given that log y = log (10") make n the subject
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A quantity T is partly constant and partly varies as the square root of S.

i.  Using constants a and b, write down an equation connecting T and S.
ii. IfS=16,when T =24 and S = 36 when T =232, find the values of
the constants a and b,
A quantity P is partly constant and partly varies inversely as a quantity g, given that p =
10 when g = 1.5 and p = 20, when q = 1.25, find the value of p when q= 0.5

Make y the subject of the formula p = xy
Xy
Make P the subject of the formula
P*= (P~ ) (P)

The density of a solid spherical ball varies directly as its mass and inversely as the cube
of its radius

When the mass of the ball is 500g and the radius is 5 cm, its density is 2 g per cm®
Calculate the radius of a solid spherical ball of mass 540 density of 10g per cm®

Make s the subject of the formula

VP =t J1——as2

The quantities t, x and y are such that t varies directly as x and inversely as the square
root of y. Find the percentage in t if x decreases by 4% wheny increases by 44%

Given that y is inversely proportional to x" and k as the constant of proportionality;
(@) () Write down a formula connecting y, x, n and k

(i) If x=2wheny=12and x =4 wheny = 3, write down two expressions for
k in terms of n.

Hence, find the value of n and k.

(b) Using the value of n obtained in (a) (ii) above, find y when x =5 /3

The electrical resistance, R ohms of a wire of a given length is inversely proportional to
the square of the diameter of the wire, d mm. If R = 2.0 ohms when d = 3mm. Find the
vale Rwhend =4 mm.

The volume Vcm?® of a solid depends partly on r and partly on r where rcm is one of the
dimensions of the solid.

When r = 1, the volume is 54.6 cm® and when r = 2, the volume is 226.8 cm®
(a) Find an expression for V in terms of r

(b) Calculate the volume of the solid whenr =4
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(c) Find the value of r for which the two parts of the volume are equal

The mass of a certain metal rod varies jointly as its length and the square of its radius. A
rod 40 cm long and radius 5 cm has a mass of 6 kg. Find the mass of a similar rod of
length 25 cm and radius 8 cm.

Make x the subject of the formula
P=xy
Z+X

The charge c shillings per person for a certain service is partly fixed and partly inversely
proportional to the total number N of people.

(@) Write an expression for ¢ in terms on N

(b) When 100 people attended the charge is Kshs 8700 per person while for 35
people the charge is Kshs 10000 per person.

(c) If a person had paid the full amount charge is refunded. A group of people paid
but ten percent of organizer remained with Kshs 574000.

Find the number of people.

Two variables A and B are such that A varies partly as B and partly as the square root of
B given that A=30, when B=9 and A=16 when B=14, find A when B=36.

Make p the subject of the formula
A= EP
vP?+N
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CHAPTER FIFTY

>

Specific Objectives

By the end of the topic the learner should be able to:
(a) Identify simple number patterns;

(b) Define a sequence;

(c) Identify the pattern for a given set of numbers and deduce the general rule;
(d) Determine a term in a sequence;

(e) Recognize arithmetic and geometric sequences;

(f) Define a series;

(9) Recognize arithmetic and geometric series (Progression);

(h) Derive the formula for partial sum of an arithmetic and geometric
series(Progression);

(i) Apply A.P and G.P to solve problems in real life situations.

Content
(a) Simple number patterns

(b) Sequences

(c) Arithmetic sequence

(d) Geometric sequence

(e) Determining a term in a sequence

(f) Arithmetic progression (A.P)

(g) Geometric progression (G.P)

(h) Sum of an A.P

(i) Sum of a G.P (exclude sum to infinity)

(j) Application of A.P and G.P to real life situations.

Introduction

Sequences and Series are basically just numbers or expressions in a row that make up some
sort of a pattern; for example, Monday, Tuesday, Wenesday, .., Friaday is a sequence that
represents the days of the week. Each of these numbers or expressions are called terms or
elements of the sequence.
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Sequences are the list of these items, separated by commas, and series are the sum of the
terms of a sequence.

Example
Sequence Next two terms
1,8,27,-,- Every term is cubed .The next two terms are4’ = 64,5 = 125
3,7,11,15-, -, every term is 4 more than the previous one. To get the next term add 4
15+4=19,19 +4 =23
15, ZZ '85’ On the numerator, the next term is 1 more than the previous one, and
the denominator, the next term is multiplied by 2 the next two terms
4 5
are —,
16" 32
Example

For the n™term of a sequence is given by 2n + 3, Find the first, fifth, twelfth terms
Solution

First term, n = 1 substituting (2 x 1 +3 =5)

Fifth term, n = 5 substituting (2 x 5 +3 =13)

Twelfth term, n = 12 substituting (2 x 12 +3 =27)

Arithmetic and geometric sequence

Arithmetic sequence.
Any sequence of a number with common difference is called arithmetic sequence

To decide whether a sequence is arithmetic, find the differences of consecutive terms. If each
differences are not constant,the it is arithmetic sequence

Rule for an arithmetic sequence

The nth term of an arithmetic sequence with first term a, and common difference d'is given by:
a=a +(n-1)d
n 1
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Example lllustrations

We can see that the second term = the first = the third term = the second = 3, so this is
the common difference.
Find the general formula for | Wwa also see that the first term is 4, so now we can plug these numbers into the general
the nth term, and then find | formula of the equation:

the 18" term (a,,) of the
a,=a,+(n-1)d, or a,=4+(n-1)3=4+3n-3=3n+1. Sothe general formulais
sequence. : : :

a,=3n+1.
4,7,10,13, ..

To get the 18™ term, we'll plug in 18 for n, so we have a,, =3(18 ) +1=55.

We can see that the second term — the first = the third term — the second=-1-8= -9
(watch the negative signs!), so this is the common difference.

We also see that the first term is 8, so now we can plug these numbers into the general
formula of the equation:

Find the general formula for
the nth term, and then find
the 12* term ( a,,) of the

——— a,=a,+(n-1)d, or a,=8+(n—-1)(-9)=8-9n+9=-9n+17. Sothe general

8,1, -10, -19, ... formulais @, =—9n+17.

To get the 12™ term, we'll plug in 12 for n, so we have a,, =—9(12)+17 =-51.

. We can see that the second term — the first = the third term — the second =
Find the general formula for

the nth term, and then find
the 8" term (a,) of the We also see that the first term is r, so now we can plug these numbers into the general

formula of the equation:

(r —5)—r=0-s=—s (watch the negative signs!), so this is the common difference.

sequence:
r,r—s,r—2s,... a,=a,+(n-1)d, or a,=r+(n—1)(—s) (we can just leave it like this). To get the 8%
term, we'll plug in 8 for n, so we have g, =r—7s .
Example

Write a rule for the nth term of the sequence 50, 44, 38, 32,.... Then find a,,.

Solution

The sequence is arithmetic with first term a, = 50 and common difference
d=44-50 =-6. So, a rule for the nth term is:

a,=a+(n-1)d Wirite general rule.

=50 + (n- 1)(-6) Substitute for a1 and d.
=56-6n Simplify.

The 20th term is a, = 56 - 6(20) = -64.

Example
The 20 th term of arithmetic sequence is 60 and the 16 th term is 20.Find the first term and the
common difference.
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Solution
a+ (20-1)d = 60

a+19d =60 (1)
a+(16-1)d = 20
a+(15)d = 20 (2)
(1) - (2) gives
4d = 40
d=10

buta + 15d = 20

Thereforea+ 15x 10 =20
a+150=20
a=-130
Hence, the first term is — 130 and the common difference is 10.

Example
Find the number of terms in the sequence - 3,0, 3 ..54
Solution

Thenthtermisa+ (n-1)d

a=-30,d=3
n th term = 54
therefore -3+ (n-1) =54
3(n-1)=57
n-1=19
n=20

Arithmetic series/ Arithmetic progression A.P

The sum of the terms of a sequence is called a series. If the terms of sequence are 1, 2, 3, 4, 5,
when written with addition sign we get arithmetic series

T+2+3+4+5

The general formulae for finding the sum of the terms is

S, = g[2a+(n-1)d]

Note;
If th first term (a) and the last term | are given , then
s = 2[a+]
"2
Example

The sum of the first eight terms of an arithmetic Progression is 220.If the third term is 17, find
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the sum of the first six terms

Solution
Sy = §[231+(8-1)d]
2
=4(2a+7d)
So,8a+28d=220......um.
The third termis a+ (3-1)d=a+2d =17 ............2
Solving 1 and 2 simultaneously;
8a+28d=220 .......1
8a+16d=136.......2
12d=84
d=7

Substituting d =7 in equation 2 gives a = 3
Therefore,

s, = g[2a+(6-1)7]

= 3(6 x 35)
=3x41
=123

Geometric sequence

It is a sequence with a common ratio.The ratio of any term to the previous term must be
constant.

Rule for Geometric sequence is;

The nth term of a geometric sequence with first term a1 and common ratio ris given by:
n-1

a, =a

Example

Given the geometric sequence 4, 12,36 .....find the 4", 5" and the n th terms
Solution

The first term, a =4

The common ratio, r =3
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Therefore the 4™ term = 4 x 3**
=4x3’
- 108

The 5" term =5x 3"
=5x 3’
- 324

The n™ term =4 x 3"'

Example
The 4" term of geometric sequence is 16 . If the first termis 2, find;
e The common ration
e The seventh term
Solution
The common ratio
The first term,a =2
The 4" termis 2 x r*" = 16
Thus, 21’ =16
r’ =8 (divided both sides by 2)

r = 2 (make r the subjet by dividing both sides by2)

The common ratio is 2

The seventh term =ar® = 2 x 2° = 128

Geometric series

The series obtained by the adding the terms of geometric sequence is called geometric series
or geometric progression G.P

The sum S _of the first nterms of a geometric series with common ratio r> 1 is:
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g -2 (r-1)
" r-1

The sum S of the first nterms of a geometric series with common ratio r< 1 is:

S _a(l-r)
" 1-r

Example

Find the sum of the first 9 terms of G.P.8 +24 + 72 +...

Solution
a=8,r= 24 _ 3
8
9
g -2 (3°-1)
" 3-1
_ 8(19683-1)
2
= 78728
Example

The sum of the first three terms of a geometric series is 26 .If the common ratio is 3, find the
sum of the first six terms.

Solution

53:26,r:3n=3

26 2 2(3-1)
3-1
_ a(27-1)
2
a =26X2 2
26
6
5 - 2(3-1)
2
_(2x728) _ 0
2
End of topic
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Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

The first, the third and the seventh terms of an increasing arithmetic progression are
three consecutive terms of a geometric progression. In the first term of the arithmetic
progression is 10 find the common difference of the arithmetic progression?

Kubai saved Ksh 2,000 during the first year of employment. In each subsequent year, he
saved 15% more than the preceding year until he retired.

(a) How much did he save in the second year?
(b) How much did he save in the third year?
(c) Find the common ratio between the savings in two consecutive years

(d) How many years did he take to save the savings a sum of Ksh 58,000?
(e) How much had he saved after 20 years of service?

In geometric progression, the first term is a and the common ratio is r. The sum of the
first two terms is 12 and the third term is 16.

(a) Determine the ratio ar’
a+ar

(b) If the first term is larger than the second term, find the value of r.
(@) The first term of an arithmetic progression is 4 and the last term is 20. The

Sum of the term is 252. Calculate the number of terms and the common
differences of the arithmetic progression

(b) An Experimental culture has an initial population of 50 bacteria. The population
increased by 80% every 20 minutes. Determine the time it will take to have a
population of 1.2 million bacteria.

Each month, for 40 months, Amina deposited some money in a saving scheme. In the
first month she deposited Kshs 500. Thereafter she increased her deposits by Kshs. 50
every month.
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Calculate the:
a) Last amount deposited by Amina
b) Total amount Amina had saved in the 40 months.

A carpenter wishes to make a ladder with 15 cross- pieces. The cross- pieces are to
diminish uniformly in length from 67 cm at the bottom to 32 cm at the top.

Calculate the length in cm, of the seventh cross- piece from the bottom

The second and fifth terms of a geometric progression are 16 and 2 respectively.
Determine the common ratio and the first term.

The eleventh term of an arithmetic progression is four times its second term. The sum
of the first seven terms of the same progression is 175

(a) Find the first term and common difference of the progression

(b) Given that p™ term of the progression is greater than 124, find the least
value of P

The n" term of sequence is given by 2n + 3 of the sequence

(@) Write down the first four terms of the sequence

(b) Find sn the sum of the fifty term of the sequence

(©) Show that the sum of the first n terms of the sequence is given by
Sn=n"+4n

Hence or otherwise find the largest integral value of n such that Sn <725
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CHAPTER FIFTY ONE

-

Specific Objectives

By the end of the topic the learner should be able to:
(a) Expand binomial expressions up to the power of four by multiplication;

(b) Building up - Pascal's Triangle up to the eleventh row;

(c) Use Pascal's triangle to determine the coefficient of terms in a binomialexpansions
up to the power of 10;

(d) Apply binomial expansion in numerical cases.

Content
(a) Binomial expansion up to power four

(b) Pascal's triangle
(c) Coefficient of terms in binomial expansion
(d) Computation using binomial expansion

(e) Evaluation of numerical cases using binomial expansion.

A binomial is an expression of two terms

Examples
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(a+y),a+3,2a+b

It easy to expand expressions with lower power but when the power becomes larger, the
expansion or multiplication becomes tedious. We therefore use pascal triangle to expand the
expression without multiplication.

We can use Pascal triangle to obtain coefficients of expansions of the form(a + b)"

Pascal triangle

1 (a + b)’ = 1a+b)*0=1
1 1 (a+b)' =1la+1b
1 2 1 (a+b)’=1a’+ 2ab + b’
1 3 3 1 (a+b)’ =1a’ + 3a’b + 3ab’ + 1b°
1 4 6 4 1 (a+b)*=1a"+ 4a’b + 6a°b” + 4ab’ + 1b*
Note;

e Each row starts with 1

e Each of the numbers in the next row is obtained by adding the two numbers on either
side of it in the preceding row

e The power of first term (a ) decreases as you move to right while the powers of the
second term (b ) increases as you move to the right

Example
Expand (p +q)°
Solution

The terms without coefficients are;

3 2. 23

5 _ 4 4 5
p.pq,pqa,pq pPqq

From Pascal triangle, the coefficients whenn=5are; 1T 5 10 10 5 1

Therefore (p +q)° =
p5+5p4q + 10 p?’q2 + 10 qzq3 +5 pq4 + q5

Example
Expand (x-y)’
Solution
x-y)" = (x-(-y)
The terms without the coefficient are;
X XX K X3 K (-9) x(-9)Y

From Pascal triangle, the coefficients when n =7 are;
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172135352171

Therefore (x-y)’=
x -7x% +21x°y*- 35x"y’ + 35Xy -21%°y° + 7xy’- y

7

Note;
When dealing with negative signs, the signs alternate with the positive sign but first start with
the negative sign.

Applications to Numeric cases
Use binomial expansion to evaluate (1.02)°to 4 S.F

Solution
(1.02) = (1+0.02)
Therefore (1.02)° = (1+ 0.02)°
The terms without coefficients are
1°1°(0.02)'1%(0.02)*1°(0.02)*  1%(0.02)*  1'(0.02)° (0.02)’
From Pascal triangle, the coefficients when n =6 are;
16 15 20 156 1
Therefore;
(1.02)° =
1+6(0.02) + 15(0.02)° +20(0.02)° +15(0.02)* + 6(0.02)° + (0.02)°
=1+ 0.12 + 0.0060 + 0.00016 + 0.0000024 + 0.0000000192 + 0.000000000064
=1.1261624
=1.126 (4 S.F)

Note;
To get the answer just consider addition of up to the 4™ term of the expansion. The other terms
are too small to affect the answer.

Example

Expand (1 + x)” up to the term x’.Use the expansion to estimate (0.98)° correct to 3 decimal
places.

Solution

(1+x)°

The terms without the coefficient are;
1°1°(x)1'x*1°(x)’1°(x)*

From Pascal triangle, the coefficients when n =9 are;
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1 9 36 84 126 126 84 36 9 1
Therefore (1 +x)°=1+ 9x + 36x* + 84 X".....coocccee...
(0.98)° =1 + 9x (-0.02) + 36 + (- 0.02)" + 84 (-0.02)°
=1-0.18 +0.0144 - 0.000672
= 0.833728
=0.834 (3 D.P)

Example

10
Expand (1+%) upto the term in x° in ascending powers of hence find the value of (0.005)"

correct to four decimal places.

Solution
2 3
=1+101x +4-51X +1201x
2 2 2
=1+ 10% 2x + 45 x 1x% + 120 x 1x°
2 4 8

=1+ 5x + %sz +15%°

(1.005)* = (1+0.005)*°
1
Here EX =0.005

x=0.0100.010

ituting for x = 0.01 in the expansion
1 a 45 ) ,
1+E(0'01) =1+5x0.01+ > x(0.01)? + 15(0.01)

=1+ 0.05+0.001125 +0.000015
=1.051140
=1.0511 (4 decimal places)

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 483



isabokemicah@gmail.com

before going to sleep!

Past KCSE Questions on the topic.

10.

(a) Write down the simplest expansion (1 + x)°

(b) Use the expansion up to the fourth term to find the value of (1.03)° to the nearest
one thousandth.

Use binomial expression to evaluate (0.96)5 correct to 4 significant figures.

Expand and simplify (3x — y)* hence use the first three terms of the expansion to
proximate the value of (6 - 0.2)*

Use binomial expression to evaluate
+1°%) 2 1[ ]
ﬁ V2 l/z
(a) Expand the expression {+ 1x ]5 in ascending powers of x, leaving
2
the coefficients as fractions in their simplest form.

(a)  Expand (a- b)°

(b) Use the first three terms of the expansion in (a) above to find the approximate
value of (1.98)°

Expand (2 + x)° in ascending powers of x up to the term in x> hence approximate the
value of (2.03)°to 4 s.f

(@)  Expand (1 +x)°
Hence use the expansion to estimate (1.04)° correct to 4 decimal places

(b) Use the expansion up to the fourth term to find the value of (1.03)° to the nearest
one thousandth.

Expand and Simplify (1-3x)° up to the term in x°
Hence use your expansion to estimate (0.97)° correct to decimal places.
Expand (1 + a)°

Use your expansion to evaluate (0.8)° correct to four places of decimal
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11. (@)  Expand (1+x)°

(b) Use the first three terms of the expansion in (a) above to find the approximate
value of (0.98)°

CHAPTER FIFTY TWO

. COMPOUND PROPRTION AND RATESOF

-

Specific Objectives

By the end of the topic the learner should be able to:
(a) Solve problems involving compound proportions using unitary and ratiomethods;

(b) Apply ratios and proportions to real life situations;
(c) Solve problems involving rates of work.

Content
(a) Proportional parts

(b) Compound proportions
(c) Ratios and rates of work

(d) Proportions applied to mixtures.

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 485



isabokemicah@gmail.com

Introduction

Compound proportions
The proportion involving two or more quantities is called compound proportion. Any four
quantities a, b, c and d are in proportion if;

oo
Q. la

Example
Find the value of a that makes 2, 5, a and 25 to be in proportion;
Solution

Since 2, 5,a, and 25 are in proportion

5a=2x25

2x25
a=
5

a=10

Continued proportions
In continued proportion, all the ratios between different quantities are the same; but always
remember that the relationship exists between two quantities for example:

10: 5 16 : 8 4 : 2

Note that in the example, the ratio between different quantities i.e. P:Q, Q:R and R:S are the
same i.e. 2:1 when simplified.

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 486



isabokemicah@gmail.com

Continued proportion is very important when determining the net worth of individuals who own
the same business or even calculating the amounts of profit that different individual owners of
a company or business should take home.

Proportional parts

In general, if n is to be divided in the ratio a: b: ¢, then the parts of n proportional to a, b, c are
2 n,

a+b+c a+b+c

C .
xn respectively
c

Example
Omondi, Joel, cheroot shared sh 27,000 in the ratio 2:3:4 respectively. How much did each get?
Solution

The parts of sh 27,000 proportional to 2, 3, 4 are

% «27,000 = sh 6000 —»Omondi
g x27,000 = sh 6000 —Joel
4

—x27,000 =sh 6000 »Cheroot

Ne)

Example

Three people — John, Debby and Dave contributed ksh 119, 000 to start a company. If the ratio
of the contribution of John to Debby was 12:6 and the contribution of Debby to Dave was 8:4,
determine the amount in dollars that every partner contributed.

Solution

Ratio of John to Debby’s contribution = 12:6 = 2:1

Ratio of Debby to Dave’s contribution = 8:4 = 2:1

As you can seg, the ratio of the contribution of John to Debby and that of Debby to Dave is in
continued proportion.
John Debby _ 2

Hence =
Debby  Dave 1
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To determine the ratio of the contribution between the three members, we do the calculation as
follows:

John: Debby: Dave
12 : 6
8 : 4

We multiply the upper ratio by 8 and the lower ratio by 6, thus the resulting ratio will be:

John: Debby: Dave
96: 48 : 24

=4: 2 1

The total ratio =7

The contribution of the different members can then be found as follows:

John i7 x ksh 119, 000 = ksh 68,000
Debby 17 x ksh 119, 000 = ksh 34,000

Dave % x ksh 119, 000 = ksh 17,000

John contributed ksh 68, 000 to the company while Debby contributed ksh 34, 000 and Dave
contributed ksh 17, 000

Example 2

You are presented with three numbers which are in continued proportion. If the sum of the three
numbers is 38 and the product of the first number and the third number is 144, find the three
numbers.

Solution

Let us assume that the three numbers in continued proportion or Geometric Proportion are a, ar
and ar” where a is the first number and r is the rate.

atar+ar’ =38 ... (1)
The product of the 1% and 3 is

axar =144
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Or
(@n2="144......eeeeerceene(2)
If we find the square root of (ar)? then we will have found the second number:

ar=12

Since the value of the second number is 12, it then implies that the sum of the first and the third

number is 26.

We now proceed and look for two numbers whose sum is 26 and product is 144.
Clearly, the numbers are 8 and 18.

Thus, the three numbers that we were looking for are 8, 12 and 18.

Let us work backwards and try to prove whether this is actually true:

8+12+18=18
What about the product of the first and the third number?

8x18=144

What about the continued proportion

a _ar_2
ar ar’ 3
The numbers are in continued proportion
Example
Given that x: y =2:3, Find the ratio (5x — 4y): (x + ).
Solution
Sincex:y=2:3
X_Y_x
2 3 ’

x =2k and y =3k
(5x — 4y): (x+y) = (10k = 12 k) :( 2k + 3 k)
=-2k: 5k

=-2:5
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Example
fa-c ,show thatﬂ = ﬂi.
b d b-3a d-3c
Solution
a ¢ a b
—_— = = 55— = —
b d ¢ d
a_ b
—_— = — = k
b d

a=kc and b=kd

Substituting kc for a and kd for b in the expression _;-32

ke-3kd _ k (c-3d)
kd-3kd  k(d-3¢)

0
w
o

o
w
(o]

. -3b  ¢-3d
Therefore expression 322 = €29
P b-3a d-3c

Rates of work and mixtures

Examples

195 men working 10 hour a day can finish a job in 20 days. How many men employed to finish
the job in 15 days if they work 13 hours a day.

Solution:

Let x be the no. of men required
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Days hours Men
20 10 195
15 13 X

20x10x 195 =15 x13 xx

20 x10 x195
X= —

200 men
15 x13
Example

Tap P can fill a tank in 2 hrs, and tap Q can fill the same tank in 4 hrs. Tap R can empty the tank
in 3 hrs.

a) If tap Ris closed, how long would it take taps P and Q to fill the tank?

b) Calculate how long it would take to fill the tank when the three taps P, Q and R. are left
running?

Solution

a) Tap P fills % of the tank in 1 h.
Tap Qfills i of the tankin 1 h.

Tap R empties % of the tankin 1 h.

In one hour, P and Q fill % + = % of the tank

1
4
Therefore % of the tank is filled in 1 h.

Time taken to fill the tank (é] = (éé)h
4] 4 4

W

b) In1h,PandQfill % of tank while R empties % of the tank.

When all taps are open ,(%+%-%=%)of the tank is filled in 1 hour.

15—2 of tank is filled in 1 hour.
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Therefore time required to fill the tankg = E—i x1h
12 |12 12
2
=2-h
5

Example

In what proportion should grades of sugars costing sh.45 and sh.50 per kilogram be mixed in
order to produce a blend worth sh.48 per kilogram?

Solution
Method 1

Let n kilograms of the grade costing sh.45 per kg be mixed with 1 kilogram of grade costing
sh.50 per kg.

Total cost of the two blends is sh.(45n+50)
The mass of the mixture is (n +1) kg
Therefore total cost of the mixture is (n +1)48
45n + 50 =48 (n +1)

45n+50=48n+48

50 =3n+48

2=3n

2
n= -
3

The two grades are mixed in the proportion % 1=2:3

Method 2

Let x kg of grade costing sh 45 per kg be mixed with y kg of grade costing sh.50 per kg. The
total cost will be sh.(45x + 50 y)

45x+50y

Cost per kg of the mixture is sh.
X+y

45x+50y _ 48
X+y
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45x + 50y = 48(x + y)
45x + 50y = 48x + 48y

2y = 3x

2
3

<X

The proportionis x:y =2:3

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. Akinyi bought and beans from a wholesaler. She then mixed the maize and beans the
ratio 4:3 she brought the maize as Kshs. 12 per kg and the beans 4 per kg. If she was to
make a profit of 30% what should be the selling price of 1 kg of the mixture?

2. A rectangular tank of base 2.4 m by 2.8 m and a height of 3 m contains 3,600 liters of
water initially. Water flows into the tank at the rate of 0.5 litres per second

Calculate the time in hours and minutes, required to fill the tank

3. A company is to construct a parking bay whose area is 135m®. It is to be covered with
concrete slab of uniform thickness of 0.15. To make the slab cement. Ballast and sand
are to be mixed so that their masses are in the ratio 1: 4: 4. The mass of m® of dry slab is
2, 500kg.

Calculate
(@) (i) The volume of the slab
(i) The mass of the dry slab
(i)  The mass of cement to be used
(b) If one bag of the cement is 50 kg, find the number of bags to be purchased

(a) If a lorry carries 7 tonnes of sand, calculate the number of lorries of sand
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to be purchased.
The mass of a mixture A of beans and maize is 72 kg. The ratio of beans to maize
is 3:5 respectively
(a) Find the mass of maize in the mixture

(b) A second mixture of B of beans and maize of mass 98 kg in mixed with A. The
final ratio of beans to maize is 8:9 respectively. Find the ratio of beans to maize
inB

A retailer bought 49 kg of grade 1 rice at Kshs. 65 per kilogram and 60 kg of grade Il rice

at Kshs 27.50 per kilogram. He mixed the tow types of rice.

(a) Find the buying price of one kilogram of the mixture
(b) He packed the mixture into 2 kg packets

(i) If he intends to make a 20% profit find the selling price per packet

(i) He sold 8 packets and then reduced the price by 10% in order to attract
customers. Find the new selling price per packet.

(i) After selling '/3 of the remainder at reduced price, he raised the price so
as to realize the original goal of 20% profit overall. Find the selling price
per packet of the remaining rice.

A trader sells a bag of beans for Kshs 1,200. He mixed beans and maize in the ration 3: 2.
Find how much the trader should he sell a bag of the mixture to realize the same profit?

Pipe A can fill an empty water tank in 3 hours while, pipe B can fill the same tank in 6
hours, when the tank is full it can be emptied by pipe C in 8 hours. Pipes A and B are
opened at the same time when the tank is empty.

If one hour later, pipe C is also opened, find the total time taken to fill the tank

A solution whose volume is 80 litres is made 40% of water and 60% of alcohol. When
litres of water are added, the percentage of alcohol drops to 40%

(@) Find the value of x
(b) Thirty litres of water is added to the new solution. Calculate the percentage

(©) If 5 litres of the solution in (b) is added to 2 litres of the original solution,
calculate in the simplest form, the ratio of water to that of alcohol in the resulting
solution

A tank has two inlet taps P and Q and an outlet tap R. when empty, the tank can be filled
by tap P alone in 4 %2 hours or by tap Q alone in 3 hours. When full, the tank can be
emptied in 2 hours by tap R.

(a) The tank is initially empty. Find how long it would take to fill up the tank

(i) If tap R is closed and taps P and Q are opened at the same time
(2mks)
(i) If all the three taps are opened at the same time
(b) The tank is initially empty and the three taps are opened as follows
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P at 8.00 a.m

Qat8.45a.m

Rat9.00 a.m

(i) Find the fraction of the tank that would be filled by 9.00 a.m
(i) Find the time the tank would be fully filled up

Kipketer can cultivate a piece of land in 7 hrs while Wanjiru can do the same work in 5
hours. Find the time they would take to cultivate the piece of land when working together.

Mogaka and Ondiso working together can do a piece of work in 6 days. Mogaka,
working alone, takes 5 days longer than Onduso. How many days does it take Onduso to
do the work alone.

Wainaina has two dairy farms A and B. Farm A produces milk with 3 % percent fat and
farm B produces milk with 4 " percent fat.

(@) () The total mass of milk fat in 50 kg of milk from farm A and 30kg
of milk from farm B.

(i) The percentage of fat in a mixture of 50 kg of milk A and 30 kg of milk
from B

(b) Determine the range of values of mass of milk from farm B that must be used in
a 50 kg mixture so that the mixture may have at least 4 percent fat.

A construction firm has two tractors T1 and T2 Both tractors working together can
complete the work in 6 days while T1 alone can complete the work in 15 days. After the
two tractors had worked together for four days, tractor T1 broke down.

Find the time taken by tractor T2 complete the remaining work.
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CHAPTER FIFTY THREE
Specific Objectived

By the end of the topic the learner should be able to:
(a) Makes a table of values from given relations;

(b) Use the table of values to draw the graphs of the relations;

(c) Determine and interpret instantaneous rates of change from a graph;

(d) Interpret information from graphs;

(e) Draw and interpret graphs from empirical data;

(f) Solve cubic equations graphically;

(g) Draw the line of best fit;

(h) Identify the equation of a circle;

(i) Find the equation of a circle given the centre and the radius;

(j) Determine the centre and radius of a circle and draw the circle on acartesian plane.

Content
(a) Tables and graphs of given relations

(b) Graphs of cubic equations

(c) Graphical solutions of cubic equations
(d) Average rate of change

(e) Instantaneous rate of change

(f) Empirical data and their graphs

(g) The line of best fit
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(h) Equation of a circle
(i) Finding of the equation of a circle

(j) Determining of the centre and radius of a circle.

Introduction
These are ways or methods of solving mathematical functions using graphs.

Graphing solutions of cubic Equations
A cubic equation has the form

ax’+ b+ cx+d=0
where a, b, c and d are constants

It must have the term in x° or it would not be cubic (and so a # 0), but any or all of b, cand dcan
be zero. For instance,

X -6xX+11x-6 =0, 4x°+57 =0, X+9x=0

are all cubic equations.
The graphs of cubic equations always take the following shapes.

I/A

Y =X -6xX+11x -6 = 0.

Notice that it starts low down on the left, because as x gets large and negative so does x° and it
finishes higher to the right because as x gets large and positive so does x°. The curve crosses
the x-axis three times, once where x = 1, once where x = 2 and once where x = 3. This gives us
our three separate solutions.

Example

(a) Fill in the table below for the functiony = -6 + x+ 4x* + X’ for -4 <x <2
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x |4 3712 1 ]0o [1 [2
6 |6 |6 |6 |6 |6 |6 |6
x |4 |32 [1]0o |1 |2
% 16 4
X

y

(b) Using the grid provided draw the graph fory = -6 + x + 4x* + X’ for -4< x< 2

(©) Use the graph to solve the equations:-

6+ x+4X+x=0

X +4X+x-4=0
2+4xX+x =0

Solution

The table shows corresponding values of x and y for y= -6 + x+ 4x* + x°

X 4 132 [-71 Jo 7 12
-6 6|6 |6 |6 |6 |6 |6
X 4 -3 ]2 |1 o 17 ]2
4 64 |36 |16 |4 0 |4 16
X 64| -271-8 |-1 |0 1 8
Y=-6+x+4x+x’ |-10l0 |0 |4 |6 [0 |20

From the graph the solutions for
xarex=3,x=-2x=1

I To solve
equation y = x> +
45 + x -6 we
draw a straight

line from the diffrence of the two equations and then we read the coordinates at
the point of the intersetion of the curve and the straight line

y=xX"+4XF +x-6

0=xX"+4x" +x-4

y:

-2

y=xX"+4+x-6

solutions 0.8,-1.5 and -3.2

1
-3

0
4
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0=xX"+4+0-2

y= x-4

" I 1
! i :'j; T
- i
= i N i - I ]
s T " o
+ ' | T _—[l”
|
: ‘ y=-6 + 4x°
I
|E ! =
rhil
|1 i i i I
8 = I i i
{his . : |
5 i HE
i = =3 {1
| — i
i il e ™
i3 i > : B i
1 =T =
+ 14 1 T
figh i g
- A Ry 1
2 - T i il = =
= 1285 ey
- ami =
T 1 : i 1 & T .‘:'_:
L _ i ' it SEEE
o = If
- = =9 == {HIF 3
LT It == [t
: £ | Eig{ [
: H i 157
H e
i I ;
- y=x-4
Ve i
i e L '
T S iv' i
= 2ol i i = 551 i =
: i s -
- Elli— i S [ SR R e o |2
it B H sesinih o "‘I T : % : ‘::. i
e s EEE —
¢ 31 : il BRISS = 14
: I 7 e
b d { LR r 2
7 i ! = = B i
Ere i : i il |1 == she
1 i 39 A i —_— =
T et =Sl == £ =
: = = T !
I =1 #ﬂ"—:‘ :

The notion of average rate of change can be used to describe the change in any variable with
respect to another. If you have a graph that represents a plot of data points of the form (x, y),
then the average rate of change between any two points is the change in the y value divided by
the change in the x value.
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[o

o 300|
p .
i changein y

The average rate of change of y with respect to
X

=

changein x

Note;

e The rate of change of a straight ( the slop)line is the same between all points along the
line

e The rate of change of a quadratic function is not constant (does not remain the same)

Example

The graph below shows the rate of growth of a plant,from the graph, the change in height
between day 1 and day 3 is givenby 7.5cm - 3.8cm =3.7 cm.

3.7 cm

Average rate of change is = 1.85 cm /day
2 days

1.3 cm
ays

The average rate of change for the next two days is = 0.65cm/day

Note;

e The rate of growth in the first 2 days was 1.85 cm/day while that in the next two days is
only 0.65 cm /day.These rates of change are represented by the gradients of the lines
PQ and QR respectively.
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L3 e

of Q

of

line

Height in cm

, i
- 2 HEE
H

CLIEKIREitia

1 2 3 4

]

Number
days

The
gradient
the
straight
is 20
,which is

constant.The gradient represents the rate of distance with time (speed) which is 20 m/s.

70_ T+ e

11

60 83

50

an

.
aaa

40

Distance in metres

1

-y

==

-4 5
e

44 4

— -

1 2 3 4 3 6 7

Time in seconds

Rate of change at an instant

8 9

We have seen that to find the rate of change at an instant ( particular point),we:
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e Draw atangent to the curve at that point
e Determine the gradient of the tangent

The gradient of the tangent to the curve at the point is the rate of change at that point.

Empirical graphs
An Empirical graph is a graph that you can use to evaluate the fit of a distribution to your data
by drawing the line of best fit. This is because raw data usually have some errors.

Example

The table below shows how length | cm of a metal rod varies with increase in temperature T

(o).

Temperatu | O 1 2 3 5 6 7 8
re
Degrees C
Lengthem | 4.0 4.3 4.7 4.9 5.0 59 6.0 6.4
Solution
e
00 R S B Hk,};; girasa
R e T EedE
% 0§ a: % = %‘; “**%% ssuniiesis
3 | L H R AR
§ | [
-34[! I e 3 TS #{
= [ ! : HH:
£ e
£ 130 . i
20 =5 -:mr =2 i
1.0 8 , ;‘_ : H' Hes
B + AR
: # HE *ﬁﬁ s
4 S 6 7 3
Temperature T {'C}

NOTE;
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e There is a linear relation between length and temperature.
e We therefore draw a line of best fit that passes through as many points as possible.

e The remaining points should be distributed evenly below and above the line

7.0

|+

6.0 3 !

5.0 B ; ;

40

Length I (em) of metal rod

20

1.0

e
—

1

1

0 1 2 3 4 5 [¢] 7 3
Temperature T(°C)

The line cuts the y - axis at (0, 4) and passes through the point (5, 5.5).Therefore, the gradient

of the line is % = 0.3.The equation of the line is | =0.3T + 4.

Reduction of Non-linear Laws to Linear Form.

When we plot the graph of xy=k, we get a curve.But when we plot y against 1, w get a straight
X
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line whose gradient is k.The same approach is used to obtain linear relations from non-linear

relations of the form y= kx".

Example

The table below shows the relationship between A and r

r 1 2 3 4 5

A 3.1 12.6 283 | 50.3 | 78.5

It is suspected that the relation is of the form A=Kr’.By drawing a suitable graph,verify the law

connecting A and r and determine the value of K.
Solution

If we plot A against r’,we should get a straight line.

r 1 2 3 4 5
A 3.1 126 | 283 | 50.3 | 785
r 1 4 9 16 25
A
80 B
) 3
40
20
1] 4 8 12 16 20 24
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Since the graph of A against r’is a straight line, the law A =kr’holds.The gradient of this line is
3.1 to one decimal place. This is the value of k.

Example

From 1960 onwards, the population P of Kisumu is believed to obey a law of the form P
=kA'Where k and A are constants and t is the time in years reckoned from 1960.The table below
shows the population of the town since 1960.

r 1960 1965 197 197 1980 1985 1990
0 5
P 5000 6080 | 740 901 1096 1333 1620 [By plotting a
0 0 0 0 0 suitable
graph, check

whether the population growth obeys the given law. Use the graph to estimate the value of A.

Solution

log A, which is in the form y = mx + Thus we plot log P against t.(Note that log A is a
constant).The below shows the corresponding values of t and log p.

r 1960 1965 197 197 1980 1985 1990
0 5
Log P 3.699 3.784 | 3.86 395 | 4040 | 4125 | 4.210
9 5
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4.20

4.10

4.00

390

3,708 i

: B
3.60 : : i

335

{]960 ‘ 1965 1970 1975 1980 1085 1990

Since the graph is a straight line ,the law P =kA'holds.

Log A is given by the gradient of the straight line.Therefore, log A = 0.017.
Hence A = 1.04

Log k is the vertical intercept.

Hence log k =3.69

Therefore k = 4898

Thus, the relationship is P = 4898 (1.04)'

Note;

e Laws of the form y=kA" can be written in the linear form as: log y = log k + x log A (by
taking logs of both sides)

e When log y is plotted against x , a straight line is obtained.lts gradient is log A and the
intercept is log k.

e The law of the form y =kX",where k and n are constants can be written in linear form as;
e Logy-=logk+nlog x.
e We therefore plot log y is plotted against log x.

e The gradient of the line gives n while the vertical intercept is log k
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Summary

Forthe law y=d+ cxzto be verified it is necessary to plot a graph of the variables in a modified
Form as follows y =d +cx” is compared withy = mx + ¢ thatisy =cx’ + d

i) Y is plotted on the y axis

i) x"is plotted on the x axis

iii.) The gradientis ¢

iv.)  The vertical axis intercept is d

For the law y — a = by/xto be verified it is necessary to plot a graph of the variables in a x
Modified form as follows
y— a=byx,ie. y=byx + awhichis compared with y=mx+ ¢

i.) y should be plotted on the y axis

ii.) Jx should be plotted on the x axis

iii.)  Thegradientisb

iv.)  The vertical axis intercept is a

Forthelaw y - e =£ to be verified it is necessary to plot a graph of the variables in a

Modified form as follows. The law y — e i is f(l] + e compared withy = mx + c.

X X
i.) y should be plotted on the vertical axis
ii.) Lshould be plotted on the horizontal axis
X

iii.)  The gradientis f
iv.) The verticalzaxis intercept is e

For the law y — cx = bx to be verified it is necessary to plot a graph of the variables in a

Modified form as follows. The law y — cx = bx’ is Y- px+ c compared with y=mx+ ¢,
X

i) Y should be plotted on y axis
X

ii.) X should be plotted on x axis
iii.) The gradientis b
iv.) The vertical axis intercept is ¢

For the law y = 2 + bxto be verified it is necessary to plot a graph of the variables in a ax
X
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1
2

Modified form as follows. The law ¥ = a(
X X

] + b compared withy =mx +c

i.) Y should be plotted on the vertical axis
X

ii.) lz should be plotted on the horizontal axis
X

iii.)  Thegradientis a
iv.)  The vertical intercept is b

Equation of a circle

A circle is a set of all points that are of the same distance r from a fixed point. The figure below
is a circle centre ( 0,0) and radius 3 units
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EH T T 3
S s i T R
i i i
2 HHS :
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i o HHH S S AT H
stei) o R :
3
T T -— 1
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e :
e THH HH (No, o N 33
£ it esatees i i
= . =1H it
et - a + L
I -
I
=
b s i
* K
; } s
HHT * T
FH G R R R e
EaEres: T = :
e - v H me s T 1T
i e I et
- H 4! HH
 EEek: T i RaEE i Tininannsan)

P (x,y) is a point on the circle. Triangle PON is right — angled at N.
By Pythagoras’ theorem;

ON” + PN” = OP’
But ON = x, PN =y and OP =3 .Therefore, x* + y* = 3

Note;
The general equation of a circle centre (0,0) and radius ris x° +y* =1’

Example
Find the equation of a circle centre (0, 0) passing through (3, 4)
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Solution
Let the radius of the circle be r
From Pythagoras theorem;

Example
Consider a circle centre ( 5, 4 ) and radius 3 units.

sasrazen
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Solution
In the figure below triangle CNP is right angled at N.By pythagoras theorem;
CN? + NP? = CP?
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But CN=(x = 5), NP = (y — 4) and CP =3 units.

Therefore,(x-5)° + (y-4 )* = 3% this is the equation of a circle.

Note;

The equation of a circle centre (a,b) and radius r units is given by;

(x-a)? + (y-b)* = (r)?

Example
Find the equation of a circle centre (-2 ,3) and radius 4 units

Solution
General equation of the circle is (x-a)? + (y-b)* = r* .Thereforea=-2b =3 andr = 4
(x-(-2))* + (y-(3))* = 4°
(x+2)2 + (y-3)*=16

Example
Line AB is the diameter of a circle such that the co-ordinates of A and B are (-1,1) and(5,1)
respectively.

a.) Determine the centre and the radius of the circle

b.) Hence, find the equation of the circle

Solution
-145 1+1
) [/, ==|=(21
) (4251 - (2)
Radius =_/(5-2)*+(1-1)

=[3*=3
b.) Equation of the circle is ;
(x-2) + (y-1)° = 3°
(x-2)* + (y-1)*=9

Example
The equation of a circle is given by x*- 6x +y” + 4y - 3 = 0.Determine the centre and radius of the
circle.

Solution
X~ 6X +y’ + 4y = 3
Completing the square on the left hand side;
X-6Xx+9+y° + 4y +4=3+9+ 4
(x-3) +(y+2)’=4-3=0
Therefore centre of the circle is (3,-2) and radius is 4 units. Note that the sign changes to
opposite positive sign becomes negative while negative sign changes to positive.

Example
Write the equation of the circle that has A(1,-6) and B(5, 2) as endpoints of a diameter.
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Method 1: Determine the center using the Midpoint Formula:

C(1_+5 -6+2

5 ]—>C(3,—2)

Determine the radius using the distance formula (center and end of
diameter):

Equation of circleis:  (x-3)% + (y+2)? = 20
Method 2: Determine center using Midpoint Formula (as before): C(3,-2).
Thus, the circle equation will have the form (x-3)% + (y+2)2 = r°
Find r* by plugging the coordinates of a point on the circle in for xand y.
Let's use B(5, 2):r” = (5-3)2 + (2+2)2= 2"+ 4" =4 + 16 = 20

Again, we get this equation for the circle: (x-3)% + (y+2)% = 20

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. The table shows the height metres of an object thrown vertically upwards varies with the
time t seconds

The relationship between s and t is represented by the equations s = at” + bt + 10 where
b are constants.

T]0 |1 2 |3 (4 |5 |6 |7 8 |9 |10
S 451 49. -80
9

(@) (i) Using the information in the table, determine the values of aand b
(ii) Complete the table

(b) (i) Draw a graph to represent the relationship between s and t
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(ii) Using the graph determine the velocity of the object when t = 5 seconds

Data collected form an experiment involving two variables X and Y was recorded as
shown in the table below

x | 1.1 1.2 |13 |14 |15 |16

y |-03 |05 |14 |25 |38 |52

The variables are known to satisfy a relation of the form y = ax® + b where a and b are
constants

(a) For each value of x in the table above, write down the value of x°
(b) () By drawing a suitable straight line graph, estimate the values of aand b
(i) Write down the relationship connecting y and x

Two quantities P and r are connected by the equation p = kr". The table of values

of P andris given below.

R [1.58 |225 |339 (474 |786 |11.5

a) State a liner equation connecting P and r.
b) Using the scale 2 cm to represent 0.1 units on both axes, draw a suitable
line graph on the grid provided. Hence estimate the values of K and n.

The points which coordinates (5,5) and (-3,-1) are the ends of a diameter of a circle
centre A

Determine:
(a) The coordinates of A
The equation of the circle, expressing it in form x* +y*+ax+ by +c =0
where a, b, and c are constants each computer sold
The figure below is a sketch of the graph of the quadratic functiony = k
(x+1) (x-2)

s |
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Find the value of k

The table below shows the values of the length X (in metres ) of a pendulum and the
corresponding values of the period T ( in seconds) of its oscillations obtained in an
experiment.

X (metres) | 0.4 1.0 1.2 1.4 1.6
T (seconds) | 1.25 |2.01 |219 |237 |253

(@)  Construct a table of values of log X and corresponding values of log T,
correcting each value to 2 decimal places

b) Given that the relation between the values of log X and log T approximate to a
linear law of the form m log X + log a where a and b are constants

(i) Use the axes on the grid provided to draw the line of best fit for the graph
of log T against log X.

I I I I o i I

(i) Use the graph to estimate the values of aand b

(iii) Find, to decimal places the length of the pendulum whose period is 1
second.

Data collection from an experiment involving two variables x and y was recorded as
shown in the table below
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The variables are known to satisfy a relation of the formy = ax® + b where aand b
are constants

(@) For each value of x in the table above. Write down the value of x*

(b) () By drawing s suitable straight line graph, estimate the values of aand b

(i) Write down the relationship connecting y and x

Two variables x and y, are linked by the relation y = ax". The figure below shows part of
the straight line graph obtained when log y is plotted against log x.

-

Calculate the value of a and n

9.

10.

The luminous intensity | of a lamp was measured for various values of voltage v across
it. The results were as shown below

V(volts) |30 |36 40 44 [48 50 54

L (Lux) 708 | 1248 | 1726 | 2320 | 3038 |3848 | 4380

It is believed that V and | are related by an equation of the form | = aV" where a and n are
constant.

(@) Draw a suitable linear graph and determine the values of a and n
(b) From the graph find

(i) The value of | when V = 52

(i) The value of V when | = 2800

In a certain relation, the value of A and B observe a relation B= CA + KA? where C and K
are constants. Below is a table of values of A and B

A |1 2 3 4 5 6

B |32 |675 |10.8 [151 |20 |252

(a) By drawing a suitable straight line graphs, determine the values of C and K.
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(b) Hence write down the relationship between A and B
(c) Determine the value of B when A =7

The variables P and Q are connected by the equation P = ab® where a and b are
constants. The value of p and q are given below

P |6.56 |17.7 |47.8 | 129 | 349 | 941 | 2540 | 6860
Q |0 1 2 3 4 5 6 7

(a) State the equation in terms of p and q which gives a straight line graph

(b) By drawing a straight line graph, estimate the value of constants a and b and give
your answer correct to 1 decimal place.
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CHAPTER FIFTY FOUR

>

Specific Objectives

By the end of the topic the learner should be able to:
(a) Define probability;

(b) Determine probability from experiments and real life situations;
(c) Construct a probability space;

(d) Determine theoretical probability;

(e) Differentiate between discrete and continuous probability;

(f) Differentiate mutually exclusive and independent events;

(g) State and apply laws of probability;

(h) Use a tree diagram to determine probabilities.

Content
(a) Probability

(b) Experimental probability

(c) Range of probability measure 0 * P (x) *1

(d) Probability space

(e) Theoretical probability

(f) Discrete and continuous probability (simple cases only)

(g) Combined events (mutually exclusive and independent events)
(h) Laws of probability

() The tree diagrams.

Introduction
The likelihood of an occurrence of an event or the numerical measure of chance is called
probability.

Experimental probability
This is where probability is determined by experience or experiment. What is done or observed
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is the experiment. Each toss is called a trial and the result of a trial is the outcome. The
experimental probability of a result is given by (the number of favorable outcomes) / (the total
number of trials)

Example

A boy had a fair die with faces marked 1to6 .He threw this die up 50 times and each time he
recorded the number on the top face. The result of his experiment is shown below.

face 1 2 3 4 5 6
Number of | 11 6 7 9 9 8
times a
face has
shown up
What is the

experimental provability of getting?
a)l b.)6
Solution

a.) P(Event) =the number of favorable outcomes
' the total number of trials

P(1)=11/50
b.) P(4)=9/50
Example

From the past records, out of the ten matches a school football team has played, it has won
seven.How many possible games might the school win in thirty matches ?.

Solution
P(winning in one math) = 7/10.

Therefore the number of possible wins in thirty matches = 7/10 x 30 = 21 matches

Range of probability Measure
If P(A) is the probability of an event A happening and P(A) is the probability of an event A not
happening, Then P(A)=1- P(A) and P(A") + P(A)=1

Probability are expressed as fractions, decimals or percentages.

Probability space

A list of all possible outcomes is probability space or sample space .The coin is such that the
head or tail have equal chances of occurring. The events head or tail are said to be equally likely
or eqgiprobable.
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Theoretical probability

This can be calculated without necessarily using any past experience or doing any experiment.
The probability of an event happening #number of favorable outcomes /total number of
outcomes.

Example

A basket contains 5 red balls, 4green balls and 3 blue balls. If a ball is picked at random from
the basket, find:

a.)The probability of picking a blue ball
b.) The probability of not picking a red ball

Solution

a.)Total number of balls is 12

The number of blue balls is 3

Solution

a.) therefore, P (a blue ball) =3/12

b.)The number of balls which are not red is 7.

Therefore P ( not a red ball)= 7/12

Example

A bag contains 6 black balls and some brown ones. If a ball is picked at random the probability
that it is black is 0.25.Find the number of brown balls.

Solution
Let the number of balls be x
Then the probability that a black ball is picked at random is 6/x
Therefore 6/x = 0.25
x=24
The total number of bald is 24
Then the number of brown balls is 24 - 6 =18

Note:
When all possible outcomes are count able, they are said to be discrete.
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Types of probability

Combined Events
These are probability of two or more events occurring

Mutually Exclusive Events

Occurrence of one excludes the occurrence of the other or the occurrence of one event depend
on the occurrence of the other.. If A and B are two mutually exclusive events, then (A or B) = P
(A) + P (B). For example when a coin is tossed the result will either be a head or a tail.

Example

i) If a coin is tossed ;

P(head) + P( tail)

Note;
If [OR] is used then we add

Independent Events

Two events A and B are independent if the occurrence of A does not influence the occurrence of
B and vice versa. If A and B are two independent events, the probability of them occurring
together is the product of their individual probabilities .That is;

P (Aand B) = P (A) x P(B)
Note;

When we use [AND] we multiply ,this is the multiplication law of probability.

Example

A coin is tosses twice. What is the probability of getting a tail in both tosses?
Solution

The outcome of the 2™ toss is independ of the outcome of the first .
Therefore;

P(TandT)=P(T)XP(T)

N[
NN

_1
= —X
2
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Example

A boy throws fair coin and a regular tetrahedron with its four faces marked 1,2,3 and 4.Find the
probability that he gets a 3 on the tetrahedron and a head on the coin.

Solution

These are independent events.

P (H) =

N | =

P(3) =5

Therefore;
P(Hand3)=P(H)xP(3)
=YXV

=1/8

Example

A bag contains 8 black balls and 5 white ones.If two balls are drawn from the bag, one at a
time,find the probability of drawing a black ball and a white ball.

a.) Without replacement
b.) With replacement

Solution

a.) There are only two ways we can get a black and a white ball: either drawing a white then
a black,or drawing a black then a white.We need to find the two probabilities;

P( W followed by B) = P (W and B)
8.5 _10

X =
13 12 39
b.) P(B followed by W) = P (B and W)

5,8 _10
13712 39

Note;

The two events are mutually exclusive, therefore.

P (W followed by B) or ( B followed by W )= P( W followed by B ) + P ( B followed by W)
=P (WandB) +P(BandW)
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=40 40 _20
156 156 39

Since we are replacing, the number of balls remains 13.

Therefore;
PWandB)=>x 2 = 40
13 13 169
P(BandW)=2 x> = 40
13 13 169
Therefore;

P [(W and B) or (B and W)] = P (W and B) + P (B and W)

_40 40 _ 80
169 169 169

Example

Kamau ,Njoroge and Kariuki are practicing archery .The probability of Kamau hitting the target is
2/5,that of Njoroge hitting the target is % and that of Kariuki hitting the target is 3/7 ,Find the
probability that in one attempt;

a.) Only one hits the target

b.) All three hit the target

c.) None of them hits the target
d.) Two hit the target

e.) At least one hits the target

Solution
a.) P(only one hits the target)
=P (only Kamau hits and other two miss) =2/5 x 3/5 x 4/7
=6/35
P (only Njoroge hits and other two miss) = 1/4 x 3/5 x 4/7
=3/35
P (only Kariuki hits and other two miss) =3/7x3/5x %
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=27/140
P (only one hits) = P (Kamau hits or Njoroge hits or Kariuki hits)
=6/35+ 3/35+27/140
=9/20
b.) P (all three hit) =2/5x1/4 x3/7
=3/70
c.) P(nonehits) =3/5x3/4x4/7
=9/35
d.) P (two hit the target ) is the probability of ;

Kamau and Njoroge hit the target and Kariuki misses = 2/5 x 3/7 x 4/7

Njoroge and Kariuki hit the target and Kamau misses = 1/4 x 3/7 x 3/5

Or

Kamau and Kariuki hit the target and Njoroge misses = 2/5x 3/7 x 3/4
Therefore P (two hit target) = (2/5x 1/4 x 4/7) + (1/4 x 3/7 x 3/5) + (2/5 x 3/7 x 3/4)
= 8/140 + 9/140 + 18/140
=%
e.) P (at least one hits the target) = 1 = P ( none hits the target)
=1-9/35
=26/35
Or

P (at least one hits the target) = 1 — P (none hits the target)
=26/35

Note;
P (one hits the target) is different from P (at least one hits the target)

Tree diagram

Tree diagrams allows us to see all the possible outcomes of an event and calculate their
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probality.Each branch in a tree diagram represents a possible outcome .A tree diagram which
represent a coin being tossed three times look like this;

1st coin 2nd coin 3rd coin
1
3 H
1 1
= H -
<, 2
ai H
~ 7.
1 E T o
2
e
2 T
: 4
\ 2 - H
A
X 1
2 . 5 H ™~
T - -
-~ 5 T
G 1 y
1 2
7T
2 T

From the tree diagram, we can see that there are eight possible outcomes. To find out the
probability of a particular outcome, we need to look at all the available paths (set of branches).

The sum of the probabilities for any set of branches is always 1.

Also note that in a tree diagram to find a probability of an outcome we multiply along the
branches and add vertically.

The probability of three heads is:

PHHH)=1/2x1/2x1/2=1/8

P(2Headsanda Tail)=P(HHT)+P (HTH)+P (THH)
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=1/2%x1/2x1/2+1/2%x1/2%x1/2+1/2x1/2%1/2

=1/8+1/8+1/8

=3/8
Example

Bag A contains three red marbles and four blue marbles.Bag B contains 5 red marbles and three
blue marbles.A marble is taken from each bag in turn.

Bag A Bag B
s
8 Red
%‘ . Red 3 ™ Blue
> 8
4™ 5
) Blue E - Red
% ~ Blue

a.) What is the probability of getting a blue bead followed by a red
b.) What is the probability of getting a bead of each color
Solution
a.) Multiply the probabilities together
P( blue and red) =4/7 x 5/8 = 20/56
=5/14
b.) P(blue and red or red and blue) = P( blue and red ) + P (red and blue)
=4/7x5/8+3/7x3/8
=20/56 +9/56
=29/56
Example

The probability that Omweri goes to Nakuru is % .If he goes to Nakuru, the probability that he
will see flamingo is %2 .If he does not go to Nakuru, the probability that he will see flamingo is
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1/3 .Find the probability that;
a.) Omweri will go to Nakuru and see a flamingo.

b.) Omweri will not go to Nakuru yet he will see a flamingo
c.) Omweri will see a flamingo

Solution

Let N stand for going to Nakuru ,N' stand for not going to Nakuru, F stand for seeing a flamingo
and F’ stand for not seeing a flamingo.

3 _~F
1 N
4
T
0 2 F’
1
3 3 F
4

N!

FJ

2
3

a.) P (He goes to Nakuru and sees a flamingo) = P(N and F)
= P(N) X P(F)
= X%
=1/8
b.) P(He does not go to Nakuru and yet sees a flamingo) =P( N’) X P(F)
=P (N'and F)
=3/4X1/3
="
c.) P (He sees a flamingo) = P(N and F) or P (N’ and F)
=P(NandF)+P (N and F)
=1/8+1/4
=3/8

End of topic
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Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. The probabilities that a husband and wife will be alive 25 years from now are 0.7 and 0.9
respectively.

Find the probability that in 25 years time,

(a) Both will be alive
(b) Neither will be alive
(c) One will be alive
(d) At least one will be alive
2. A bag contains blue, green and red pens of the same type in the ratio 8:2:5 respectively.
A pen is picked at random without replacement and its colour noted

(@) Determine the probability that the first pen picked is
(i) Blue
(i) Either green or red

(b) Using a tree diagram, determine the probability that
(i) The first two pens picked are both green
(i) Only one of the first two pens picked is red.

3. A science club is made up of boys and girls. The club has 3 officials. Using a tree
diagram or otherwise find the probability that:

(a) The club officials are all boys
(b) Two of the officials are girls

4. Two baskets A and B each contain a mixture of oranges and limes, all of the same size.
Basket A contains 26 oranges and 13 limes. Basket B contains 18 oranges and 15 limes.
A child selected a basket at random and picked a fruit at a random from it.

(@) lllustrate this information by a probabilities tree diagram

(b) Find the probability that the fruit picked was an orange.
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In form 1 class there are 22 girls and boys. The probability of a girl completing the
secondary education course is 3 whereas that of a boy is */3

(@) A student is picked at random from class. Find the possibility that,

() The student picked is a boy and will complete the course
(i) The student picked will complete the course
(b) Two students are picked at random. Find the possibility that they are a boy

and a girl and that both will not complete the course.
Three representatives are to be selected randomly from a group of 7 girls and 8
boys. Calculate the probability of selecting two girls and one boy.

A poultry farmer vaccinated 540 of his 720 chickens against a disease. Two months
later, 5% of the vaccinated and 80% of the unvaccinated chicken, contracted the disease.
Calculate the probability that a chicken chosen random contacted the disease.

The probability of three darts players Akinyi, Kamau, and Juma hitting the bulls eye are
0.2, 0.3 and 1.5 respectively.

(@) Draw a probability tree diagram to show the possible outcomes
(b) Find the probability that:
(i) All hit the bull’'s eye
(i) Only one of them hit the bull's eye
(i) At most one missed the bull's eye
(a) An unbiased coin with two faces, head (H) and tail (T), is tossed three
times, list all the possible outcomes.
Hence determine the probability of getting:
(i) At least two heads
(i) Only one tail

During a certain motor rally it is predicted that the weather will be either dry (D) or wet
(W). The probability that the weather will be dry is estimated to be ’/10. The probability
for a driver to complete (C) the rally during the dry weather is estimated to be /6. The
probability for a driver to complete the rally during wet weather is estimated to be '/10.
Complete the probability tree diagram given below.
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What is the probability that:
(i) The driver completes the rally?

(i) The weather was wet and the driver did not complete the rally?

There are three cars A, B and C in a race. A is twice as likely to win as B while B is twice
as likely to win as c. Find the probability that.

a) A wins the race
b) Either B or C wins the race.

In the year 2003, the population of a certain district was 1.8 million. Thirty per cent of the
population was in the age group 15 — 40 years. In the same year, 120,000 people in the
district visited the Voluntary Counseling and Testing (VCT) centre for an HIV test.

If a person was selected at random from the district in this year. Find the probability that
the person visited a VCT centre and was in the age group 15 — 40 years.

(@) Two integers x and y are selected at random from the integers 1 to 8. If the

same integer may be selected twice, find the probability that

i x-yl=2
(i) Ix — ylis 5 or more
(i) x>y

(b) A die is biased so that when tossed, the probability of a number r showing up, is
given by p ® = Kr where K is a constant and r = 1, 2,3,4,5 and 6 (the number on
the faces of the die

(i) Find the value of K
(i) If the die is tossed twice, calculate the probability that the total

scoreis 11
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Two bags A and B contain identical balls except for the colours. Bag A contains 4 red
balls and 2 yellow balls. Bag B contains 2 red balls and 3 yellow balls.

(@) If a ball is drawn at random from each bag, find the probability that both balls are
of the same colour.

(b) If two balls are drawn at random from each bag, one at a time without
replacement, find the probability that:
(i) The two balls drawn from bag A or bag B are red

(i) All the four balls drawn are red

During inter — school competitions, football and volleyball teams from Mokagu high
school took part. The probability that their football and volleyball teams would win were
%/s and */7 respectively.

Find the probability that
(@) Both their football and volleyball teams

(b) At least one of their teams won

A science club is made up of 5 boys and 7 girls. The club has 3 officials. Using a tree
diagram or otherwise find the probability that:

(@) The club officials are all boys

(b) Two of the officials are girls

Chicks on Onyango’s farm were noted to have either brown feathers brown or black tail
feathers. Of those with black feathers 2/3 were female while */s of those with brown
feathers were male. Otieno bought two chicks from Onyango. One had black tail
feathers while the other had brown find the probability that Otieno’s chicks were not of
the same gender

Three representatives are to be selected randomly from a group of 7 girls and 8 boys.
Calculate the probability of selecting two girls and one boy

The probability that a man wins a game is %. He plays the game until he wins. Determine
the probability that he wins in the fifth round.

The probability that Kamau will be selected for his school’s basketball team is Y. If he is
selected for the basketball team. Then the probability that he will be selected for
football is '/3 if he is not selected for basketball then the probability that he is selected
for football is */s. What is the probability that Kamau is selected for at least one of the
two games?
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20.  Two baskets A and B each contains a mixture of oranges and lemons. Baskets A
contains 26 oranges and 13 lemons. Baskets B contains 18 oranges and 15 lemons. A
child selected a basket at random and picked at random a fruit from it. Determine the
probability that the fruit picked an orange.

CHAPTER FIFTY FIVE

-t

Specific Objectives

By the end of the topic the learner should be able to:
(a) Locate a point in two and three dimension co-ordinate systems;

(b) Represent vectors as column and position vectors in three dimensions;
(c) Distinguish between column and position vectors;

(d) Represent vectors in terms of i, j, and k;

(e) Calculate the magnitude of a vector in three dimensions;

(f) Use the vector method in dividing a line proportionately;

(g) Use vector method to show parallelism;

(h) Use vector method to show collinearity;

(i) State and use the ratio theorem,
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(j) Apply vector methods in geometry.

Content
(a) Coordinates in two and three dimensions

(b) Column and position vectors in three dimensions
(c) Column vectors in terms of unit vectors i, j, and k
(d) Magnitude of a vector

(e) Parallel vectors

(f) Collinearity

(g) Proportional division of a line

(h) Ratio theorem

(i) Vector methods in geometry.

Vectors in 3 dimensions:

3 dimensional vectors can be represented on a set of 3 axes at right angles to each other
(orthogonal), as shown in the diagram.

Note that the z axis is the vertical axis.

To get from A to B you would move:
4 units in the x-direction, (x-component)
3 units in the y-direction, (y-component)
2 units in the z-direction. (z-component)

4

In component form: AB =|3
2

<A

Ingeneral: A8 =| y, -y, |,
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Column and position vectors
p

In three dimensions, a displacement is represented b a column vector of the form (q] where p,q
r

and r are the changes in x,y,z directions respectively.

Example

7-3 4
The displacement from A (3,1,4) to B (7,2,6) is represented b the column vector,(2-1) = (1)
6-4 2

3
1
4

Addition of vectors in three dimensions is done in the same way as that in two dimensions.

The position vector of A written as OA is | 1| where O is the origin

Example
3 -2
Ifa=|-2|andb =| 8 [then
5 10

3 -2 9 -4 5
) aasmafa] oo -5 i -
5 10 15 20 35

3 -2 12 1 13
o aa-no-afa)-4a)- o] o [4)- |
5 2 10 20 -5 15

Column Vectors in terms of unit Vectors
0
In three dimension the unit vector in the x axis direction is = [1],that in the dirction of the y axis

0
0
0l
1

Diagrammatic representation of the vectors.

0
is (1] while that in the direction of z — axis is
0
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z
A
K@©.201D
RT
j J(©, 1,0
>+ -
i
1(1,0,0)

X

1 0 0
Three unit vectors are written as ;i = (o] j= (1] and k(o)
0] 0 1

5
Express vector (2] in terms of the unit vector |, j and k
7
Solution
5 5 0 0
-2(=10 -2+ 10
7 0 0 7
1 0 0
S5{o]-2[1]|+ 7|0
0 0 1
=5i - 2j +7Kk
Note;

a
The column vector (b)can be expressedasai +bj+ck
C

Magnitude of a 3 dimensional vector.
Given the vector AB = xi +y j + 2 k,then the magnitude of AB is written as |AB| = /xz +y’+7°

lu|= .J[ Xy — X, ]? tiw, - ¥, ]? +iz, -z, ]?

This is the length of the vector.
Use Pythagoras’ Theorem in 3 dimensions.
AB’ = AR® + BR®

= (AP + PR?) + BR?
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— 2 i 2 i 2
Slxgmx,) Ay, —y,) Hlzy —z,)

andif u= 48 then the magnitude of u, | u| = length of AB

Distance formula for 3 dimensions

xE - x} x
Recall that since: 48 =| y, —y, |, thenif u=|y|then |u|=+«' + 5" +2*
ZE' - "'!'._1 4

Since X =X, -X, .Y = Y5V, ana% %

Example:
1. IfAis (1,3,2) and Bis (5, 6, 4)

Find |E|
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3

2. Ifu=|-2| Find |u
2

Solution

) AR |=«J|.';~—]:|? +._5—3;.? +.,-1—2;."' =~.,lll-'-E +3°+2° = 429
a.

b) fu|= ,f. 1y +-2) +2) = Jatara=417

Parallel vectors and collinearity
Parallel vectors

Two vectors are parallel if one is scalar multiple of the other.i.e vector a is a scalar multiple of b
j.e.

a =kb then the two vectors are parallel.

Note;
Scalar multiplication is simply multiplication of a regular number by an entry in the vector

Multiplying by a scalar

A vector can be multiplied by a number (scalar).e.g. multiply a by 3 is written as 3 a.Vector
3a has three times the length but is in the same direction as a .In column form, each
component will be multiplied by 3.

We can also take a common factor out of a vector in component form. If a vector is a scalar
multiple of another vector, then the two vectors are parallel, and differ only in magnitude. This is
a useful test to see if lines are parallel.

Example if

3a
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Collinear Points

Points are collinear if one straight line passes through all the points. For three points A, B, C - if

the line AB is parallel to BC, since B is common to both lines, A, B and C are collinear.

Test for collinearity

Example
Ais(0,1,2), Bis(1,3,-1)and Cis (3,7, -7) Show that A, B and C are collinear.

1 2 1

=] 2 C=]4 and BC

]
[
[}

]
[
I
m

-3 ] -3

48 and &C are scalar multiples, so AB is parallel to BC.Since B is a common point, then A, B

and C are collinear.

In general the test of collinearity of three points consists of two parts
e Showing that the column vectors between any two of the points are parallel
e Showing that they have a point in common.

Example

A (0,3), B (1,5) and C (4,11) are three given points. Show that they are collinear.

Solution

AB and BC are parallel if AB = kBC ,where k is a scalar

ne{g)-(3) = ) e <{)-(5) = 3

Therefore AB//BC and point B (1,5) is common. Therefore A,B,and C are collinear.

Example

Show that the points A (1,3,5) ,B(4,12,20) and C are collinear.

Solution

Consider vectors AB and AC
4 1 3
121-113]=19
20 5 15
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3 1 2
AC=[9|-|13]=]6
15 5 10
2 3
6|=klo9
10 15
Hencek=Z
3
AC =2AB
3

Therefore AB//AC and the two vectors share a common point A.The three points are thus
collinear.

Example

In the figure above OA =a OB =b and OC = 30B

C

a
O

a.) Express AB and AC interms of aand b

b.) Given that AM =% AB and AN =%AC, Express OM and O interms of aand b
c.) Hence ,show that OM and N are collinear
Solution
a.) AB=0OA+0B
=-a+bh

AC=-a+3b
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b.) OM =0A + AM

=0A+ §AB
4

=a +%(—a +b)

ON =0A +AN

-0A+1 AC
2

1
+=(-a+3b
a+(-a+3b)

c) OM=kON 3b + 1a = K54 3Ky
PR

Comparing the coefficients of a;

QTSN
N

Thus, OM =%ON.

Thus two vectors also share a common point ,0 .Hence, the points are collinear.
Proportional Division of a line

In the figure below, the line is divided into 7 equal parts
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L ! | ] |
0 |

P R Q

——=
e
—
-

The point R lies 4/7 of the ways along PQ if we take the direction from P to Q to be positive,
we say R divides PQ internally in the ratio 4 : 3..

If Q to P is taken as positive,then R divides QP internally in the ratio 3 : 4 .Hence,QR: RP =3 :
4 0or,4 QR =3RP.

External Division

In internal division we look at the point within a given interval while in external division we look
at points outside a given interval,

In the figure below point P is produced on AB

——t——t—t—t—
A B P

The line AB is divided into three equal parts with BP equal to two of these parts. If the direction
from A to B is taken as positive, then the direction from P to B is negative.

Thus AP : PB = 5 : -2.In this case we say that P divides AB externally in the ratio 5: -2 or P
divides AB in the ratio 5: -2.

Points, Ratios and Lines

Find the ratio in which a point divides a line.

Example:
The points A(2, -3, 4), B(8, 3, 1) and C(12, 7, —1) form a straight line. Find the ratio in which B
divides AC. Solution
C(12,7.-1)
[ 8-2 J [s}
B(E,2,1) —
A= b-a=|3--3y|=| &
|14 \-3
Af2,-34)
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Z Z
— AB 3
A =3 2 and BC =2 2 50, we = — gr ABCBC 3:2
BC ¥
-1 =1

B divides AC inratioof 3:2

Points dividing lines in given ratios.

Example:

P divides AB in the ratio 4:3. If Ais (2,1, -3) and B is (16, 15, 11), find the co-ordinates of P.

3

B({16,15,11)
P P

Al2,1,-3)

Solution:

AP 4

===— =0 3AP=4P8

PE 3

3(p-a)=4(b-p)
3p—-3a=4b-4p
7p=4b+3a

1
o= —idb+iay
F

Points dividing lines in given ratios externally.
Example:

Q divides MN externally in the ratio of 3:2. M is (-3, =2, —1) and N is (0, =5, 2).Find the co-
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ordinates of Q.

Note that QN is shown as —2 because the two line segments are MQ and QN, and QN is in the
opposite direction to MQ.

Q MO 3 _— —

—_—— gp — 2O =30N
[ -4
2

N(D.5.2) ~2(g-m)=3(n-q)
-2q +2m=3n- 3q
qg=3n-2m

L

M (-3,-2.-1)

Pis P(10, 9, 5)

The Ration Theorem

The figure below shows a point S which divides a line AB in the ratiom : n

A m h n

B

O

Taking any point O as origin, we can express s in terms of a and b the positon vectors of
a and b respectively.

0S=0A+AS

But AS=-"_AB
m+n
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Therefore, 0S = 0A + 2 AB
m+n

ThusS=a+£(-a+b)
m+n

This is called the ratio theorem. The theorem states that the position vectors s of a point
which divides a line AB in the ratio m: n is given by the formula;

S=—_a+ 2 b whereaandb are positon vectors of A and B respectively. Note that
m+n m-+n

the sum of co-ordinates —+— and -2 =1

m+n m+n

Thus ,in the above example if the ratiom:n=5:3
Thenm=5andn=3

.3 ., 3
OR-5+3 a+ 5+3b

Thus,r=§a+§b
8 8

Example

A point R divides a line QR externally in the ratio 7 : 3 .If q and r are position vectors of point Q
and R respectively, find the position vector of p in terms of gand .

Solution
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We take any point O as the origin and join it to the points Q, R and P as shown below

QP:PR=7:-3

Substituting m =7 and n = -3 in the general formulae;

3 7
OP =

7433 743"

3 7
p=3q+7

297"

Vectors can be used to determine the ratio in which a point divides two lines if they intersect

Example

In the below OA = a and OB = B.A point P divides OAin the ratio 3:1 and another point O divides
AB in the ratio 2 : 5 .If 0Q meets BP at M Determine:

a.) OM:MQ
b.) BM:MP
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LetOM:MQ=k:(1-k)andBM-MP=n:(1-n)
Using the ratio theorem

0Q =75a + %b
OM= k0Q

= k(E a+ Zb]
7 7

Also by ratio theorem;
OM=nOP+(1-n)0B

But OP =§a
4

Therefore, OM =n (%a) +(1-n)b

Equating the two expressions;

Comparing the co-efficients

2—k =1-n.....2
7

The ratio BM :MP = 29 ; 2
13°13

=10:3
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End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic

1. The figure below is a right pyramid with a rectangular base ABCD and VO as the height.
The vectors AD=a, AB=band DV =v

a) Express
(i) AVinterms of aandc

(i) BV interms of a,bandc
(b) M is point on OV such that OM: MV=3:4, Express BM in terms of a, b and c.

Simplify your answer as far as possible

2. In triangle OAB, OA =a OB =b and P lies on AB such that AP: BP = 3.5
(b) Find the terms of a and b the vectors
() AB
(i) AP
(i) BP
(iv) OP
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(c) PointQ ison OPsuchAQ=-5+9
8a 40b

Find the ratio 0Q: QP

The figure below shows triangle OAB in which M divides OA in the ratio 2: 3 and N
divides OB in the ratio 4:1 AN and BM intersect at X

(a) Given that OA = a and OB = b, express in terms of a and b:
0] AN
(i) BM
(b) If AX = s AN and BX = tBM, where s and t are constants, write two expressions
for OXinterms of a,b sand t
Find the value of s
Hence write OX in terms of aand b

The position vectors for points Pand Q are 41+ 3 j+ 6 j + 6 k respectively. Express
vector PQ in terms of unit vectors |, j and k. Hence find the length of PQ, leaving your
answer in simplified surd form.

In the figure below, vector OP = P and OR =r. Vector OS = 2r and 0Q = 3/2p.
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a) Express in terms of p and r (i) QR and (ii) PS

b) The lines QR and PS intersect at K such that QK = m QR and PK = n PS, where m
and n are scalars. Find two distinct expressions for OK in terms of p,r,m and n.
Hence find the values of m and n.

c) State the ratio PK: KS

Point T is the midpoint of a straight line AB. Given the position vectors of A and T are ij
+k and 2i+ 1% k respectively, find the position vector of B in terms of i,j and k

A point R divides a line PQ internally in the ration 3:4. Another point S, divides the line PR
externally in the ration 5:2. Given that PQ = 8 cm, calculate the length of RS, correct to 2
decimal places.

The points P, Q, R and S have position vectors 2p, 3p, r and 3r respectively, relative to an
origin O. A point T divides PS internally in the ratio 1:6

(@) Find, in the simplest form, the vectors OT and QT interms pand r
(b) (i) Show that the points Q, T, and R lie on a straight line
(i) Determine the ratio in which T divides QR

Two points P and Q have coordinates (-2, 3) and (1, 3) respectively. A translation map
point P to P’ (10, 10)

(b) Find the coordinates of Q' the image of Q under the translation
(c) The position vector of P and Q in (a) above are p and q respectively given that mp -
ng=-12
9
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Find the value of mand n
10. Giventhatqi+ '/3j+ /3 ks a unit vector, find q

11.  In the diagram below, the coordinates of points A and B are (1, 6) and (15, 6)
respectively). Point N is on OB such that 3 ON =2 OB. Line OA is produced to L such that

OL=30A
y-mais
A
L.
Akl 6 //"'/HBHE £}
™ ;
5 L - X-AK1S

RO

(a) Find vector LN
(b) Given that a point M is on LN such that LM: MN = 3: 4, find the coordinates of M

(c) If line OM is produced to T such that OM: MT = 6:1
() Find the position vector of T
(i) Show that points L, T and B are collinear

12. In the figure below, 0Q = g and OR =r. Point X divides OQ in the ratio 1: 2 and Y divides
ORin the ratio 3: 4 lines XR and YQ intersect at E.

Q
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(a) Expressinterms of gandr

(i) XR
(ii) YQ
(b) If XE=m XR and YE = n YQ, express OE in terms of:
(i) r,qand m
(i) r,gandn

(c) Using the results in (b) above, find the values of m and n.
13. Vector g has a magnitude of 7 and is parallel to vector p. Given that

p=3i-j+ 1%k, express vector q in terms of i, j, and k.

14. In the figure below, OA = 3i + 3j ABD OB = 8i — j. C is a point on AB such that AC:CB 3:2,
and D is a point such that 0B//CD and 20B = CD (T17)

Determine the vector DA in terms of | and j

15. In the figure below, KLMN is a trapezium in which KL is parallel to NM and KL = 3NM

U
Ny tr M

Given that KN =w, NM =u and ML =v. Show that2u=v+w

16. The points P, Q and R lie on a straight line. The position vectors of P and R are 2i + 3j +
13k and 5i - 3j + 4k respectively; Q divides SR internally in the ratio 2: 1. Find the
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(a) Position vector of Q
(b) Distance of Q from the origin

17. Co-ordinates of points O, P, Q and R are (0, 0), (3, 4), (11, 6) and (8, 2) respectively. A
point T is such that the vector OT, QP and QR satisfy the vector equation OT = QP 2 QT.
Find the coordinates of T.

18. In the figure below OA E“a' OB =b, AB =BC and OB: BD = 3:1

D-
(@) Determine
(i) ABinterms of aandb
(i) CD,interms of aand b
(b) If CD: DE = 1 k and OA: AE = Tm determine
(i) DE in terms of a, b and k

(i) The values of k and m

19. The figure below shows a grid of equally spaced parallel lines

\\\\Y\\'\\\\\
T \\\\\

EETRHIATRALTETEREN
ENTALEERERRRBTE

EEEREEEEERRER

c EEAAEEEARRERE
. \\\\\\\\\\\\\\"7““97530 >0




isabokemicah@gmail.com

Ali= a and§g= b

(@) Express
() E{in terms of aand b
(i) ADintermsofaandb
(b) Using triangle BEP, express BP in terms of a and b
(c) PR produced meets BA produced at X and PR = '/sb — ®/3a

By writing PX as kPR and BX as hBA and using the triangle BPX determine the
ratio PR: RX

20. The position vectors of points x and y are x = 2i + j — 3k and y = 3i + 2j — 2k respectively.
Find XY

2. Given that X = 2i +j-2K, y = -3i + 4j — k and z= 5i + 3j + 2k and that p= 3x — y + 2z, find the
magnitude of vector p to 3 significant figures.
CHAPTER FIFTY SIX

-

Specific Objectives

By the end of the topic the learner should be able to:
(a) Relate image and object under a given transformation on the Cartesian

Plane;

(b) Determine the matrix of a transformation;

(c) Perform successive transformations;

(d) Determine and identify a single matrix for successive transformation;
(e) Relate identity matrix and transformation;

(f) Determine the inverse of a transformation;

(g) Establish and use the relationship between area scale factor and determinant of a
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matrix;

(h) Determine shear and stretch transformations;

(i) Define and distinguish isometric and non-isometric transformation;
(j) Apply transformation to real life situations.

Content
(a) Transformation on the Cartesian plane

(b) Identification of transformation matrix

(c) Successive transformations

(d) Single matrix of transformation for successive transformations
(e) Identity matrix and transformation

(f) Inverse of a transformations

(9) Area scale factor and determinant of a matrix

(h) Shear and stretch (include their matrices)

(i) Isometric and non-isometric transformations

(j) Application of transformation to real life situations.

Matrices of transformation
A transformation change the shape, position or size of an object as discussed in book two.

Pre —multiplication of any 2 x 1 column vector by a 2 x 2 matrix results in a 2 x 1 column vector

5 2ll]= [

If the vector[71] is thought of as apposition vector that is to mean that it is representing the

Example

points with coordinates (7, -1) to the point (17, -9).

Note;
The transformation matrix has an effect on each point of the plan. Let's make T a

transformation matrix T[ 71] Then T maps points (x, y) onto image points x',y'

1
X

1‘
y
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)

3 4] _ ¥
-1 02 y'
3x+4y
-1x+2y

Finding the Matrix of transformation
The objective is to find the matrix of given transformation.

Examples

Find the matrix of transformation of triangle PQR with vertices P (1, 3) Q (3, 3) and R (2, 5).The
vertices of the image of the triangle sisP'(1,-3) ,Q'(3,-3) and R'(2,-5).

Solution
a b)

Let the matrix of the transformation be (
C

P Q R
Lo s

1 1 1

P' Q' R
1 3 2
3 -3 -5

[a+3b 3a+3b Za+5b)=(1 3 2]
c+3d 3c+3d 2c+5d -3 -3 -5

Equating the corresponding elements and solving simultaneously
a+3b=1
3a+3b=3
2a=2
a=landb=0

c+3d=-3
3c+3d=-3
2c=0
c=0andd=-1andd=-1

the transformation matrix is (é (;]

Example

A trapezium with vertices A (1 ,4) B(3,1) C (5,1) and D(7,4) is mapped onto a trapezium whose
vertices are A'(-4,1) ,B'(-1,3) ,C'(-1,5) ,D'(-4,7).Describe the transformation and find its matrix
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Solution

Let the matrix of the transformation be (a 3)
C

L pfA B CD A" B' c'D'
4 1 14 1 3 57
Equating the corresponding elements we get;
a+4b= -4 c+4d=1
3a+b=-1 3c+d=3
uations simulteneously
3a+12b= -12
3a+b= -1

11b =-11 henceb=-1 or a=0
3c+12d =3
3c+d=3

11d=0
d=0 «c¢=1=1

e matrix of the transformation is therefore (2 01)

The transformation is positive quarter turn about the origin
Note;
Under any transformation represented by a 2 x 2 matrix, the origin is invariant, meaning it does

not change its position.Therefore if the transformtion is a rotation it must be about the origin or
if the transformation is reflection it must be on a mirror line which passses through the origin.
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The unit square
¥

&

=

L 3

The unit square ABCD with vertices A (0,0) ,B(1,0) ,C(1,1) and D(0,1) helps us to get the

transformation of a given matrix and also to identify what trasformation a given matrix
represent.

Example

Find the images of | and J under the trasformation whose matrix is;

) [5 3]
9 (i 9

Solution
1
2 3t )t
3)5410—23
0 1 5 4

NOTE;

The images of | and J under transformation represented by any 2 x 2 matrix i.e., (a 2) are
C
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I'(a,c) andJ' (b ,d)

Example
Find the matrix of reflection in the line y = 0 or x axis.
Solution

Using a unit square the image of B is (1, 0) and D is (0, -1 ) .Therefore , the matrix of the
transformation is ((1) %J

A B
oM HE 5
1
[v] -
i
Example

Show on a diagram the unit square and it image under the transformation represented by the

[1 4
matrlx( ]
0 1

Solution

Using a unit square, the image of | is
( 1,0), the image of Jis (4, 1)the
image of O is ( 0,0) and that of K is

k| (K
5
1

1 4 _
(0 1)(1) -
Therefore ,K',the image of Kis ( 5,1)

1
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Successive transformations

The process of performing two or more transformations in order is called successive
transformation eg performing transformation H followed by transformation Y is written as
follows YH or if A, b and C are transformations ; then ABC means perform C first ,then B and
finally A, in that order.

The matrices listed below all perform different rotations/reflections:

This transformation matrix is the identity matrix. When multiplying by this matrix, the point
matrix is unaffected and the new matrix is exactly the same as the point matrix.

[10
0 1

(4x1)+(3x0)
(4x0)+(3 x1)

-3

b il

This transformation matrix creates a reflection in the x-axis. When multiplying by this matrix, the
x co-ordinate remains unchanged, but the y co-ordinate changes sign.

1 0
o 3
(4x1)+(3x0)
(4x0)+(3x-1)

-3

This transformation matrix creates a reflection in the y-axis. When multiplying by this matrix, the
y co-ordinate remains unchanged, but the x co-ordinate changes sign.

10
[0 3
(4 x-1) +(3 x0)
(4x0)+(3 x1)

b 5ll-

[0 3ll5l- -[3]
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This transformation matrix creates a rotation of 180 degrees. When multiplying by this matrix,
the point matrix is rotated 180 degrees around (0, 0). This changes the sign of both the x and y
co-ordinates.

-1 0
0 -1
(4 x-1) +(3 x0)
(4x0)+(3x1)

[

[0 Al

This transformation matrix creates a reflection in the line y=x. When multiplying by this matrix,
the x co-ordinate becomes the y co-ordinate and the y-ordinate becomes the x co-ordinate.

[0 1
1 0
(4x0)+(3x1)
(4 x 1)+(3 x0)

- (2

0 1[4]=
1 0113

This transformation matrix rotates the point matrix 90 degrees clockwise. When multiplying by
this matrix, the point matrix is rotated 90 degrees clockwise around (0, 0).

0 1
-1 0
(4x0)+(3x1)
(4 x-1)+(3 x0)

-3

5 ollal-

This transformation matrix rotates the point matrix 90 degrees anti-clockwise. When multiplying
by this matrix, the point matrix is rotated 90 degrees anti-clockwise around (0, 0).

P ol
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7 ol -[2]

(4x0)+(3x1)
(4 x-1)+(3 x0)

This transformation matrix creates a reflection in the line y=-x. When multiplying by this matrix,
the point matrix is reflected in the line y=-x changing the signs of both co-ordinates and
swapping their values.

0 -1

-1 0
(4x0)+(3x-1)
(4 x-1)+(3 x0)

3 ol -3
-1 0113 4
Inverse matrix transformation

A transformation matrix that maps an image back to the object is called an inverse of matrix.

Note;
If A is a transformation which maps an object T onto an image T' then a transformation that
can map T' back to T is called the inverse of the transformation A , written as image A

0 '1) and the matrix for R is

If R is a positive quarter turn about the origin the matrix for R is (1

(0 1) henceR'R=R'R =1
-1 0
Example
T is a triangle with vertices A (2, 4), B (1, 2) and C (4, 2).S is a transformation represented by the
1 1
matrix - 1
2

a) Draw T and its image T' under the transformation S

b) Find the matrix of the inverse of the transformation S

Solution
1 1
a) Using transformation matrix S = 0o 1
2
1 1)fa B ¢y (A" B'
o 1|2 1 4|=|6 3 6
2/\¢ 2 2 2 1 1
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a

2) This can be done in the following
C

b) Let the inverse of the transformation matrix be(
ways

. S's=1

C

1
a b
Therefore ( d] (0

N|R -

_ (1 0]
0 1
Equating corresponding elements and solving simultaneously;

a=1,b=-2,c=0and d=20and d=2

o 2

& d

a=1b=-2,c=0and d=2
S-1=(1 -2)
0 2
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Area Scale Factor and Determinant of Matrix
The ratio of area of image to area object is the area scale factor (A.S.F)

area of image
Are scale factor =—_g
area of object

Area scale factor is numerically equal to the determinant. If the determinant is negative you
simply ignore the negative sign.

Example

Area of the object is 4 cm and that of image is 36 cm find the area scale factor.

Solution

36 _
4

03] the determinantis 9-0 = 9 hence equal to A.S.F

If it has a matrix of ((?

Shear and stretch
Shear

The transformation that maps an object (in orange) to its image (in blue) is called a shear

The object has same base and equal heights. Therefore, their areas are equal. Under any shear,
area is always invariant ( fixed)

A shear is fully described by giving;

a.) The invariant line

b.) A point not on the invariant line, and its image.
Example

A shear X axis invariant

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 561



isabokemicah@gmail.com

sHx = 2

— L L

Example

A shear Y axis invariant

—
SHy = 2
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Note;

Shear with x axis invariant is represented by a matrix of the form ((1) 11() under this
trasnsformation ,J (0, 1) is mapped onto J'(k,1).

Likewise a shear with y — axis invariant is represented by a matrix of the form( 11{ 2) . under

this transformation, | (0,1) is mapped onto I'(1,k).

Stretch

A stretch is a transformation which enlarges all distance in a particular direction by a constant
factor. A stretch is described fully by giving;

e The scale factor

e The invariant line

Note,

i.)If K is greater than 1, then this really is a stretch.

ii.) If k is less than one 1, it is a squish but we still call it a stretch

iii.)If k = 1, then this transformation is really the identity i.e. it has no effect.
Example

Using a unit square, find the matrix of the stretch with y axis invariant ad scale factor 3

Solution
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The image of lis I'( 1, 0) and the image of ] is (0,1) therefore the matrix of the stretch is (g (1’)
Note;

The matrix of the stretch with the y-axis invariant and scale factor k is (18 0] and the matrix of a
stretch with x — axis invariant and scale factor k is (15 0]

Isometric and Non- Isometric Transformation

Isometric transformations are those in which the object and the image have the same shape
and size (congruent) e.g. rotation, reflection and translation

Non- isometric transformations are those in which the object and the image are not congruent
e.g., shear stretch and enlargement

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. Matrix p is given by [ 1 2 }
4 3
(@)  Find P
(b) Two institutions, Elimu and Somo, purchase beans at Kshs. B per bag and

maize at Kshs m per bag. Elimu purchased 8 bags of beans and 14 bags of
maize for Kshs 47,600. Somo purchased 10 bags of beans and 16 of maize for
Kshs. 57,400

(c) The price of beans later went up by 5% and that of maize remained constant.
Elimu bought the same quantity of beans but spent the same total amount of
money as before on the two items. State the new ratio of beans to maize.

2. A triangle is formed by the coordinates A (2, 1) B (4, 1) and C (1, 6). It is rotated
clockwise through 90° about the origin. Find the coordinates of this image.

3. On the grid provided on the opposite page A (1,2) B (7,2) C (4, 4) D (3, 4) is a trapezium

HE|

564
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ABCD is mapped onto A'B'C'D’ by a positive quarter turn. Draw the image A'B'C'D on the
grid

A transformation E -1 Taps A’'B'C'D onto A"B” C"D” Find the coordinates
-I Of A"B"C"D"

A triangle T whose vertices are A (2, 3) B (5, 3) and C (4, 1) is mapped onto triangle T'
whose vertices are A' (-4,3) B' (-1,3) and C" (x, y) by a

TransformationM=-a b
- o
a) Find the: () Matrix M of the transformation
(i) Coordinates of C1
b) Triangle T?is the image of triangle T' under a reflection in the line y = x.
Find a single matrix that maps T and T2

Triangles ABC is such that Ais (2, 0), B (2, 4), C (4, 4) and A"B"C” is such that A" is (0, 2),
B” (-4 — 10) and C “is (-4, -12) are drawn on the Cartesian plane

Triangle ABC is mapped onto A”"B"C"” by two successive transformations

R= a b
c d Followed by P = [ 0 -1 J

-1 0
(@) Find R

(b) Using the same scale and axes, draw triangles A'B’C’, the image of triangle ABC
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under transformation R
Describe fully, the transformation represented by matrix R

Triangle ABC is shown on the coordinates plane below

T —T T E lﬁﬁiﬁ:-—' : . i_.- t ||-4-|| -y
: 17 N Bl B T
LT e i
= 1t : L i: ﬂ':’- + ““L
MR ST i
EERES, s ey = : & t] FEH
—— EEEE BT 2 1=+ H
HF B o 1 ¥ -
i :_:_. !I _!.. e - - L | i : -.-.-
‘... 3EELL T . ; S H=HEH i~ oS EY = e EREE
ol 1 -« i : .
i R b In i ] B! B
i s v e B ) ,'Q_- =2 PR RO LART:
Se=p-pEmim Py g = T
: Rk T AR H
" F i = ! _|-
paEn ] : + :
TS 30 -
| ._{__: beai = & ]
= ERE =l .
e -+
- -i FT - -»; ] = 1 T Ir -'-':E'
1K : = -+ SRk ZEREERS 1 H
1 - L 1 = l-! I [ H P

(@) Given that A (-6, 5) is mapped onto A (6,-4) by a shear with y- axis invariant

(i) Draw triangle A'B’C’, the image of triangle ABC under the shear
(i) Determine the matrix representing this shear
(b) Triangle A B C is mapped on to A” B” C” by a transformation defined by the matrix
-1 0

A

(i) Draw triangle A" B" C”
(ii) Describe fully a single transformation that maps ABC onto A"B” C”
Determine the inverse T' of the matrix { 1 2}
’I -

Hence find the coordinates to the point at which the two lines
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x+2y=7andx-y=1

Given that A = -1andB = - 0
3 2)2 -

Find the value of x if
0] A-2x=2B
(i) 3x—-2A=3B
(i)  2A-3B=2x

The transformation R given by the matrix

2] b o b ]l

d 8 17 15

(a) Determine the matrix A giving a, b, c and d as fractions

(b) Given that A represents a rotation through the origin determine the angle of
rotation.

(c) S is a rotation through 180 about the point (2, 3). Determine the image of (1, 0)
under S followed by R.

CHAPTER FIFTY SEVEN
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Specific Objectives

By the end of the topic the learner should be able to:
(a) State the measures of centraltendency;

(b) Calculate the mean using the assumed mean method;
(c) Make cumulative frequency table,
(d) Estimate the median and the quartiles by

- Calculation and

- Using ogive;

(e) Define and calculate the measures of dispersion: range, quartiles,interquartile range,
quartile deviation, variance and standard deviation

(f) Interpret measures of dispersion

Content
(a) Mean from assumed mean:

(b) Cumulative frequency table
(c) Ogive

(d) Meadian

(e) Quartiles

(f) Range

(9) Interquartile range

(h) Quartile deviation

(i) Variance

(j) Standard deviation

These statistical measures are called measures of central tendency and they are mean, mode
and median.

Mean using working (Assumed) Mean
Assumed mean is a method of calculating the arithmetic men and standard deviation of a data
set. It simplifies calculation.
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Example

The masses to the nearest kilogram of 40 students in the form 3 class were measured and
recorded in the table below. Calculate the mean mass

Mass kg 47 48 49 50 51 52 53
Number of | 2 0 1 2 3 2 5
employees
54 55 56 57 58 59 60
6 7 5 3 2 1 1
Solution
We are using assumed mean of 53
Mass x kg t=x-53 f ft
47 -6 2 -12
48 -5 0 0
49 -4 1 -4
50 -3 2 -6
51 -2 3 -6
52 -1 2 -2
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53 5 0
54 6 6
55 7 14
56 5 15
57 3 12
58 2 10
59 6 1 6
60 7 1 7
Sf=40 Sft =40

Meanoft:%:%:l
Mean of x = 53 + mean of t
=33+1
=54

Mean of grouped data
The masses to the nearest gram of 100 eggs were as follows

Marks 100- 104- 107 108-111 | 112- 116-119 | 120-123
103 115
Frequenc| 1 15 42 31 8 3
y
Find the mean mass
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Solution

Let use a working mean of 109.5.

class Mid-point x | t=x-109.5 f ft
100-103 101.5 -8 1 -8
104-107 105.5 -4 15 - 60
108-111 109.5 0 42 0
112-115 113.5 4 31 124
116-119 117.5 8 8 64
120-123 |121.5 12 3 36
>f=100 2ft=156

Mean of t = 156 =1.56
100

Therefore ,mean of x = 109.5 + mean of t
=109.5+ 1.56
=111.06 g

To get the mean of a grouped data easily ,we divide each figure by the class width after
substracting the assumed mean.Inorder to obtain the mean of the original data from the mean
of the new set of data, we will have to reverse the steps in the following order;

e Multiply the mean by the class width and then add the working mean.
Example

The example above to be used to demonstrate the steps
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class Mid-point x t= x-109.5 f
4 ft
100-103 101.5 -2 1 -2
104-107 105.5 -1 15 -15
108-111 109.5 0 42 0
112-115 113.5 1 31 31
116-119 117.5 2 8 16
120-123 |121.5 3 3 9
>f=100 >ft=39
; 3
Yf 100

Therefore .x =0.39x4+109.5
=1.56 + 109.5

=111.06 g

Quartiles, Deciles and Percentiles

A median divides a set of data into two equal part with equal number of items.

Quartiles divides a set of data into four equal parts.The lower quartile is the median of the
bottom half.The upper quartile is the median of the top half and the middle coincides with the

median of the whole set od data

Deciles divides a set of data into ten equal parts.Percentiles divides a set of data into hundred

equal parts.
Note;
For percentiles deciles and quartiles the data is arranged in order of size.
Example
Height 145-149 | 150- 155- 160- 165- 170- 175-179
incm 154 159 164 169 174
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frquenc | 2 5 16 9 5 2 1
y

Calculate the;
a.) Median height
b.) I)Lower quartile
i) Upper quartile
c.) 80" percentile
Solution

I.  There are 40 students. Therefore, the median height is the average of the heights of the
20™ and 21" students.

class frequency Cumulative
frequency
145-149 2 2
150 - 154 5 7
155-159 16 23
160 - 164 9 32
165 - 169 5 37
170 -174 2 39
175 -179 1 40

Both the 20™ and 21 students falls in the 155 -159 class. This class is called the median

n .
—-C)l
class. Using the formulam =L + (ZT

Where L is the lower class limit of the median class
N is the total frequency
C is the cumulative frequency above the median class

| is the class interval
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F is the frequency of the median class

Therefor;
Height of the 20" student = 154.5 + % x5

=154.5+ 4.0625
=158.5625

Height of the 21t = 154.5+1—L6Lx5

=154.5+4.375
=158.875

158.5625+158.875

Therefore median height = 5

=158.7 cm

b.) (I) lower quartile Q=L +

The 10" student fall in the in 155 — 159 class

(440'7)5
=1545+*+~— 7
Q1 16

= 154.5+0.9375

= 155.4375

(32 n -C]i

(ii) Upper quartile Q,= L+ 3=——=

The 10" student fall in the in 155 - 159 class
(% x 40 -23)5

Q,=159.5+

=159.5+3.888

= 163.3889

Note;
The median corresponds to the middle quartile Q, or the 50" percentile
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c) 80 40 = 32 the 32™ student falls in the 160 -164 class

100
(ﬂ n -C)i

The 80th percentile percentile 100

- 1505+ (32-23)5

=159.5+5
=164.5
Example
Determine the upper quartile and the lower quartile for the following set of numbers

510,6,58,73,2,7,8,9

Solution

Arranging in ascending order

2,3,556,77889710

The median is 7

The lower quartile is the median of the first half, which is 5.

The upper quartile is the median of the second half, which is 8.

Median from cumulative frequency curve
Graph for cumulative frequency is called an ogive. We plot a graph of cumulative frequency
against the upper class limit.

Example

Given the class interval of the measurement and the frequency ,we first find the cumulative
frequency as shown below.

Then draw the graph of cumulative frequency against upper class limit

Cumulative
Arm Span (cm) | Frequency (f) Frequency
140<x<145 |3 3
145<x<150 |1 4
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150 <x <155

155<x <160

16

160 <x <165

23

165=<x¢170

28

170=x <175

N| O N oo »

Total:

Solution

30

— 3 = b LD e O CD - O0 D O

The

1{5: ' :w:-l |

i
145

156

155

table below

shows 7- -

7 |20

21-30

31-
40

41-
50

51-
60

61-
70

VAR
80

81-
90

marks of 100
candidates in an
lexamination

91-
100
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Marks
FRCY

4 9 16 | 24 18 12 | 8 ) 3 1

a.) Determine the median and the quartiles
b.) If 55 marks is the pass mark, estimate how many students passed

c.) Find the pass mark if 70% of the students are to pass

d.) Determine the range of marks obtained by
() The middle 50 % of the students
(i) The middle 80% of the students

Solution
Marks 7- 11- (21-30 | 31- [41- |51- |61- [71- 81- 91-
7 {20 40 |50 60 70 80 90 |100
0
Frgcy
Cumulative |4 9 16 |24 18 | 12 | 8 5 3 |1 I 13
29 53 71 83
91 96 99 100
Frequency
Solution

a.) Reading from the graph
The median = 39.5
The Lower quartile Q, = 28.5
The upper quartile Q, = 53.5
b.) 23 candidates scored 55 and over

c.) Pass markis 31 if 70% of pupils are to pass
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d.) (1) The middle 50% include the marks between the lower and the upper quartiles i.e.
between 28.5 and 53.5 marks.

(I) The middle 80% include the marks between the first decile and the 9" decile i.e between
18 and 69 marks
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M e

=

o

Measure of Dispersion
Range

The difference between the highest value and the lowest value

Disadvantage

It depends only on the two extreme values

Interquartile range
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The difference between the lower and upper quartiles. It includes the middle 50% of the

values

Semi quartile range

The difference between the lower quartile and upper quartile divided by 2.It is also called

the quartile deviation.

Mean Absolute Deviation

If we find the difference of each number from the mean and find their mean , we get the

mean Absolute deviation

Variance

The mean of the square of the square of the deviations from the mean is called is called

variance or mean deviation.

Example

Deviatio| +1 | -1 +6 | 4 -2 11 | +1 10
n from

mean(d

)

fi 1 |1 36 |16 |4 121 |1 100

Sumd’=1+1+36+16+4+121+ 1+ 100 =280

2
Variance = Ld = 280 =35
N 8

The square root of the variance is called the standard deviation.It is also called root mean

square deviation. For the above example its standard deviation =\/ﬁ =59
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Example

The following table shows the number of children per family in a housing estate

Numb 0 1 2 3 4 5 6
er of
childre
d

Numb 7 5 1 27 | 10 4 2
er of 1
familie
s

Calculate
a.) The mean number of children per family

b.) The standard deviation

Solution
Number of [ Numberof | fx Deviation d*
children s &
(9] Families (f) d=x-m
0 1 0 -3 9 9
1 5 5 -2 4 20
2 11 22 ol 11
3 27 81 0 0 0
4 10 40 1 1 10
5 4 20 2 4 16
6 2 12 3 9 18
>f=60 Yfx = 180 3 fd’= - 40
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a.) Mean = 180 _ 3 childen
60

2
b.) Variance = ZZL?

84
60

=14

standard deviation = /1.4 = 1.183

Example

The table below shows the distribution of marks of 40 candidates in a test

Marks -1 11| 21 31 | 41 51 61 71 81 91-
1 - - - - - - - - 10
0 20 | 30 40 | 50 60 70 80 90 0
frequenc | 2 | 2 | 3 9 1 5 2 3 1 1
y
Calculate the mean and standard deviation.
. o 2 2
Marks Midpoint Frequenc | fx d=x-m d fd
(%) y (9
1-10 55 2 11.0 -39.5 1560. 3120.
25 5
11-20 15.5 2 31.0 -29.5 870.2 1740.
5 5
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21-30 25.5 3 76.5 -19.5 380.2 1140.
5 75
31 -40 35.5 9 319.5 -9.5 90.25 812.2
5
41 -50 455 12 546.0 0.5 0.25 3.00
51-60 55.5 5 277.5 10.5 110.2 551.2
5 5
61-70 65.5 2 131.0 20.5 420.2 840.5
71-80 75.5 3 226.5 30.5 s 2790.
81-90 85.5 1 85.5 40.5 SO 73
E 1640
91 - 95.5 1 95.5 50.5 1640. 25
100 25
2550.
2550. 25
25
Sf=40 >f Sfd’=
x=1800 15190
Meanlx = X = 1800 = 45 marks
YE 40
2
Variance :& = 15150 = 379.75
vt 40
=379.8

Standard deviation = ./379.8

=19.49

Note;

Adding or subtracting a constant to or from each number in a set of data does not alter the

value of the variance or standard deviation.
More formulas

The formula for getting the variance s’ of a variance x is
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 Yx ) f
at= 2B

XY

tomato
length 152-156 | 157-161 162-166 | 167-171 172-176 | 177-181
frequency | 12 14 24 15 8 7

Calculate the mean and the standard deviation

Solution

LetA=169

152 -1 154 -15 -3 12 -36 108

156

157 - | 159 -10 -2 14 -28 56

161

162 -| 164 -5 -1 24 -24 24

166

167 -1 169 0 0 15 0 0

171

172-176 | 174 5 1 8 8 8

177-181 | 179 10 2 7 14 28
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Yf=80

Yft = -66

Yft’ = 224

t =66 _ 0825
80

Therefore 'x =-0.825x5 + 169
=-4.125+ 169

= 164.875 (10 4 s.f)

2
Variance of t =20t _ ¢2

yf

80

( -0.825)°
=2.8-0.6806
=2.119
Therefore , variance of x =2.119 x 5°
=52.975
=52.98 (4s.f)
Standard deviation of x = ./52.98
=7.279

=7.28 (to2d.p)

End of topic

Did you understand everything?

before going to sleep!

If not ask a teacher, friends or anybody and make sure you understand

Past KCSE Questions on the topic
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Every week the number of absentees in a school was recorded. This was done for 39
weeks these observations were tabulated as shown below

Number of absentees

0.3

4-7

8-11

12-15

16-19

20-23

(Number of weeks) 6

9

8

11

3

2

Estimate the median absentee rate per week in the school

2. The table below shows high altitude wind speeds recorded at a weather station in a
period of 100 days.
Wind speed [ 0-19 | 20-39 | 40-59 | 60-79 | 80-99 | 100- 120- 140- 160-
(knots) 119 139 159 179
Frequency (days) | 9 19 22 18 13 11 5 2 1
(@) On the grid provided draw a cumulative frequency graph for the data
(b) Use the graph to estimate
(i) The interquartile range
(i) The number of days when the wind speed exceeded 125 knots
3. Five pupils A, B, C, D and E obtained the marks 53, 41, 60, 80 and 56 respectively. The
table below shows part of the work to find the standard deviation.
Pupil |Markx |[x-a [(x-a)’
A 53 -5
B 41 -17
C 60 2
D 80 22
E 56 -2
(@) Complete the table
(b) Find the standard deviation
4, In an agricultural research centre, the length of a sample of 50 maize cobs were

measured and recorded as shown in the frequency distribution table below.

Length in cm Number of cobs
8-10 4
11-13 7
14-16 11
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17 -19
20-22
23-25

15

(a) The mean
(b) (i) The variance

(ii) The standard deviation

The table below shows the frequency distribution of masses of 50 new- born calves in a

ranch

Mass (kg)Frequency

15-18
19-22
23-26
27 - 30
31-34
35-38
39-42

10
14
13

(@) On the grid provided draw a cumulative frequency graph for the data

(b) Use the graph to estimate

()

(ii)

The median mass

The probability that a calf picked at random has a mass lying between 25
kg and 28 kg.

given period

Commodity

X
Y
z

Weight
3
4
2

Price Relatives

125
164
140

Calculate the retail index for the group of commodities.
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The number of people who attended an agricultural show in one day was 510 men, 1080
women and some children. When the information was represented on a pie chart, the
combined angle for the men and women was 216°. Find the angle representing the
children.

The mass of 40 babies in a certain clinic were recorded as follows:

Mass in Kg No. of babies.
1.0-1.9 6
20-29 14
3.0-3.9 10
40-49 7
50-59 2
6.0-6.9 1
Calculate

(@) The inter — quartile range of the data.
(b) The standard deviation of the data using 3.45 as the assumed mean.

The data below shows the masses in grams of 50 potatoes

Mass (g) 25-34 | 3544 |45-54 |55-64 |65-74 |7584 | 8594

No of | 3 6 16 12 8 4 1
potatoes

(@) On the grid provide, draw a cumulative frequency curve for the data
(b) Use the graph in (a) above to determine

(i) The 60" percentile mass

(i) The percentage of potatoes whose masses lie in the range 53g to 68g
The histogram below represents the distribution of marks obtained in a test.

The bar marked A has a height of 3.2 units and a width of 5 units. The bar marked B has
a height of 1.2 units and a width of 10 units
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B LT R RRER I R ey T B n
LEpuwe s uap !hﬂ--:i*’%‘TTf!T-'a-'P i
¥ : Z i e R | T o e {ETCRE S
ot L Y e
e B 70 0 e T B e e e
R
m_:__l '.':%'.f_'-"- _-,’:J_ .-‘-L-?-'L'?'L'.'T:.l

P ege ! L SonalRanr el s Aoy BT 330 588
= ke e R e THT b
g T FETC IR e oS A S Ty e
s sid b Taslia LIgdifobet ke ot toped L4 -
Foo B b M e d ey e e




isabokemicah@gmail.com

If the frequency of the class represented by bar B is 6, determine the frequency of
the class represented by bar A.

11. A frequency distribution of marks obtained by 120 candidates is to be represented in a
histogram. The table below shows the grouped marks. Frequencies for all the groups
and also the area and height of the rectangle for the group 30 — 60 marks.

Marks 0-10 | 10-30 | 30-60 |60-70 | 70-100
Frequency 12 40 36 8 24
Area of rectangle 180

Height of rectangle 6

(@) (i) Complete the table

(ii) On the grid provided below, draw the histogram

(b) (i) State the group in which the median mark lies
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(i) A vertical line drawn through the median mark divides the total area of the
histogram into two equal parts

Using this information or otherwise, estimate the median mark

12. In an agriculture research centre, the lengths of a sample of 50 maize cobs were
measured and recorded as shown in the frequency distribution table below

Length in cm Number of cobs
8-10 4

11-13 7

14-16 11

17-19 15

20-22 8

23-25 5

Calculate

(@) The mean

13.  The table below shows the frequency distribution of masses of 50 newborn calves in a

(b) (i) The variance
(i) The standard deviation
ranch.
Mass (kg) Frequency
15-18 2
19-22 3
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23 - 26 10
27 - 30 14
31-34 13
35-38 6
39-42 2

(a) On the grid provided draw a cumulative frequency graph for the data
(b)  Use the graph to estimate
(i) The median mass
(i) The probability that a calf picked at random has a mass lying
between 25 kg and 28 kg

14. The table shows the number of bags of sugar per week and their moving averages

Number of bags perweek |34 |33 |x 34 |35 |34
0 0 3 0 5
Moving averages 33 |33 |y 34
1 2 6

(a) Find the order of the moving average

(b) Find the value of X and Y axis
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CHAPTER FIFTY EIGHT )

Specific Objectivesd

By the end of the topic the learner should be able to:

(a) State the geometric properties of common solids;
(b) Identify projection of a line onto a plane;

(c) Identify skew lines;

(d) Calculate the length between two points in three dimensional geometry;
(e) Identify and calculate the angle between

(i) Two lines;

(i) Aline and a plane;

(i) Two planes.

Content

(a) Geometrical properties of common solids

(b) Skew lines and projection of a line onto a plane
(c) Length of a line in 3-dimensional geometry

(d) The angle between

i) Aline and a line

ii) A line a plane

iii) A plane and a plane

iv) Angles between skewlines.

Introduction
Geometrical properties of common solids

e A geometrical figure having length only is in one dimension

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530

592



isabokemicah@gmail.com

e Afigure having area but not volume is in two dimension

e A figure having vertices ( points),edges(lines) and faces (plans) is in three dimension

Examples of three dimensional figures

Rectangular Prism

A three-dimensional figure having 6 faces, 8 vertices, and 12 edges

Triangular Prism

A three-dimensional figure having 5 faces, 6 vertices, and 9 edges.

Cone

A three- dimensional figure having one face.

<
“Sphere
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A three- dimensional figure with no straight lines or line segments

Cube

A three- dimensional figure that is measured by its length, height, and width.
It has 6 faces, 8 vertices, and 12 edges

Cylinder

A three- dimensional figure having 2 circular faces

Rectangular Pyramid

: A three-dimensional figure having 5 faces, 5 vertices, and 8 edges

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530

594



isabokemicah@gmail.com

Angle between a line and a plane

The angle between a line and a plane is the angle between the line and its projection on the
plane

The angle between the line L and its projection or shadow makes angle A with the plan. Hence

the angle between a line and a plane is A.
Example

The angle between a ling, r, and a plane, T, is the angle between r and its projection onto m, r'.

height is 4 m

Example
Suppose r'is 10 cm find the angle «

Solution
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opposite _ 4

To find the angle we use tan6 = ==
adjacent 10

=0.4

tan(0.4) = 21.8°

Angle Between two planes
Any two planes are either parallel or intersect in a straight line. The angle between two planes is

the angle between two lines, one on each plane, which is perpendicular to the line of intersection
at the point
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Example

The figure below PQRS is a regular tetrahedron of side 4 cm and M is the mid point of RS;

a.) Show that PM is 2./3 cm long, and that triangle PMQ is isosceles
b.) Calculate the angle between planes PSR and QRS
c.) Calculate the angle between line PQ and plane QRS

Solution

a.) Triangle PRS is equilateral. Since M,is the midpoint of RS, PM is perpendicular bisector

PM’ = 4°-2°
=12
PM= .12 cm
=J4x3= 2 3cm
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Similar triangle MQRis right angled at M

QM® = 4%-2°
=12
QM = 12 cm
=Jf4x3= 2f3cm

Since PM = QM = ZJE cm Triangle PMQ is isosceleles
b.) The required angle is triangle PMQ .Using cosine rule
4% = (23)* + (243)*- 2(243)2(23)cos m
16 =12 +12-2x12cos m
=24-24cosm

24-16

cos m= = 0.3333

Therefore, m = 70.53°

c.) The required angle is triangle PQM

Since triangle PMQ is isosceles with triangle PMQ = 70.54%0.54"0;

<PQM = %( 180-70.54)

- %(109.46)

=54.73°

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!
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Past KCSE Questions on the topic.

1. The diagram below shows a right pyramid VABCD with V as the vertex. The base of the
pyramid is rectangle ABCD, WITH ab = 4 cm and BC= 3 cm. The height of the pyramid is
6 cm.

Y +om
(@)  Calculate the

(i) Length of the projection of VA on the base
(i) Angle between the face VAB and the base
(b) P is the mid- point of VC and Q is the mid - point of VD.

Find the angle between the planes VAB and the plane ABPQ

2. The figure below represents a square based solid with a path marked on it.
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-, ¥ o
Sketch and label the net of the solid.

The diagram below represents a cuboid ABCDEFGH in which FG= 4.5 cm, GH = 8 cm and
HC=6 cm

D
C
|
|
A
B fem
g
.H"J e -
f.f"' —
-I"‘ H
-
e
-
...--'"{ B
.--""'f
F _____'__'_—--______
Calculate: e g

(a) The length of FC
(b) (i) The size of the angle between the lines FC and FH
(i) The size of the angle between the lines AB and FH

(c) The size of the angle between the planes ABHE and the plane FGHE

The base of a right pyramid is a square ABCD of side 2a cm. The slant edges VA, VB, VC
and VD are each of length 3a cm.

(@) Sketch and label the pyramid

(b) Find the angle between a slanting edge and the base

The triangular prism shown below has the sides AB = DC = EF = 12 cm. the ends are
equilateral triangles of sides 10cm. The point N is the mid point of FC.
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A.
- Hem
- L -
E T2cm

Find the length of:
(@ () BN
(ii) EN
(b) Find the angle between the line EB and the plane CDEF

CHAPTER FIFTY NINE

Specific Objectives -

By the end of the topic the learner should be able to:
(a) Recall and define trigonometric ratios;

(b) Derive trigonometric identity sin2x+cos2x = 1;

(c) Draw graphs of trigonometric functions;
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(d) Solve simple trigonometric equations analytically and graphically;
(e) Deduce from the graph amplitude, period, wavelength and phase angles.

Content
(a) Trigonometric ratios

(b) Deriving the relation sin2x+cos2x =1

(c) Graphs of trigonometric functions of the form
y=sinxy=cos XY =tanx

y=asinx, y=acosx,

y =atan xy = a sin bx,

y = acos bxy=atan bx

y =asin(bx £ 9)

y = acos(bx +9)

y = atan(bx £ 9)

(d) Simple trigonometric equation

(e) Amplitude, period, wavelength and phase angle of trigonometric functions.

Introduction
Consider the right — angled triangle OAB

/
K 1"""’ i
Y xshe
/ :-
& -
C I
sinb = AB
r
AB =rsin6
OA =rcosb
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Since triangle OAB is right- angled
0A’ + AB’ = OB*(pythagoras theorm)
(rcosB)? + (rsin®)? = r’
Divide both sides by r* gives

2 .2
cos’@+sin6=1

Example
If tanB = a show that;

.2 3
cosOsin“0+cos’0 _ 1

sin® a

Solution
Factorize the numerator gives and since sin’8 + cos” = 1

cosB(sin’0+cos’0) _ cosB(1)
sin® sin®

But sin8 = tan0
coso
Therefore, = _c959=_1 -1
sin@ tan® a
Example
Show that

(1-cos6)(1+cosB) _

X ; tan’®
(1-sinB)(1+sinB)

Removing the brackets from the expression gives

1 -cos’0

— reason[(A-B)(A+B)=(A’-B)]
1-sin"0

Using sin’0 + cos’0 = 1
sin’@ + 1 = cos’d

Also
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1-cos°0 = sin°0
Therefore

1 -cos’0 _ sin®0 _
1-sin’®0  cos’0

tan’@
Example

. . 1
Given that sin8 = 3

a.) cos’®
b.) tan’d

c.) tan’® + cos’0

Solution using the right angle triangle below.

3
®
I
a.) cosO = 8
3

2
therefore cos’0 = (B) -8
3 9

2
b.) tan’0 = (L) -1
Js) 8
C) tan26 + COSZG = 1 + § =1 l
8 9 72

Waves
Amplitude

This is the maximum displacement of the wave above or below the x axis.

Period
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The interval after which the wave repeats itself

Transformations of waves

The graphs of y = sin x and y = 3 sin x can be drawn on the same axis. The table below gives
the corresponding values of sin x and 3 sin x for 0° <x >720°

X 0 |30 | 60 | 90 |12 [ 15 | 18 [ 21 | 24 | 27 | 30 | 33 | 36
0 0 0 0 0 0 0 0 0

Sin x 0.87 0 | 8 - -0.87 |-0.50 |0
0 [0.50 1.00 |0.87 |0.50 0.50 10.87 |0.50

3 sin 2.61 0 " . -2.61 [1.50 |0

" 0 |1.50 3.00 |2.61 [1.50 150 .61 |1.50

39 | 420 | 450 | 480 | 510 | 540 [ 570 | 600 | 630 | 660 | 690 | 720

0.5 |0.87 |1.00 |0.87 |0.50 |0 -0.50 [0.87 |-1.00 [0.87 [-0.50 |0

1.50 |2.61 |3.00 |2.61 |1.50 (O -1.50 [2.61 |-3.00 [2.61 [2.61 0

The wave of y = 3 sin x can be obtained directly from the graph of y = sin x by applying a stretch
scale factor 3, x axis invariant .

Note;
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e The amplitude of y= 3sinx is y =3 which is three times that of y = sin x which isy =1.
e The period of the both the graphs is the same that is 360° or 2n

Example

Draw the waves y = cos x and y = cos %x. We obtain y = cos %x from the graphy = cos x by

applying a stretch of factor 2 with y axis invariant.

<

o 3
3.6
4

B

Note;
e The amplitude of the two waves are the same.

e The period of y=cos %x is 4m that is, twice the period of y = cos x

Trigonometric Equations
In trigonometric equations, there are an infinite number of roots. We therefore specify the range
of values for which the roots of a trigonometric equation are required.

Example
Solve the following trigonometric equations:
a.) Sin 2x = cos x, for 0 < x < 360°

b.) Tan 3x =2, for0 < x < 360"

c) 2 sin(x-g]

Solution
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a.) Sin2x=cosx
Sin 2x = sin (90 - x)
Therefore 2 x =90 — x
X =30°
For the given range, x =30” and 150°.
b.) Tan3x =2
From calculator
3x =63.43°,243.43°,423.43°,603.43°783.43°and 321.14°.
In the given range;

x= 21.14°,81.14°,141.14°,201.14° ,261.14° and 321.14°

c) 2 sin(x-g] = -[3nx-1/6=-&3

2

x- T=q+ L oI
6 3

m_4 5
X-—=—T, =T

6 3 3

3 <11 ¢

—T,—/T

2 6

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!
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Past KCSE Questions on the topic

1. @) Complete the table for the functiony = 2 sin x
X 0° |10° 20° | 30° [40° [50° | 60° | 70° | 80° 90° [100° [110° |120°
Sin3x |0 0.500 -08660
0
y 0 1.00 -1.73
(b) (i) Using the values in the completed table, draw the graph of
y = 2 sin 3x for 0° < x = 120° on the grid provided
(i) Hence solve the equation 2 sin 3x =-1.5
2. Complete the table below by filling in the blank spaces
X’ 0° |30° |60° |90° 120 150° 180 | 21 0° |240° | 270° 300 | 330 360"
Cos X 1.00 0.50 -0.87 -0.87
2cos % x° | 2.00 | 1.93 0.52 -1.00 -2.00
Using the scale 1 cm to represent 30° on the horizontal axis and 4 cm to represent 1 unit
on the vertical axis draw, on the grid provided, the graphs of y = cosx’and y = 2 cos % x°
on the same axis.
(@) Find the period and the amplitude of y = 2 cos % x°
(b) Describe the transformation that maps the graph of y = cos x° on the graph of y =
2cos '/2x°
2. (a) Complete the table below for the value of y = 2 sin x + cos x.
0° |30° [45° [60° |90° 120 135 150 180 225 370 §15 O360
2sinx | 0 1.4 |17 |2 1.7 |14 |1 0 -2 -1.4 10
Cosx |1 0.7 |05 |0 -0.5 [-0.7 |-09 |1 0 0.7 |1
Y 1 21 122 |2 1.2 107 |01 |- -2 -0.7 |1
(b) Using the grid provided draw the graph of y=2sin x + cos x for 0°. Take 1cm
represent 30° on the x- axis and 2 cm to represent 1 unit on the axis.
(c) Use the graph to find the range of x that satisfy the inequalities
2sinxcosx>0.5
4. (@) Complete the table below, giving your values correct to 2 decimal places.
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Take scale: 2 cm for 100 on the x- axis
4 cm for unit on the y- axis
Use your graph to solve the equation tan x- sin ( 2x +30°) = 0.

(@) Complete the table below, giving your values correct to 2 decimal places

X? 0 [30 [60 [90 [120 [150 [ 180
2 sin x° 0 |1 2 1
1 -cos x° 05 |1

(b) On the grid provided, using the same scale and axes, draw the graphs of

y=sinx’andy=1-cos x’ < x < 180°
Take the scale: 2 cm for 30° on the x- axis
2 cm for | unit on the y- axis
(c) Use the graph in (b) above to
(i) Solve equation
2sinx°+cos x’=1

an Determine the range of values x for which 2 sin x°> 1 - cos x°

(a) Given thaty = 8 sin 2x — 6 cos x, complete the table below for the missing

values of y, correct to 1 decimal place.

X 0° [15° [30° [45° [60” |75° |90° | 105° | 120°
Y=8sin2x-6cosx -6 |-1.8 38 |39 (24 |0 -3.9
(b) On the grid E)rovided, below, draw the graph of y = 8 sin 2x — 6 cos for
0°<x=120
Take the scale 2 cm for 15° on the x- axis
2 cm for 2 units on the y — axis
(c) Use the graph to estimate
(i) The maximum value of y
(i) The value of x for which 4 sin 2x — 3 cos x =1
Solve the equation 4 sin (x + 30°) = 2 for 0 < x < 360°
Find all the positive angles not greater than 180° which satisfy the equation
Sin°x - 2tanx=0
Cos x
Solve for values of x in the range 0° < x < 360° if 3 cos’x — 7 cos x = 6
Simplify 9 — y* where y = 3 cos 8
y
Find all the values of @ between 0° and 360° satisfying the equation 5 sin 8 = -4
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12. Given that sin (90 — x) = 0.8. Where x is an acute angle, find without using mathematical
tables the value of tan x°
13. Complete the table given below for the functions
y=-3 cos 2x’andy = 2 sin (*/2° + 30) for 0 < x < 180°
X 0° 20° [40° [e60° [80° [100° [120° [140° [160° |180°
-3c0s 2x° -3.00 [-230 |-0.52 |1.50 |2.82 |282 |1.50 |-0.52 |-2.30 |-3.00

2 sin (3 x° +

1.00 |1.73 |200 |[1.73 |1.00 |0.00 |-1.00 |-1.73 |-2.00 |-1.73

309
Using the graph paper draw the graphs of y = -3 cos 2x° and y = 2 sin (*/2° + 30°)
(@) On the same axis. Take 2 cm to represent 20° on the x- axis and 2 cm to
represent one unit on the y — axis
(b)  From your graphs. Find the roots of 3 cos 2 x° + 2 sin (*/2° + 30°) = 0
14.  Solve the values of x in the range 0° < x < 360° if 3 cos®x — 7cos x = 6
15. Complete the table below by filling in the blank spaces
X’ 0° [30” [60° [90 [1° | 150 [ 18 [210 [24 [27 |30 |33 |36
0 0 0 |o |0 |0 |o
Cosx’ 1.0 0.5 - -
0 0 0.87 0.87
2cos % |20 |19 0.5
x° 0 |3

Using the scale 1 cm to represent 30° on the horizontal axis and 4 cm to represent 1 unit
on the vertical axis draw on the grid provided, the graphs of y — cos x’ and y = 2 cos % x°
on the same axis
(@) Find the period and the amplitude of y =2 cos % x"
Ans. Period = 720°. Amplitude = 2
©) Describe the transformation that maps the graph of y = cos x° on the graph
ofy=2cos % x°
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CHAPTER SIXTY

-

Specific Objectives

By the end of the topic the learner should be able to:

(a) Define the great and small circles in relation to a sphere (including the
Earth);

(b) Establish the relationship between the radii of small and great circles;
(c) Locate a place on the earth's surface in terms of latitude and longitude;

(d) Calculate the distance between two points along the great circles and small circles
(longitude and latitude) in nautical miles (nm) an kilometers (km);

(e) Calculate time in relation to longitudes;
(f) Calculate speed in knots and kilometers per hour.

Content
(a) Latitude and longitude (great and small circles)

(b) The Equator and Greenwich Meridian
(c) Radii of small and great circles
(d) Position of a place on the surface of the earth

(e) Distance between two points along the small and great circles in nautical miles and
kilometers

(f) Distance in nautical miles and kilometres along a circle of latitude
(g) Time and longitude

(h) Speed in knots and Kilometres per hour.
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Introduction

Just as we use a coordinate system to locate points on a number plane so we use latitude and
longitude to locate points on the earth’s surface.

Because the Earth is a sphere, we use a special grid of lines that run across and down a sphere.
The diagrams below show this grid on a world globe and a flat world map.

BOW  120°W 60W o 60E  120°E 180°E
Degrees longitude

Great and Small Circles

If you cut a ‘slice’ through a sphere, its shape is a circle. A slice through the centre of a sphere is
called a great circle, and its radius is the same as that of the sphere. Any other slice is called a
small circle, because its radius is smaller than that of a great circle.Hence great circles divides
the sphere into two equal parts

Great circles Small circles
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Latitude

Latitudes are imaginary lines that run around the earth and their planes are perpendicular to the
axis of the earth .The equator is the latitude tha divides the earth into two equal parts.Its the
only great circles amoung the latitudes. The equatoris, 0°.

The angle of latitude is the angle the
latitude makes with the Equator at the

0N centre, O, of the Earth. The diagram shows
15N ;‘“f_hf]"‘l‘_l the 50°N parallel of latitude. Parallels of
S CIEPRETE - Jatitude range from 90°N (North Pole) to
' Southern 90°S (South Pole).

158 hemisphere
- e

Angle of

latitude

The angle 50° subtended at the centre of the earth is the is the is the latitude of the circle
passing through 50° north of equator.The maximum angle of latitude is 90° north or south of
equator.
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Longitudes /meridians

They are circles passing through the north and south poles

merndian 0°

.\:1!.'_|-.- of

|--:1|_.:Jlm[-.-

Position Coordinates
Locations on the Earth are described using latitude (°N or °S) and longitude (°E or °W) in that
order. For example, Nairobi has coordinates (1°S, 37°E), meaning it is position is 1° south of the
Equator and 37° east of the prime meridian.

EG

LLISE]

They can also be said that they are imaginary
semicircles that run down the Earth. They are ‘half’
great circles that meet at the North and South Poles.
The main meridian of longitude is the prime meridian,
0°. It is also called the Greenwich meridian since it runs
through the Royal Observatory at Greenwich in London,
England. The other meridians are measured in degrees
east or west of the prime meridian.

The angle of longitude is the angle the meridian makes
with the prime meridian at the centre, O, of the Earth.
The diagram shows the 35°E meridian of longitude.

Meridians of longitude range from 180°E to 180°W.
180°E and

180°W are actually the same meridian, on the opposite
side of the Earth to the prime meridian. It runs through
the Pacific Ocean, east of Fiji.

Note

If P is 6 north of the equator and Q is a south of the quator , then the difference in
latitude between them is given by (6 + «)

If P and Q are on the same side of the equator, then the difference in latitude is (0 - a)
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Sydney’s coordinates are (34°S, 151°E) while Tokyo’ are (35°N, 139°E).
a Find their difference in latitude.

b Find their difference in longitude.

¢ Which city is further west?

It is useful to draw a rough grid to position the cines.

J_uk gaj
g 3N o

|

D'i.ﬂ-ﬂ'lﬂ'l.l.'c
in latimide

34°8 I'

o

Sydney

-

w 139°E 131°E

1 ]
]

Difference in II'I:IEI"I'I:I:‘IE

a Difference in latitude = 35% + 34° = 69° Ditference between 35N and 34°S.
b Difference in longitude = 151° - 139° = 12°  Difference between 151°E and 139°E.
¢ Sydney is further east, so Tokyo is further west.

Great Circle Distances

g .
Remember the arc length of a circle is I= 300 X 27T \where 8 is the degrees of the central angle,

and the radius of the earth is 6370 km approx.

On a flat surface, the shortest distance between two points is a straight line. Since the Earth’s
surface is curved, the shortest distance between A and Biis the arc length AB of the great circle
that passes through A and B. This is called the great circle distance and the size of angle LAOB
where Ois the centre of the Earth is called the angular distance.

Note
e The length of an arc of a great circle subtending an angle of 1' (one minute) at the
centre of the earth is 1 nautical mile nm.
e A nautical mile is the standard international unit from measuring distances travelled by
ships and aeroplanes 1 nautical mile (nm) = 1.853 km
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If an arc of a great circle subtends an angle 6 at the centre of the earth,the arcs length is (60 x 6)
nautical miles.

Example

Find the distance between points P( 40°N,50°E) and Q (20°30'S, 50°E) and express it in;
a.) Nm
b.) Km  (Take radius of the earth to be 6370 km)
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Solution
a.) Angle subtended at the centre is 40° + 20.5° = 60.5°
1° Is subtended by 60 nm
60.5° Is subtended by; 60 x 60.5 = 3630 nm
b.) The radius of the earth is 6370 km
Therefore, the circumference of the earth along a great circle is;

2ntr = 6370X 2 X %nr:6370 X2X22/7

Angle between the points is 60.5°. Therefore, we find the length of an arch of a circle
which subtends an angle of 60.5° at the centre is 360" is subtended by arc whose length

is6370X2X %.2 X 22/7.

.60.5 22

Therefore, 60.5° Is subtended by 360 x6370X2X - = 6729 km

Example

Find the distance between points A (0°,30°E)and (0°,50°E) and express itin;
a.) Nm.
b.) Km (Take the radius of the earth to be 6370 km)

Solution

a.) The two points lie on the equator, which is great circle. Therefore ,we are calculating
distance along a great circle.

Angle between points A and B is (50°-30°) = 20°

b.) Distance in km =% Xx6370X2X % = 2224 km

Distance along a small Circle (circle of latitude)

The figure below ABC is a small circle, centre X and radius r cm.PQST is a great circle ,centre
Oradius R cmThe angle 6 is between the two  radii.(OCand OT)
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From the figure, XC is parallel to OT. Therefore, angle COT = angle
XCO=6(alternate angles).Angle CX0 =90° (Radius XC is perpendicular to the axis of sphere).

Thus, from the right- angled triangle OXC
Cosf= &
R

Therefore, r = R cos®

This expression can be used to calculate the distance between any two points along the small
circle ABC, centre X and radius .

Example

Find the distance in kilometers and nautical miles between two points (30°N 45°E) and Q ( 30°N
60°W).

Solution

Figure a shows the position of P and Q on the surface of the earth while figure b shows their
relative positions on the small circle is the centre of the circle of latitude 30°N with radius r.

The angle subtended by the arc PQ centre Cis 45° + 60° = 105°.So, the length of PQ
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=&5X21'[r

360

2105 X 21tRcos 30° km

" 360

= 105 v 5 %22 ¥ 6370C0S0 km

360 7
=10113 km
The length of PQ in nautical miles

= 60 x 105 c0s30°nm

=60x105x0.8660 nm = 5456 nm =

In general, if the angle at the centre of a circle of latitude 6 is o,then the length of its arc is 60
acos 6 nm,where «a is the angle between the longitudes along the same latitude.

Shortest distance between the two points on the earths surface
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The shortest distance between two points on the earths surface is that along a great circle.
Example

P and Q are two points on latitude 50°N. They lie on longitude 40° W and 132 E’ respectively.
Find the distance fromPto Q:

a.) Along a parallel of latitude

b.) Along a great circle

Solution

The positions of P and Q on earths surface are as shown below

3'E

a.) The length of the circle parallel of latitude 50°N is 2 nr km, which is 2mRcos50°km.The
difference in longitude between P and Q is 132 ° + 48° = 180°

PQ= 180 ¥ 2 22 ¥ 6370 cos50° = 12869 km

360 7

b.) The required great circle passes via the North Pole. Therefore, the angle subtended at
the centre by the arc PNQ is;

=180°-2x50°=80°
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Therefore the arc PNQ

=ﬂX2T[R
360

= 80 2 %22 X 6370 = 8898 km
360 7
Note;
Notice that the distance between two points on the earth’s surface along a great circle is
shorter than the distance between them along a small circle

Longitude and Time
The earth rotates through 360° about its axis every 24 hours in west — east direction.
Therefore for every 1° change in longitude there is a corresponding change in time of 4
minutes, or there is a difference of 1 hour between two meridians 15° apart.

All places in the same meridian have the same local time. Local time at Greenwich is called
Greenwich Mean Time .GMT.

All meridians to the west of Greenwich Meridian have sunrise after the meridian and their
local times are behind GMT.

All meridian to the east of Greenwich Meridian have sunrise before the meridian and their
local times are ahead of GMT. Since the earth rotates from west to east, any point P is
ahead in time of another point Q if P is east of Q on the earth’s surface.
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Example

Find the local time in Nairobi ( 1° S ,37° E), when the local time of Mandera (Nairobi ( 4’ N ,42°
E) is 3.00 pm

Solution

The difference in longitude between Mandera and Nairobi is (42°-37°) = 5°, that is Mandera
is 5° east of Nairobi.Therefore their local time differ by; 4 x 5 = 20 min.

Since Nairobi is in the west of Mandera, we subtract 20 minutes from 3.00 p.m. This gives
local time for Nairobi as 2.40 p.m.

Example

If the local time of London ( 52° N,0°), IS 12.00 noon, find the local time of Nairobi (1°S,37°E

),
Solution
Difference in longitude is (37° + 0°) = 37°
So the difference in time is 4 x 37 min = 148 min
=2 hrs. 28 min
Therefore , local time of Nairobi is 2 hours 28 minutes ahead that of London that is,2.28 p.m
Example

If the local time of point A ( 0° N,170°E) is 12.30 a.m, on Monday,Find the local time of a
point B (0°N,170°W).

Solution
Difference in longitude between A and Bis 170° + 170° = 340°
In time is 4 x 340 = 1360 min

=22 hrs. 40 min.

Therefore local time in point B is 22 hours 40 minutes behind Monday 12:30 p.m. That is,
Sunday 1.50 a.m.

Speed
A speed of 1 nautical mile per hour is called a knot. This unit of speed is used by airmen and
sailors.

Example

A ship leaves Mombasa (4°S,39°E)and sails due east for 98 hours to appoint K Mombasa
(4°S,80°E)in the indian ocean.Calculate its average speed in;

a.) Km/h
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b.) Knots

Solution

a.) The length x of the arc from Mombasa to the point K in the ocean

41
—— X 2Tr
360
= 41 X 2 Rcos 4° km
360
= 4 v %22 ¥ 6370c0s 4° km = 4549 km
360 7

Therefore speed is = 42% = 46.41 km/h

b.) The length x of the arc from Mombasa to the point K in the ocean in nautical miles

x = 60 x 41 x cos4’ nm

=60x41x0.9976 nm = 2454 nm

Therefore , speed =%§4

= 25.04 knots

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. An aeroplane flies from point A (1° 15'S, 37° E) to a point B directly
North of A. the arc AB subtends an angle of 45° at the center of the earth.
From B, aeroplanes flies due west two a point C on longitude 23° W.)
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(Take the value of t ?/ 7 as and radius of the earth as 6370km)
(a) (i) Find the latitude of B
(i) Find the distance traveled by the aeroplane between B and C

(b)  The aeroplane left at 1.00 a.m. local time. When the aeroplane was leaving B,
what was the local time at C?

The position of two towns X and Y are given to the nearest degree as X (45° N, 10°W)
and Y (45° N, 70°W)

Find
(@) The distance between the two towns in

(i) Kilometers (take the radius of the earth as 6371)
(i) Nautical miles (take 1 nautical mile to be 1.85 km)
(b) The local time at X when the local time at Y is 2.00 pm.

A plane leaves an airport A (38.5°N, 37.05°W) and flies dues North to a point B on
latitude 52°N.

(@) Find the distance covered by the plane

(b) The plane then flies due east to a point C, 2400 km from B. Determine the
position of C

Take the value Tt of as %*/7 and radius of the earth as 6370 km

A plane flying at 200 knots left an airport A (30°S, 31°E) and flew due North to an airport
B (30°N, 31°E)

(@) Calculate the distance covered by the plane, in nautical miles

(b) After a 15 minutes stop over at B, the plane flew west to an airport C (30°N, 13°E)
at the same speed.

Calculate the total time to complete the journey from airport C, though airport B.
Two towns A and B lie on the same latitude in the northern hemisphere.
When its 8 am at A, the time at B is 11.00 am.
a) Given that the longitude of A is 15° E find the longitude of B.

b) A plane leaves A for B and takes 3'/2 hours to arrive at B traveling along a parallel
of latitude at 850 km/h. Find:

(i) The radius of the circle of latitude on which towns A and B lie.
(i) The latitude of the two towns (take radius of the earth to be 6371 km)

Two places A and B are on the same circle of latitude north of the equator. The longitude
of A is 118°W and the longitude of B is 133° E. The shorter distance between A and
B measured along the circle of latitude is 5422 nautical miles.
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Find, to the nearest degree, the latitude on which A and B lie

(a)

(b)

A plane flies by the short estimate route from P (10°S, 60° W) to Q (70° N,

120° E) Find the distance flown in km and the time taken if the aver age speed is
800 km/h.

Calculate the distance in km between two towns on latitude 50°S with long
longitudes and 20° W. (take the radius of the earth to be 6370 km)

Calculate the distance between M (30°N, 36°E) and N (30° N, 144° W) in nautical miles.

()

Specific Objectives

Over the North Pole

(i)  Along the parallel of latitude 30° N

(@) A ship sailed due south along a meridian from 12° N to 10°30’S. Taking
the earth to be a sphere with a circumference of 4 x 10* km, calculate in km the
distance traveled by the ship.

(b) If a ship sails due west from San Francisco (37° 47'N, 122° 26'W) for distance of
1320 km. Calculate the longitude of its new position (take the radius of the earth
to be 6370 km and 1t = 22/7).

CHAPTER SIXTY ONE

=

By the end of the topic the learner should be able to:
(a) Form linear inequalities based on real life situations;

(b) Represent the linear inequalities on a graph;
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(c) Solve and interpret the optimum solution of the linear inequalities,
(d) Apply linear programming to real life situations.

Content
(a) Formation of linear inequalities

(b) Analytical solutions of linear inequalities
(c) Solutions of linear inequalities by graphs
(d) Optimisation (include objective function)

(e) Application of quadratic equations to real life situations.

Forming linear inequalities
In linear programing we are going to form inequalities representing given conditions involving
real life situation.

Example

Esha is five years younger than his sister. The sum of their age is less than 36 years. If Esha’s
age is x years, form all the inequalities in x for this situation.

Solution
The age of Esha'’s sister is x +5 years.
Therefore, the sum of their age is;
X + (x +5) years
Thus;
2x +5< 36
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2x < 31
X>15.5

X >0 ( age is always positive)

Linear programming

Linear programming is the process of taking various linear inequalities relating to some
situation, and finding the "best" value obtainable under those conditions. A typical example
would be taking the limitations of materials and labor, and then determining the "best"
production levels for maximal profits under those conditions.

In "real life", linear programming is part of a very important area of mathematics called
"optimization techniques". This field of study are used every day in the organization and
allocation of resources. These "real life" systems can have dozens or hundreds of variables, or
more. In algebra, though, you'll only work with the simple (and graph able) two-variable linear
case.

The general process for solving linear-programming exercises is to graph the inequalities
(called the "constraints") to form a walled-off area on the x,y-plane (called the "feasibility
region"). Then you figure out the coordinates of the corners of this feasibility region (that is, you
find the intersection points of the various pairs of lines), and test these corner points in the
formula (called the "optimization equation") for which you're trying to find the highest or lowest
value.

Example

Suppose a factory want to produce two types of hand calculators, type A and type B. The cost,
the labor time and the profit for every calculator is summarized in the following table:

B Sh 20 4 (hour) Shg

Suppose the available money and labors are ksh 18000 and 1600 hours. What should the
production schedule be to ensure maximum profit?

Solution
Suppose *, isthe number of type A hand calculators and * . is the number of type B hand

calculators and y to be the cost. Then, we want to maximize £ =1 0x +8x, subject to
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30 x +20 = 18000
x + 4 = 1600

=0, w=0

where & is the total profit.

Solution by graphing
Solutions to inequalities formed to represent given conditions can be determined by graphing
the inequalities and then reading off the appropriate values ( possible values)

Example

A student wishes to purchase not less than 10 items comprising books and pens only. A book
costs sh.20 and a pen sh.10.if the student has sh.220 to spend, form all possible inequalities
from the given conditions and graph them clearly, indicating the possible solutions.

Solution

Let the number of books be x and the number of pens then, the inequalities are;
i) x +y 2 10 ( the items bought to be atlest ten)
ii.) x +y < 220 (only sh.220 is available)20 (only sh.220 is available)

2x +y <22

iii.) x> and y > 0( number of items bought cannot be negative)y>0( number of items
bought cannot be negative)

The graph below represents the inequalities

All the points in the unshaded region represent possible solutions. A point with co-ordinates ( x
,y) represents x books and y pens. For example, the point (3, 10 ) means 3 books and 10 pens
could be bought by the students.
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Optimization
The determination of the minimum or the maximum value of the objective function ax + by is
known as optimization. Objective function is an equation to be minimized or maximized .

Example

A contractor intends to transport 1000 bags of cement using a lorry and a pick up. The lorry can
carry a maximum of 80 bags while a pick up can carry a maximum of 20 bags. The pick up must
make more than twice the number of trips the lorry makes and the total number of trip to be
less than 30.The cost per trip for the lorry is ksh 2000, per bag and ksh 900 for the pick up.Find
the minimum expenditure.

Solution

If we let x and y be the number of trips made by the lorry and the pick up respectively. Then the
conditions are given by the following inequalities;

i.) X +y < 30+y<30

ii.) 0y=1000, which simplifies as 4x+y =50
i) y>2x

iv) x<0

The total cost of transporting the cement is given by sh 2000x + 900y.This is called the
objective function.

The graph below shows the inequalities.
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From the graph we can identify 7 possibilities
(7,22),(8,18),(8,19),(8,20),(8,21),(9,19),(9,20)

Note;

Co-ordinates stands for the number of trips. For example (7, 22) means 7 trips by the lorry and
22 trips by the pickup. Therefore the possible amount of money in shillings to be spent by the
contractor can be calculated as follows.

i) (2000x7) + (900 x22) = 33800
i)  (2000x8) + (900 x18) = 32200
i)  (2000x8) + (900 x19) = 33100
iv.)  (2000x8) + (900 x20) = 34000
v.)  (2000x8) + (900 x21) = 34900
vi)  (2000x9) + (900 x19) = 35100
vii.)  (2000x9) + (900 x20) = 36000

We note that from the calculation that the least amount the contractor would spend is
sh.32200.This is when the lorry makes 8 trips and the pick- up 18 trips. When possibilities
are many the method of determining the solution by calculation becomestedious. The
alternative method involves drawing the graph of the function we wish to maximize or
minimize, the objective function. This function is usually of the form ax +by, where a and b
ar constants.

For this ,we use the graph above which is a convenient point (x , y) to give the value of x
preferably close to the region of the possibilities. For example the point ( 5, 10) was chosen
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to give an initial value of thus ,2000x + 900y = 19000.we now draw the line 2000x +
900y=19000.such a line is referred to us a search line.

Using a ruler and a set square, slide the set square keeping one edge parallel to 1, until the
edge strikes the feasible point nearest 1, ( see the dotted line 1,) From the graph this point is

(8,18 ),which gives the minimum expenditure as we have seen earlier.The feasible point
furthest from the line 1, gives the maximum value of the objective function.

The determination of the minimum or the maximum value of the objective function ax + by
is known as optimization.

Note;
The process of solving linear equations are as follows
i.) Forming the inequalities satisfying given conditions
ii.) Formulating the objective function .

iii.) Graphing the inequalities

iv.) Optimizing the objective function

This whole process is called linear programming .
Example

A company produces gadgets which come in two colors: red and blue. The red gadgets are
made of steel and sell for ksh 30 each. The blue gadgets are made of wood and sell for ksh 50
each. A unit of the red gadget requires 1 kilogram of steel, and 3 hours of labor to process. A
unit of the blue gadget, on the other hand, requires 2 board meters of wood and 2 hours of labor
to manufacture. There are 180 hours of labor, 120 board meters of wood, and 50 kilograms of
steel available. How many units of the red and blue gadgets must the company produce (and
sell) if it wants to maximize revenue?

Solution

The Graphical Approach
Step 1. Define all decision variables.

Let:  x1 =number of red gadgets to produce (and sell)
x2 = number of blue gadgets to produce (and sell)

Step 2. Define the objective function.
Maximize R = 30 x1 + 50 x2 (total revenue in ksh)
Step 3. Define all constraints.

(1) X1 < 50 (steel supply constraint in kilograms)
2) 2 X2 < 120 (wood supply constraint in board meters)

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 631



isabokemicah@gmail.com

(3) 3x1+ 2x2
X1, X2

Step 4. Graph all constraints.

b
-
&

-
i |

3
v

H

# |
i it b 2 a0 rn \ED.\. 0

Then determine area of feasible study

[
(=T
P

w =50

< 180 (labor supply constraint in man hours)
0 (non-negativity requirement)

2w, =120

AREA OF FEASIELE

20 SOLUTIONS :
£ B, + 2, = 180
N 18 ki
o 10 20 a0 40 50 {1 1] X
Note;
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e The area under the line marked blue is the needed area or area of feasible solutions.

e We therefore shade the unwanted region out the trapezium marked blue

Optimization
List all corners (identify the corresponding coordinates), and pick the best in terms of the
resulting value of the objective function.

(1) x1=0  x2=0 R=30(0)+50(0)=0
(2) x1=50 x2=0 R = 30 (50) + 50 (0) = 1500
(3) x1=0  x2=60 R =30 (0) + 50 (60) = 3000
(4) x1=20 x2=60 R =30 (20) + 50 (60) = 3600 (the optimal solution)
(5) x1=50 x2=15 R = 30 (50) + 50 (15) = 2250
End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1. A school has to take 384 people for a tour. There are two types of buses available, type
X and type Y. Type X can carry 64 passengers and type Y can carry 48 passengers. They
have to use at least 7 buses.

(@) Form all the linear inequalities which will represent the above information.
(b) On the grid [provide, draw the inequalities and shade the unwanted region.
(c) The charges for hiring the buses are

Type X: Ksh 25,000

Type Y Ksh 20,000
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Use your graph to determine the number of buses of each type that should be
hired to minimize the cost.

An institute offers two types of courses technical and business courses. The institute
has a capacity of 500 students. There must be more business students than technical
students but at least 200 students must take technical courses. Let x represent the
number of technical students and y the number of business students.

(@) Write down three inequalities that describe the given conditions
(b) On the grid provided, draw the three inequalities

(c) If the institute makes a profit of Kshs 2, 500 to train one technical students and
Kshs 1,000 to train one business student, determine

(i) The number of students that must be enrolled in each course to
maximize the profit
(i) The maximum profit.
A draper is required to supply two types of shirts A and type B.

The total number of shirts must not be more than 400. He has to supply more type A
than of type B however the number of types A shirts must be more than 300 and the
number of type B shirts not be less than 80.

Let x be the number of type A shirts and y be the number of types B shirts.

(a) Write down in terms of x and y all the linear inequalities representing the information
above.

(b) On the grid provided, draw the inequalities and shade the unwanted regions

(c) The profits were as follows
Type A: Kshs 600 per shirt

Type B: Kshs 400 per shirt

(i) Use the graph to determine the number of shirts of each type that should be
made to maximize the profit.

(i) Calculate the maximum possible profit.
A diet expert makes up a food production for sale by mixing two ingredients N and S.
One kilogram of N contains 25 units of protein and 30 units of vitamins. One kilogram of
S contains 50 units of protein and 45 units of vitamins. The food is sold in small bags
each containing at least 175 units of protein and at least 180 units of vitamins. The
mass of the food product in each bag must not exceed 6kg.

If one bag of the mixture contains x kg of N and y kg of S

(a) Write down all the inequalities, in terms of x and representing the information above
(2 marks)
(b) On the grid provided draw the inequalities by shading the unwanted regions
(2 marks)
(c) If one kilogram of N costs Kshs 20 and one kilogram of S costs Kshs 50, use the
graph to determine the lowest cost of one bag of the mixture.

Esha flying company operates a flying service. It has two types of aeroplanes. The
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smaller one uses 180 litres of fuel per hour while the bigger one uses 300 litres per hour.

The fuel available per week is 18,000 litres. The company is allowed 80 flying hours per
week.

(a) Write down all the inequalities representing the above information

(b) On the grid provided on page 21, draw all the inequalities in (a) above by
shading the unwanted regions

(c) The profits on the smaller aeroplane is Kshs 4000 per hour while that on the

bigger one is Kshs. 6000 per hour. Use your graph to determine the maximum profit
that the company made per week.

A company is considering installing two types of machines. A and B. The information
about each type of machine is given in the table below.

Machine | Number of operators | Floor space | Daily profit

A 2 5m° Kshs 1,500

B 5 8m?* Kshs 2,500

The company decided to install x machines of types A and y machines of type B
(@) Write down the inequalities that express the following conditions

i. The number of operators available is 40
ii. The floor space available is 80m?
iii. The company is to install not less than 3 type of A machine
iv. The number of type B machines must be more than one third the number of
type A machines
(b)  On the grid provided, draw the inequalities in part (a) above and shade the

unwanted region.
(c) Draw a search line and use it to determine the number of machines of each

type that should be installed to maximize the daily profit.
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CHAPTER SIXTY TWO

-

Specific Objectives

By the end of the topic the learner should be able to:

(a) Define Locus;

(b) Describe common types of Loci;

(c) Construct;

i) Loci involving inequalities;

i) Loci involving chords;

iii) Loci involving points under given conditions;
iv) Intersecting loci.

Content
(a) Common types of Loci

(b) Perpendicular bisector loci
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(c) Locus of a point at a given distance from a fixed point

(d) Angle bisector loci

(e) Other loci under given condition including intersecting loci
(f) Loci involving inequalities

(g) Loci involving chords (constant angle loci).

Introduction

Locus is defined as the path, area or volume traced out by a point, line or region as it moves
according to some given laws

In construction the opening between the pencil and the point of the compass is a fixed distance,
the length of the radius of a circle. The point on the compass determines a fixed point. If the
length of the radius remains the same or unchanged, all of the point in the plane that can be
drawn by the compass from a circle and any points that cannot be drawn by the compass do
not lie on the circle. Thus the circle is the set of all points at a fixed distance from a fixed point.
This set is called a locus.
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Common types of Loci

Perpendicular bisector locus
The locus of a point which are equidistant from two fixed points is the perpendicular bisector of
the straight line joining the two fixed points. This locus is called the perpendicular bisector locus.

So to find the point equidistant from two fixed points you simply find the perpendicular bisector
of the two points as shown below.

Q is the mid-point of M and N.

AN

In three Dimensions

In three dimensions, the perpendicular bisector locus is a plane at right angles to the line and
bisecting the line into two equal parts. The point P can lie anywhere in the line provided its in
the middle.

The Locus of points at a Given Distance from a given straight line.
In two Dimensions

In the figure below each of the lines from the middle line is marked a centimeters on either side
of the given line MN.
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The ‘a’ centimeters on either sides from the middle line implies the perpendicular distance.
-Ll.l.l: =

=

qam

. (o
e Sa

The two parallel lines describe the locus of points at a fixed distance from a given straight line.

ey

-

In three Dimensions

In three dimensions the locus of point ‘a’ centimeters from a line MN is a cylindrical shell of
radius ‘a’ ¢, with MN as the axis of rotation.

Locus of points at a Given Distance from a fixed point.
In two Dimension

If O is a fixed point and P a variable point'd’ cm from O,the locus of p is the circle O radius ‘d’ cm
as shown below.

. -

All points on a circle describe a locus of a point at constant distance from a fixed point. In three
dimesion the locus of a point ‘d’ centimetres from a point is a spherical shell centre O and
radius d cm.

Angle Bisector Locus
The locus of points which are equidistant from two given intersecting straight lines is the pair of
perpendicular lines which bisect the angles between the given lines.

Conversely ,a point which lies on a bisector of given angle is equidistant from the lines
including that angle.P C
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Line PB bisect angle ABC into two equal parts.

Example

Construct triangle PQR such that PQ= 7 cm, QR = 5 cm and angle PQR = 30°.Construct the locus
L of points equidistant from RP and RQ.

Solution

L is the bisector of Angle PRQ.

Constant angle loci
Aline PQ is 5 cm long, Construct the locus of points at which PQ subtends an angle of 70°.

Solution
i.) Draw PQ =5cm
ii.) Construct TP at P such that angle QPT = 70’
iii.) Draw a perpendicular to TP at P( radius is perpendicular to tangent)
iv.) Construct the perpendicular bisector of PQ to meet the perpendicular in (iii) at O

V.) Using O as the centre and either OP or OQ as radius, draw the locus
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vi.) Transfer the centre on the side of PQ and complete the locus.

vii.)  Transfer the centre on the opposite sides of PQ and complete the locus as shown
below.

e To 0" are of the same radius,
¢ Angle subtended by the same chord on the circumference are equal,

e This is called the constant angle locus.

Intersecting Loci
a.) Construct triangle PQR such that PQ =7 cm, OR = 5 cm and angle PQR = 30°

b.) Construct the locus L, of points equidistant from P and Q to meet the locus L, of points
equidistant from Q and R at M .Measure PM

Solution

In the figure below

i) L, is the perpendicular bisector of PQ
ii.) L, is the perpendicular bisector of PQ

iii.) By measurement, PM is equal to 3.7 cm
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Loci of inequalities
An inequality is represented graphically by showing all the points that satisfy it.The
intersection of two or more regions of inequalities gives the intersection of their loci.

Remember we shed the unwanted region

Example

Draw the locus of point ( x,y) suchthatx+y<3,y-x<4andy>2.
Solution

Draw the graphs of x+y =3,y —x =4 andy = 2 as shown below.

The unwanted regions are usually shaded. The unshaded region marked R is the locus of
points (x,y ), suchthatx+y <3,y-X<4andy>2.

The lines of greater or equal to ad less or equal to (< , =) are always solid while the lines of
greater or less (<>) are always broken.
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Example

P is a point inside rectangle ABCD such that AP<PB and Angle DAP = Angle BAP. Show the
region on which P lies.

Solution

D L i "I - MR g L

Draw a perpendicular bisector of AP=PB and shade the unwanted region. Bisect <DAB (<
DAP = < BAP) and shade the unwanted region lies in the unshaded region.

Example

Draw the locus of a point P which moves that AP < 3 cm.

Solution

i) Draw a circle, centre A and radius 3 cm
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ii.) Shade the unwanted region.

cus involving chords

The following properties of chords of a circle are used in construction of loci

()Perpendicular bisector of any chord passes through the centre of the circle.

(i) The perpendicular drawn from a centre of a circle bisects the chord.

(Il If chords of a circle are equal, they are equidistant from the centre of the circle and vice -

ver

sa

(IV) In the figure below, if chord AB intersects chord CD at O, AO = x ,BO =y, CO = m and DO =n
then mxn = xxy

e
Ao

a0\

¢

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
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before going to sleep!

Past KCSE Questions on the topic.

1. Using a ruler and a pair of compasses only,

a. Construct a triangle ABC such that angle ABC = 135°C, AB = 8.2cm and BC = 9.6cm
b. Giventhat D is a position equidistant from both AB and BC and also from B and C

i. Locate D

ii. Find the area of triangle DBC.

2. (a) Using a ruler, a pair of compasses only construct triangle XYZ such that XY = 6cm,
YZ =8cmand /XYZ =75°
(b) Measure line XZ and £XZY
(c) Draw a circle that passes through X, Y and Z

(d) A point M moves such that it is always equidistant from Y and Z. construct the locus
of M and define the locus

3. (a) (i) Construct a triangle ABC in which AB=6¢cm, BC = 7cm and angle ABC = 75°
Measure:-
(i) Length of AC
(i) Angle ACB
(b) Locus of P is such that BP = PC. Construct P
(c) Construct the locus of Q such that Q is on one side of BC, opposite A and angle
BQC = 30°
(d) (i) Locus of P and locus of Q meet at X. Mark x
(i) Construct locus R in which angle BRC 120°
(iii) Show the locus S inside triangle ABC such that XS > SR
4. Use a ruler and compasses only for all constructions in this question.
a) i) Construct a triangle ABC in which AB=8cm, and BC=7.5cm and ZABC=112%"
i) Measure the length of AC

b) By shading the unwanted regions show the locus of P within the triangle ABC such
that
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i) AP < BP
ii) AP >3cm
Mark the required region as P
c¢) Construct a normal from C to meet AB produced at D

d) Locate the locus of R in the same diagram such that the area of triangle ARB is % the
area of the triangle ABC.

5. On a line AB which is 10 cm long and on the same side of the line, use a ruler and a pair
of compasses only to construct the following.

a) Triangle ABC whose area is 20 cm” and angle ACB = 90°
b) (i) The locus of a point P such that angle APB = 45°.

(ii) Locate the position of P such that triangle APB has a maximum area and calculate
this area.

6. A garden in the shape of a polygon with vertices A, B, C, D and E. AB = 2.5m, AE = 10m,
ED = 5.2M and DC=6.9m. The bearing of B from A is 030° and A is due to east of E
while D is due north of E, angle EDC = 110°,

a) Using a scale of 1cm to represent Tm construct an accurate plan of the garden
b) A foundation is to be placed near to CD than CB and no more than 6m from A,
i) Construct the locus of points equidistant from CB and CD.
if) Construct the locus of points 6m from A

c) i) shade and label R ,the region within which the foundation could be placed in the
garden

i) Construct the locus of points in the garden 3.4m from AE.
iii) Is it possible for the foundation to be 3.4m from AE and in the region?

7. a) Using a ruler and compasses only construct triangle PQR in which QR= 5cm, PR = 7cm
and angle PRQ = 135°

b) Determine < PQR

c) At P drop a perpendicular to meet QR produced at T
d) Measure PT

e) Locate a point A on TP produced such that the area of triangle AQR is equal to one-
and — a- half times the area of triangle PQR

f) Complete triangle AQR and measure angle AQR
8. Use ruler and a pair of compasses only in this question.

(a) Construct triangle ABC in which AB = 7 cm, BC = 8 cm and 2ABC = 60°.
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(b) Measure (i) side AC (ii) « ACB

(c) Construct a circle passing through the three points A, B and C. Measure the radius of
the circle.

(d) Construct A PBC such that P is on the same side of BC as point Aand 2 PCB =% «
ACB,2 BPC = « BAC measure 2« PBC.

9. Without using a set square or a protractor:-
(a) Construct triangle ABC in which BC is 6.7cm, angle ABC is 60° and #BAC is 90°.
(b) Mark point D on line BA produced such that line AD =3.5cm
(c) Construct:-
(i) A circle that touches lines AC and AD
(i) A tangent to this circle parallel to line AD
Use a pair of compasses and ruler only in this question;

(a) Draw acute angled triangle ABC in which angle CAB = 37% °, AB = 8cm and CB = 5.4cm.
Measure the length of side AC (hint 37% ° = % x 75°)

(b) On the triangle ABC below:
(i) On the same side of AC as B, draw the locus of a point X so that angle AX C = 52% °

(i) Also draw the locus of another point Y, which is 6.8cm away from AC and on the same
side as X

(c) Show by shading the region P outside the triangle such that angle APC > 52 %° and

P is not less than 6.8cm away from AC

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 647



isabokemicah@gmail.com

CHAPTER SIXTY THREE

>

Specific Objectives

By the end of the topic the learner should be able to:

(a) Find average rates of change and instantaneous rates of change;

(b) Find the gradient of a curve at a point using tangent;

(c) Relate the delta notation to rates of change;

(d) Find the gradient function of a function of the formy = x n (n is a positive

Integer);

(e) Define derivative of a function, derived function of a polynomial anddifferentiation;

(f) Determine the derivative of a polynomial;

(9) Find equations of tangents and normal to the curves;

(h) Sketch a curve;

(i) Apply differentiation in calculating distance, velocity and acceleration;
(j) Apply differentiation in finding maxima and minima of a function.

Content
(a) Average and instantaneous rates of change

(b) Gradient of a curve at a point

(c) Gradient of y= x n (where n is a positive integer)
(d) Delta notation (A) or 5

(e) Derivative of a polynomial

(f) Equations of tangents and normals to the curve
(g) Stationery points

(h) Curve sketching
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(i) Application of differentiation in calculation of distance, velocity andacceleration

(j) Maxima and minima

Introduction
Differentiation is generally about rate of change

Example

If we want to get the gradient of the curve y = x* at a general point ( x ,y ).We note that a general
point on the curve y = x> will have coordinates of the form ( x x* )The gradient of the curve y=
x’at a general point (x, y ) can be established as below.

If we take a small change in x, say h. This gives us a new point on the curve with co-ordinates

[(x +h), (x + h)’]. So point Q is [(x +h), (x + h)*] while point Pis (x x*).

B s T = BTt S e

To find the gradient of PQ =M
Change in X

2

Changeiny = (x + h)’- x
Changeinx=(x+h)-x

(x + h)’-x°

Gradient
(x+h)-x

x*+2xh+ h®-x*
X +h-x

2xh+ h®
h

=2x+h

By moving Q as close to p as possible, h becomes sufficiently small to be ignored. Thus, 2x +h
becomes2x.Therefore, at general point ( x,y)on the curve y = x*,the gradient is 2x.

2x is called the gradient function of the curve y = x’.We can use the gradient function to
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determine the gradient of the curve at any point on the curve.

In general, the gradient function of y = x" is given by nx"",where n is a positive integer. The
gradient function is called the derivative or derived function and the process of obtaining it is
called differentiation.

The function y=x" becames 5x°"' = 5x*when we differentiate it
Delta Notation

A small increase in x is usually denoted byAxsimilarly a small increase in y is denoted by Ay.Let
us consider the points P (x,y ) and Q [ (x + Ax),(y + Ay) on the curve y = x°

yl
2
Ay
9 P~ LR
Note;

X is a single quantity and not a product of A and x .similarly Ay is a single quantity.

Ay _(x+ Ax)’-x°

The gradient of PQ, Ax - (xr AX)x

- x*+2 xAx+(Ax)’ X’

X+Ax-x
= 2X +Ax
As Ax tends to zero;
i) Ax can be ignored

ii.) Ay gives the derivative which is denoted by dy
Ax dx

i) thus & = 2x
dx

When we find ? , we say we are differentiating with respect to x, For example given y =x*; then
X

d_y = 4x°
dx

In general the derivatives of y =ax”  is nax"' e.g. y=5x"=10x, y= 6x = (6x3)x’ " = 18x’
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Derivative of a polynomial.
A polynomial in x is an expression of the form ax" + ax™" + ........... a; wherea a, _ are

constants

To differentiate a polynomial function, all you have to do is multiply the coefficients of each
variable by their corresponding exponents/powers, subtract each exponent/powers by one ,
and remove any constants.

Steps involved in solving polynomial areas follows
Identify the variable terms and constant terms in the equation.

A variable term is any term that includes a variable and a constant term is any term that has
only a number without a variable. Find the variable and constant terms in this polynomial
function: y = 5x° + 9x° + 7x + 3

e The variable terms are 5x°, 9x%, and 7x

e The constanttermis 3
Multiply the coefficients of each variable term by their respective powers.

Their products will form the new coefficients of the differentiated equation. Once you find their
products, place the results in front of their respective variables. For example:

e 5x3=5x3=15
e 9x2=9x2=18
o /x=7x1=7
Lower each exponent by one.

To do this, simply subtract 1 from each exponent in each variable term. Here's how you do it:

e 5x°= 15%
e Ox*=18x
o« X =7

Replace the old coefficients and old exponents/powers with their new counterparts.

To finish differentiating the polynomial equation, simply replace the old coefficients with their
new coefficients and replace the old powers with their values lowered by one. The derivative of
constants is zero so you can omit 3, the constant term, from the final result.

The derivative of the polynomial y = 15x° + 18x + 7

In general, the derivative of the sum of a number of terms is obtained by differentiating each
term in turn.
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Examples

Find the derived function of each of the following

a) S=2t°-3t" + 4t b)A=V?-2V +10
Solution
dsS 2
a.) — =6t -6t+4
) dt
dA
b.) == =2v-2
) dv v

Equations of tangents and Normal to a curve.
The gradient of a curve is the same as the gradient of the tangent to the curve at that point. We
use this principle to find the equation of the tangent to a curve at a given point.

Find the equation of the tangent to the curve;
y=x +2x +1lat(1,4)

Solution

%:3X2+2

At the point (1,4), the gradient is 3 x 1°+ 2 = 5(we have substituted the value of x with 1)

We want the equation of straight line through (1, 4) whose gradient is 5.
Thus v _ 5
x-1

y-4=5x-5
y = 5x-1 ( this is the equation of the tangent)

A normal to a curve at appoint is the line perpendicular to the tangent to the curve at the given
point.

In the example above the gradient of the tangent of the tangent to the curve at (1, 4) is 5. Thus

the gradient of the normal to the curve at this point is-%.

Therefore, equation of the normal is:
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S5(y-4)=-1(x-1)
-x+21
y:

Example

Find the equation of the normal to the curve y =x*- 2x- 1 at (1,- 2)

Solution
y=Xx -2x-1
dy 2
-4 =3x"-2
dx X

At the point ( 1,-2) gradient of the tangent line is 1.Therefore the gradient of the normal is -1.the
required equation is

Y’('z) = -1
x-1
y+2 _ 4
x-1

y+2= -x+1

The equation of the normal isy = -x -1

Stationary points

A

A
local

maximum

Y

local
minimim

e In each of the points A ,B and C the tangent is horizontal meaning at these points the

gradient is zero.so ? = 0 at points A,B, C.
X

e Any point at which the tangent to the graph is horizontal is called a stationary point. We
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can locate stationary points by looking for points at which ?= 0.
X

Turning points

The point at which the gradient changes from negative through zero to positive is called
minimum point while the point which the gradient changes from positive through zero to
negative is called maximum point .In the figure above A is the maximum while B is the minimum.

Minimum point .

Gradient moves from negative through zero to positive.

A V4

p [s negative — Is positive
v

Is zero

Maximum point

Gradient moves from positive through zero to negative.

(W)
R

Is zero

o

d d"
—Y Is positive

Is negative
d, dy 8

The maximum and minimum points are called turning points.

A point at which the gradient changes from positive through zero to positive or from
negative zero to negative is called point of inflection.

Example

Identify the stationary points on the curve y =x"- 3x + 2.for each point, determine whether it
is @ maximum, minimum or a point of inflection.
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Solution
y=x-3x+2
3¢ .3
dx
. . ody
At stationary point,=% =0
dx

Thus 3x°-3=0

3(x*-1) =0

3(x+1)(x-1)=0

x= -lorx=1

when =-1,y =4
whenx=1,y=0
Therefore, stationary points are (-1,4 ) and (1,0).
Consider the sign of the gradient to the left and right of x = 1

X 0 1 2
dy -3 0 9
dx

Diagrammatic \ /

representation

Therefore (1, 0) is a minimum point.

Similarly, sign of gradient to the left and right of x = -1 gives

X -2 -1 0
dy 9 0 -3
dx
Diagrammatic / _ \
representation

Therefore (-1, 4 ) is a maximum point.
Example

Identify the stationary points on the curve y =1 + 4x’ - x*.Determine the nature of each stationary
point.

Solution
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y=1+ 4x° - x*
Y _ oy 4y
dx
At stationary points,d—y =0
dx
12x*- 4x° = 0
4x°(3-x) = 0

x=0o0rx=3
Stationary points are (0, 1) and (3, 28)

Therefore (0, 1) is a point of inflection while (3, 28) is a maximum point.

Application of Differentiation in calculation of velocity and acceleration.

Velocity

If the displacement, S is expressed in terms of time t, then the velocity is v =%

Example
The displacement, S metres, covered by a moving particle after time, t seconds, is given by
S =2t> + 4t°- 8t + 3.Find:
a.) Velocity at:
i) t=2
ii.) t=3

b.) Instant at which the particle is at rest.

Solution
S=2t>+4t°-8t + 3
The gradient function is given by;

:@
dt

= 6t° + 8t-8

a.) velocity
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i.) att=2is;
v=6x2°+8x2-8
=24+16-8
=32m/s
ii.) att=3is;
v=6x3"+8x3-8
=54+24-8
=70m/s
b.) the particle is at rest when v is zero
6t’ + 8t-8 =0
2(3t*+4t-4) = 0
2(3t-2)(t+2) = 0

t:zort: -2
3

It is not possible to havet =-2

The particle is therefore at rest at t = % seconds

Acceleration
Acceleration is found by differentiating an equation related to velocity. If velocity v, is expressed

in terms of time, t, then the acceleration, a, is given by a =%

Example
A particle moves in a straight line such that is its velocity v ms™ after t seconds is given by
v=3+10t-t.
Find
a.) the acceleration at :
i) t=1sec
ii.) t =3 sec
b.) the instant at which acceleration is zero

Solution
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a)v=3+10t+t

a:%:10-2t

i) Att=1sec a=10-2x1
=8ms”

ii.) Att=3sec a=10-2x3
=4ms”

b.) Acceleration is zero when % =0

Therefore, 10 — 2t =0 hencet =5 seconds

Example

A closed cylindrical tin is to have a capacity of 250m ml. if the area of the metal used is to be

minimum, what should the radius of the tin be?
Solution
Let the total surface area of the cylinder be A cmradius r cm and height h cm.
Then, A =2 1ir’ + 2 irh
Volume = 2 rr’h = 250w cm®
nr’h = 250m

Making h the subject, h = ZSOZT[
Tr

_250

2
r

Put h =@ in the expression for surface area to get;
r

A=2mr’ + 2. 2520
r

=2 7tr’ + 500 mr

daA = 47r - 5007
dr
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For minimum surface area,(gl—A =0
r
4mr - 50(2) T-o
r
41r° - 500 = 0
4r® = 500
P =200 _ 495

r=1125
=5
Therefore the minimum area whenr =5cm
Example

A farmer has 100 metres of wire mesh to fence a rectangular enclosure. What is the greatest
area he can enclose with the wire mesh?

Solution

Let the length of the enclosure be x m. Then the width is m = (50-x )m

100-2x
2

Then the area A of the rectangle is given by;
A =x (50 -X)m’

= 50x - x’m’

For maximum or minimum area,

dA
dx

Thus, 50 - 2x=0
x=25
The area is maximum when x = 25 m
That is A =50 X 25 - (25)°
=625m’.

CHAPTER SIXTY FOUR

’ 14 4
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Specific Objectives

By the end of the topic the learner should be able to:
(a) Carry out the process of differentiation;

(b) Interpret integration as a reverse process of differentiation;

(c) Relate integration notation to sum of areas of trapezia under a curve;
(d) Integrate a polynomial;

(e) Apply integration in finding the area under a curve,

(f) Apply integration in kinematics.

Content
(a) Differentiation

(b) Reverse differentiation

(c) Integration notation and sum of areas of trapezia
(d) Indefinite and definite integrals

(e) Area under a curve by integration

(f) Application in kinematics.

Introduction

The process of finding functions from their gradient (derived) function is called integration

Suppose we differentiate the function y=x°. We obtain
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dy
dx

2x

Integration reverses this process and we say that the integral of 2x is x’.

/ Differentiat R’

‘\ Integrate A/

From differentiation we know that the gradient is not always a constant. For example, if ? = 2X,
X

then this comes from the function of the form y=x2 + ¢, Where c is a constant.
Example
Find y if %is:
a) 3x°
b.) 4x°
Solution

a.) dy _ 342
dx

Then,y =x’ + ¢

b.) dy _ 4
dx

Then,y =x" + ¢

Note;
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To integrate we reverse the rule for differentiation. In differentiation we multiply by the power of
x and reduce the power by 1.In integration we increase the power of x by one and divide by the
new power.

n+1

X . . .
1 + ¢, where c is a constant and n# -1.since ¢ can take any value we call it

n+
an arbitrary constant.

If dy _ x'then y =
dx

Example

Integrate the following expression

a) 2x°
b.) x*
c.) 5x°-2x +4
Solution
dy 5
A)=—+=2
) dx X
5+1
Then,y = 1 +c
_ 2x°
=== 4+
6
6
X
3
B.) dy _ X’
dx
-2+1
Then,y = +C
-1
X
= — +C
=x'+C

C) Y =5y ox+4
dx

3+1 1+1 0+1
57 2x 7 4x

Then,y = - - +C
341 1+1 0+1

=§x4- Zx2 +4x +C
4 2
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=§X4-X2 +4x+ C
4
Example

Find the equation of a line whose gradient function is % = 2x + 3 and passes through (0,1)
X

Solution

Since %’ = 2x + 3,the general equation is y =x’+3x+c.The curve passes through
(0,1).Substituting these values in the general equation ,weget1=0+0+c

T1=c

Hence, the particular equation is y =x* + 3x + 1

Example

Find v in terms of h if 3—;{ =3h’ + 4and V =9 when h=1

Solution
The general solution is

3
\Y =%+4h+c

=h*+4h+c
V=9 when h= 1.Therefore
9=1"+4 +c
9=5+c
4=C
Hence the particular solution is ;

V=h’+4h+1
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Definite and indefinite integrals
It deals with finding exact area.

Estimate the area shaded beneath the curve shown below

Ii g ?

The area is divided into rectangular strips as follows.

The shaded area in the figure above shows an underestimated and an overestimated area under
the curve. The actual area lies between the underestimated and overestimated area. The
accuracy of the area can be improved by increasing the number of rectangular strips between x
=aandx=b.

The exact area beneath the curve between x = a and b is given by

b

Iny

a

The symbol [is an instruction to intergrate.

Thus [ydx means integrate the expression for y with respect to x.
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The expression j‘;yESx,where a and b are limits, is called a definite integral. ‘a’ is called the lower
limit while b is the upper limit. Without limits, the expression is called an indefinite integral.

Example
6
J‘(2X2+3 ) dx
2
The following steps helps us to solve it
i) Integrate 2x” + 3 with respect to x , giving %xS +3x+cC

ii.) Place the integral in square brackets and insert the limits, thus

6

z)(3+3 x+c]
3 2

iii.) Substitute the limits ;

X6

X =6gives 2X% 1 3x6+c=162+c

2 x2°

X = 6 gives +3x2+c:33—4+c
iv.) Subtract the results of the lower limit from that of upper limit, that is;
(162 +¢) - (3?4 vc)= 150%

We can summarize the steps in short form as follows:

6

°(2x°+3 ) dx = Zx3+3x+c
2 3
2
3 3
=|2X5 . (3x6)|-|2XE 43 %2
3 3
=150 2
3

Example
a.) Find the indefinite integral
i) [ + 1) dx

ii.) [(x* + 4x) dx

b.) Evaluate
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i) [3(x"-5) dx
i) _[21( x*+5x-2) dx

ii.) [3(3 x*-4x+5) dx

Solution

3
a.) i.)J-(x2+1)dx=X§+x+c

4
ii.) I(x2+4x) dx:XZ+ 2x° + ¢

Evaluate

XE—SX

i) I (-5 dx

1+51_2X

ii.) _[ (- X’ +5x-2) dx= 2

('4”0'4)‘('%*%*2)

i) [(3x-4x+5) dx_[3l-4l 5 ]3

2
= (27 - 18 +15) - (8 — 8 +10)
=14
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Area under the curve
Find the exact area enclosed by the curve y = x° the axis, the lines x = 2 and x = 4

Solution

N

The area is given by;

4
J- x* dx=
3

1 3]4
=X
3 2
64 - 8 = 18Z square units
3 3

Example

Find the area of the region bounded by the curve = x*- 3x* + 2x, the x axis x =1 and x =2
Solution

MY
) 3!."5'3‘}"1
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The area is given by;

<t 2
3,.2

—-X"+X

4

1

2
J- (x*-3%x" + 2x) dx =
1

=(4—8+4)—(%-1+1)

Note;
The negative sign shows that the area is below the x — axis. We disregard the negative sign and

give it as positive as positive .The answer is % square units.

Example
Find the area enclosed by the curve x*-10x + 9,the x — axis and the lines x = 4 and x =10.
Solution

The required area is shaded below.

Area = ji(x2-10x+9)dx+j;°(x2-1Ox+9)dx

10

3
= [)L-5X2+9X
3

9 X3
+ [—-5x2+9x
4 3 9
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[(243 405+81)- (—-80 36]] [(M_ 500+ 90] (243-405+81)]

= -58% +4 31 (Drop negative sign for area under x - axis)

= 62% square units

Example
Find the area enclosed by the curve y =9x-x°, and the line y =x.
Solution

The required area is

To find the limits of integration, we must find the x co-ordinates of the points of intersection
when;

X =9x- X’

-0 = 8x-X
0=x(8-x)
x=0orx=8

The required area is found by subtracting area under y = x from area under y = = 9x-x°

e

= 117—- 32
3

The required area =[?(9x-x") dx- [’x dx

9XX

= 85% square units
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Application in kinematics

The derivative of displacement S with respect to time t gives velocity v, while the derivative of
velocity with respect to time gives acceleration, a

Differentiation. Integration
Displacement. displacement
A
Velocity. Velocity
T
Acceleration. Acceleration
Note;

Integration is the reverse of differentiation. If we integrate velocity with respect to time we get
displacement while if velocity with respect to time we get acceleration.

Example

A particle moves in a straight line through a fixed point O with velocity ( 4 — 1)m/s.Find an
expression for its displacement S from this point, given that S = whent = 0.

Solution

Since ds =4-t
dt

2
S= 4t—% + c-t"2/2+c

Substituting S = 4,t =0 to get C;

2

4=4-X0—O—+C
2

4=C

2

Therefore S = 4t- % + 4.

Example
A ball is thrown upwards with a velocity of 40 m s

a.) Determine an expression in terms of t for
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i.) Its velocity

ii.) Its height above the point of projection

Find the velocity and height after:
i.) 2 seconds
ii.) 5 seconds

iii.)  8seconds

Find the maximum height attained by the ball. (Take acceleration due to gravity to be 10

2
m/s".

Solution

a.)

dv_ 4 0 (' since the ball is projected upwards)

dt

Therefore,v=-10t+c

Whent=0,v=40m/s

Therefore,40=0+c

40=c

i) The expression for velocity is v = 40 — 10t

i) Since 95 =y = 40-10t
dt

S=40t-5t" + c
Whent=0,S=0
C=0
The expression for displacement is ;

S = 40t- 5t

b.) Since v=40- 10t

i.) Whent=2
v=40-10(2)

=40-20

=20 m/s

S =40t - 5t
=40 (2) - 5(2)°
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=80 - 20
=60 m
i)  Whent=5
V=40-10(5)
=-10m/s
S =40(5)-4(5)°

=200-125
=75m
i)  Whent=8
V =40 -10(8)
=-40m/s

S=40(8)-5 (8)°
=320 - 320
=0
c.) Maximum height is attained when v = 0.

Thus,40-10t=0

=4

Maximum height S = 160 - 80
=80m

Example

The velocity v of a particle is 4 m/s. Given that S = 5 when t =2 seconds:
a.) Find the expression of the displacement in terms of time.
b.) Find the:
i) Distance moved by the particle during the fifth second.
ii.) Distance moved by the particle betweent =1 and t =3.
Solution

a.) S _geec

dt
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S=4t+c
Since S =5m whent =2;
5=4(2)+C
5-8=C
-3=C
Thus, S =4t - 3
b.) I.) [4t-3]; = [(20-3)-(16-3]]

=17-13

=4m =4m

[4t-3]3 = [(12-3)-(4-3)]

=9-1=8m
CHAPTER SIXTY FIVE
I |

Specific Objectives

By the end of the topic the learner should be able to:
(a) Approximate the area of irregular shapes by counting techniques;

(b) Derive the trapezium rule;

(c) Apply trapezium rule to approximate areas of irregular shapes;
(d) Apply trapezium rule to estimate areas under curves;

(e) Derive the mid-ordinate rule;

(f) Apply mid-ordinate rule to approximate area under curves.

Content
(a) Area by counting techniques

(b) Trapezium rule
(c) Area using trapezium rule

(d) Mid-ordinate
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(e) Area by the mid-ordinate rule

Introduction
Estimation of areas of irregular shapes such as lakes, oceans etc. using counting method. The
following steps are followed

e Copy the outline of the region to be measured on a tracing paper

e Put the tracing on a one centimeter square grid shown below

e Count all the whole squares fully enclosed within the region
e Count all the partially enclosed squares and take them as half square centimeter each
e Divide the number of half squares by two and add it to the number of full squares.
Number of compete squares = 4
Number of half squares =16/2 =8
Therefore the total number of squares =25+ 8

=33

The area of the land mass on the paper is therefore 33cm®

Note;
The smaller the subdivisions, the greater the accuracy in approximating area.

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 674



isabokemicah@gmail.com

Approximating Area by Trapezium Method.

Find the area of the region shown, the region may be divided into six trapezia of uniform as
shown

e
—
| —

™

The area of the region is approximately equal to the sum of the areas of the six trapezia.

Note;

The width of each trapezium is 2 cm, and 4 and 3.5 are the lengths of the parallel sides of the
first trapezium.

The area of the trapezium A = % x 2 (4+3.5) = 7.5 cm®

Area of the trapezium B = % x 2 (3.5+3.5) = 6.7 cm’

Area of the trapezium C = % x 2 (3+1.5) = 6.2cm”
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Area of the trapezium D = % x 2 (3+1.5) = 4.5 cm’

Area of the trapezium E = % x 2 (1.5+0.8) = 2.3 cm’

Area of the trapezium F = % x2(0.8+3.5) = 1.3 cm”

Therefore, the total area of the region is
(7.5 +6.7 +6.2 +4.5 +2.3 +1.3)cm” = 28.5 cm”
If the lengths of the parallel sides of the trapezia (ordinates) arey, y,v,.y, v, V.Y,
Note;
In trapezium rule, except for the first and last lengths, each of the other lengths is counted twice.

Therefore, the expression for the area can be simplified to:

2x2{(y v )2 0 v v vt y,))

In general, the approximate area of a region using trapezium method is given by:

1
A= Eh {(y0+ yn)+2 (W7 25 Yoa )};
Where h is the uniform width of each trapezium,y - y, are the first and last length respectively.
This method of approximating areas of irregular shape is called trapezium rule.
Example

A car start from rest and its velocity is measured every second from 6 seconds.

Time | 0 1 2 3 4 5 6
(t)
Veloci
ty v| 0 (12 |24 |35 |41 |45 |47
(m/s

Use the trapezium rule to calculate distance travelled betweent=1andt=6
Note;

The area under velocity — time graph represents the distance covered between the given times.

To find the required displacement, we find the area of the region bounded by graph,t =1 and t =6
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0 12 3456

Solution

Divide the required area into five trapezia, each of with 1 unit. Using the trapezium rule;
1 .
A= oh{{y+y)e2 04 v vy, )

The required displacement = %x 1{(12+47) + 2 (24+35+41+45 )}

%(59+2x145)

=1745m

Example

Estimate the area bounded by the curvey = %xz + 5, the x — axis, the line x =1 and x = 5 using the
trapezium rule.

Solution

To plot the graph y = %xz + 5, make a table of values of x and the corresponding values of y as

follows:
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Y=%x2+5 5155 |7 |95 [13 [175

By taking the width of each trapezium to be 1 unit, we get 4 trapezium .A, B, C and D .The area
under curve is approximately;

A= %h {([y,+v)+2 5, y,+y, )}=%( 5.5+ 17.5) + 2 (7 + 9.5 + 13) sq.units

= %(23.0+59] sg.units

= 41 sq.units

1
i 1+ T

b

The Mid- ordinate Rule
The area OPQR is estimated:
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1>

e = e

VA
The area of OPQR is estimated as follows

e Divide the base OR into a number of strips, each of their width should be the same .In
length of the base OR
number of strips

the example we have 5 strips where h =
e From the midpoints of OE ,EF ,FG ,GH and HR, draw vertical lines ( mid- ordinates) to
meet the curve PQ as shown above

e Label the mid-ordinates y y,y.y, and y,

e We take the area of each trapezium to be equal to area of a rectangle whose width is the
length of interval (h) and the length is the value of mid —ordinates. Therefore, the area of
the region OPQR is given by;

A = (y,xh) + (y, xh) + (y,xh) + (v, xh) + (v, xh)

=h(y,+y,+y,+y, +V.)

This the mid —ordinate ruleh (y, +y, +y, +y, +y.).
Note:
The mid-ordinate rule for approximating areas of irregular shapes is given by ;

Area = (width of interval) x (sum of mid - ordinates)

Example

Estimate the area of a semi-circle of radius 4 cm using the mid - ordinate rule with four equal
strips, each of width 2 cm.
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Solution

The above shows a semicircle of radius 4 cm divided into 4 equal strips, each of width 2 cm.
The dotted lines are the mid-ordinates whose length are measured.

By mid- ordinate rule;
=h({y, +y,+y,+y, +¥,)
=2(26+39+3.9+2.6)
=2x13
=26 cm’

2
The actual area is r’ = %

=2514cm’to 4 s.f

Example

2
Estimate the area enclosed by the curve y =17x +1,x=0,x =3 and the x — axis using the mid-

ordinate rule.
Solution

Take 3 strips. The dotted lines are the mid — ordinate and the width of each of the 3 strips is 1

unit.
-

By calculation, y, y, and y, are obtained from the equation;
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1
=—x +1
y 2

Whenx=0.5,y, = %X(O.S)Z +1

=1.125
Whenx=1.5,y, = %x(1.5)2 +1

=2.125
Whenx =25,y = %x(o.s)2 +1

= 4.125

Using the mid ordinate rule the area required is
A=1(y, +y,*Vy,)

=1 (1.125 + 2.125 + 4.125)

=7.375 square units

End of topic

Did you understand everything?

If not ask a teacher, friends or anybody and make sure you understand
before going to sleep!

Past KCSE Questions on the topic.

1.  The shaded region below represents a forest. The region has been
drawn to scale where 1 cm represents 5 km. Use the mid — ordinate rule with
six strips to estimate the area of forest in hectares.

(4 marks)
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Find the area bounded by the curve y=2x® - 5, the x-axis and the lines x=2 and x=4.

Complete the table below for the function y=3x* - 8x + 10 (1 mk)

isabokemicah@gmail.com

x|0 [2]4]6 [8]10
y|1 6] |7 23
0 0 0

Using the values in the table and the trapezoidal rule, estimate the area bounded by the
curve y= 3x” — 8x + 10 and the lines y=0, x=0 and x=104.

intervals of 1 cm to estimate the area of the shaded region below

Use the trapezoidal rule with
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(@) Find the value of x at which the curve y= x- 2x* — 3 crosses the x- axis
(b)  Find J(x* - 2x — 3) dx

(c) Find the area bounded by the curve y = x* - 2x — 3, the axis and the lines x= 2 and
x =4,
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6. The graph below consists of a non- quadratic part (0 < x < 2) and a quadrant part (2 < x
8). The quadratic partisy =x* - 3x+5,2<x=<8

- E"‘“ 3

I '

AR ___“,__/______ ..

#7

[

i 7 B s-axis

(@) Complete the table below
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y |3
(1mk)
(b) Use the trapezoidal rule with six strips to estimate the area enclosed by the
curve, x = axis and the linex=2and x =8 (3mks)
(c) Find the exact area of the region given in (b) (3mks)

(d) If the trapezoidal rule is used to estimate the area under the curve between

x = 0 and x = 2, state whether it would give an under- estimate or an over-
estimate. Give a reason for your answer.

7. Find the equation of the gradient to the curve Y= (x*+ 1) (x - 2) when x = 2
8. The distance from a fixed point of a particular in motion at any time t seconds is given
by
S=t°-5t°+2t+5
2t?
Find its:

(@) Acceleration after 1 second
(b) Velocity when acceleration is Zero
9. The curve of the equation y = 2x + 3x%, has x =-2/3 and x = 0 and x intercepts.

The area bounded by the axis x =-2/3 and x = 2 is shown by the sketch below.

435

E
Find:

(a) (2x + 3 x?) dx
(b) The area bounded by the curve x — axis, x = - */3 and x =2
10. A particle is projected from the origin. Its speed was recorded as shown in the table

below
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11.

12.
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Time (sec) 0 |5 10 |15 |20 |25 |39 |35

Speed(m/s) [0 |21 |53 |51 |68 |67 |47 |26

Use the trapezoidal rule to estimate the distance covered by the particle within the 35
seconds.

(@) The gradient function of a curve is given by dy = 2x* - 5
dx
Find the equation of the curve, given thaty = 3, when x = 2
(b) The velocity, vm/s of a moving particle after seconds is given:
v = 2t° + t* - 1. Find the distance covered by the particle in the interval 1<t <3
Given the curve y = 2x* + '/2x* - 4x + 1. Find the:
i) Gradient of curve at {1, -'/2}

ii) Equation of the tangent to the curve at {1, - 172}

Novels,Updated KASNEB,ICT,High School,Primary Softcopy Notes 0714497530 686



isabokemicah@gmail.com

13. The diagram below shows a straight line intersecting the curve y = (x-1)* + 4

At the points P and Q. The line also cuts x-axis at (7, 0) and y axis at (0, 7)

’r'_l"' — :-I-_-.;\ Py
',,"/!
| 5
i- %
' LY
l:- %,
o e ! R ‘a*_
ni . _-I:I'x - _i"‘-_
! Ny
a) Find the equation of the straight line in the form y = mx +c.

b) Find the coordinates of p and Q.

c) Calculate the area of the shaded region.

14. The acceleration, a ms™?, of a particle is given by a =25 - 9t?, where t in seconds after the

particle passes fixed point O.
If the particle passes O, with velocity of 4 ms”, find
(@) An expression of velocity V, in terms of t
(b) The velocity of the particle when t = 2 seconds
15.  Acurve is represented by the functiony = /3 x* + x* - 3x + 2
(@) Find: dy
dx
(b) Determine the values of y at the turning points of the curve

y="/3C+x - 3x+2
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17.

18.
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(c) In the space provided below, sketch the curve of y = /3 x> + x* = 3x + 2

A circle centre O, ha the equation x” + y* = 4. The area of the circle in the first quadrant is
divided into 5 vertical strips of width 0.4 cm

(a) Use the equation of the circle to complete the table below for values of y

correct to 2 decimal places

Y | 200 1.60 0

(b) Use the trapezium rule to estimate the area of the circle

A particle moves along straight line such that its displacement S metres from a given
pointis S = t° — 5t* + 4 where t is time in seconds

Find

(a) The displacement of particle att =5

(b) The velocity of the particle whent =5

(c) The values of t when the particle is momentarily at rest
(d) The acceleration of the particle whent = 2

The diagram below shows a sketch of the line y = 3x and the curve y = 4 — x* intersecting
at points P and Q.

axwg
O =

.]|_|-=d-----,?‘sl
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(@) Find the coordinates of P and Q
(b) Given that QN is perpendicular to the x- axis at N, calculate

() The area bounded by the curve y = 4 - x2, the x- axis and the line QN
(2 marks)

(i) The area of the shaded region that lies below the x- axis
(i)  The area of the region enclosed by the curve y = 4-x the line
y — 3x and the y-axis.
2007
19. The gradient of the tangent to the curve y = ax® + bx at the point (1, 1) is -5
Calculate the values of a and b.
2007
20. The diagram on the grid below represents as extract of a survey map showing
two adjacent plots belonging to Kazungu and Ndoe.

The two dispute the common boundary with each claiming boundary along different
smooth curves coordinates (X, y) and (x, y2) in the table below, represents points on the
boundaries as claimed by Kazungu Ndoe respectively.

Yo |0 |4 57 |69 |8 9 9.8 [10.6 |11.3 |12

Y2 |0 |02 |06 |13 |24 |37 |53 |73 9.5 12

(@) On the grid provided above draw and label the boundaries as claimed by Kazungu
and Ndoe.

(b) () Use the trapezium rule with 9 strips to estimate the area of the
section of the land in dispute

(i) Express the area found in b (i) above, in hectares, given that 1 unit on
each axis represents 20 metres

21. The gradient function of a curve is given by the expression 2x + 1. If the curve passes
through the point (-4, 6);
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23.

23.

24.

25.

26.

27.
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(@) Find:

(i) The equation of the curve

(i) The vales of x, at which the curve cuts the x- axis
(b) Determine the area enclosed by the curve and the x- axis

A particle moves in a straight line through a point P. Its velocity v m/s is given by v= 2 -,
where t is time in seconds, after passing P. The distance s of the particle from P when t
=2 is 5 metres. Find the expression for s in terms of t.

Find the area bonded by the curve y=2x — 5 the x-axis and the lines x=2 and x = 4.

Complete the table below for the function

Y=3x"-8x+10

X |0 |2 (4 ]6 |8 |10

Y |10 |6 |- |70 |- |230

Using the values in the table and the trapezoidal rule, estimate the area bounded by the
curvey = 3x* - 8x + 10 and the linesy = 0,x =0 and x = 10

(@) Find the values of x which the curve y = x* - 2x — 3 crosses the axis
(b)  Find (x* = 2x - 3) dx
(©) Find the area bounded by the curve Y = x* — 2x — 3. The x — axis and the

linesx=2andx=4
Find the equation of the tangent to the curvey = (x + 1) (x- 2) when x = 2

The distance from a fixed point of a particle in motion at any time t seconds is given by s
=t - °/ot? + 2t + s metres

Find its
(a) Acceleration after t seconds
(b) Velocity when acceleration is zero

The curve of the equation 'y = 2x + 3x% has x =-%/3and x = 0, as x intercepts. The area
bounded by the curve, x — axis, x = /3 and x = 2 is shown by the sketch below.
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29.

30.
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(@)  Find[(2x + 3x?) dx

(b) The area bounded by the curve, x axis x = -*/3 and x = 2

A curve is given by the equationy = 5x° = 7x* + 3x + 2
Find the
(@) Gradient of the curve at x = 1

(b) Equation of the tangent to the curve at the point (1, 3)

The displacement x metres of a particle after t seconds is given by x =t* - 2t + 6, t> 0
(a) Calculate the velocity of the particle in m/s when t = 2s
(b) When the velocity of the particle is zero,

Calculate its

() Displacement

(i) Acceleration

The displacement s metres of a particle moving along a straight line after t seconds is
given by s = 3t + °/at* - 2t°

(a) Find its initial acceleration
(b) Calculate
(i) The time when the particle was momentarily at rest.
(i) Its displacement by the time it comes to rest momentarily when

t =1 second, s =1 % metres when t = %2 seconds
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(c) Calculate the maximum speed attained
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